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ABSTRACT
In our study we attempt to characterize the partonic structure of the nucleon via models
of the beam-spin asymmetry observed in semi-inclusive deep inelastic scaterring experiments. In
particular we are interested in calculating the parton distribution functions (PDF) g  and f L
which model the intrinsic transverse momentum carried by up and down quarks in the case of
unpolarized and longitudinally polarized beam-spins. We then use these PDFs to calculate the
beam-spin asymmetry observed in π0 production. Our calculation of g  yields a negative value
for all values of Bjorken x in the case of the up quark and positive values for all values of Bjorken
x in the case of the down quark. This result implies that in this model calculation the SSA for π+
-

will be positive and π will be negative. The comparison between our theoretical calculation and
the data indicates that the g  D1 term can account for the beam SSA in π0 production measured
by the CLAS Collaboration in the region x < 0.1 and PT < 0.2 GeV, where our theoretical curves
describe the data reasonably well. Our study suggests that the T-odd twist-3 distribution g  plays
an important role in the beam SSA in SIDIS, especially in the case of neutral pion production. In
addition to our study on ALU our investigation of AUL is ongoing and could provide new
information on the transverse structure and twist three content of nucleon structure.
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Chapter 1
Introduction

1.1 Probing the Internal Structure of Nucleons

1.1.1 Background
For nearly half a century it was well accepted in the Bohr model that the nucleus of an
atom consisted of a dense region of fundamental particles known as protons and neutrons. We
now know that protons and neutrons, also known as nucleons, are not fundamental particles. In
1964 the quark model was put forth by physicists Murray Gell-Mann and George Zweig.1 In their
model Gell-Mann and Zweig proposed that nucleons were not fundamental particles but instead
were made up of smaller constituent particles known as quarks. The parton model later created by
the physicist Richard Feynman would further confirm that nucleons were not fundamental
particles but rather were made up of smaller point-like constituents.2 In their quark model, GellMann and Zweig introduced three “flavors” of quarks– up, down and strange – each consisting of
their own combination of spin and charge. Years later the charm, top, and bottom quarks would
also be discovered; however even before these discoveries had been made this model had already
opened up new doors in the field of nuclear physics and in the development of the standard model
of particle physics.
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1.1.2 Deep Inelastic Scattering
Scattering experiments have long-served as a microscope for probing the subatomic
structure of the atom. By scattering alpha particles off of a thin piece of gold foil, Ernest
Rutherford was the first to show definitively that the center of atoms are made up of dense region
of positive charge known as the nucleus.3 That discovery was made in 1909 and as technology
has advanced, so has our ability to probe the structure of the atom at higher resolution. Over the
last half century, many of the most important experiments in nuclear physics have involved the
scattering of leptons (electrons) off nucleons in an attempt to probe their internal structure. This
process is known as deep inelastic scattering and has led to ground-breaking discoveries in the
field of particle physics.
Deep inelastic scattering (DIS) gets its name from the fact that the target nucleon is
probed at such high energies that it often fragments as a result. The reason why such high
energies are required to probe nucleons can be seen by the de Broglie relation:



h
p.

(1)

The diameter of nucleons is on the order of 10-15 m. Thus, in order to be able to resolve the
structure of nucleons to an appropriately high resolution, the momentum of these probing
particles must be sufficiently high enough such that the wavelength of these particles is smaller
than that of the nucleon.4 This calculation yields an energy value of approximately 1 GeV at
which the nucleon is most likely to fragment. The higher the energy of the probing particle, the
greater the resolution is of the internal structure.
The probing particle itself is not what “sees” the nucleon, rather it is the exchange of a
virtual photon between the lepton and nucleon during scattering that acts as the actual probe. In
DIS experiments measurements are often dependent on the cross-section of the nucleon; that is
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the effective target area of the nucleon. The four-momentum transfer of this virtual photon
exchange is:

(2)
where q is the four-momentum transfer from the photon to nucleon and p is the four-momentum
of the lepton. In DIS the two independent variables of the cross-section then become the energy
loss ν of the lepton and the three momentum transfer q from the photon to the nucleon. These two
observables are seen in Equations 3 and 4 respectively where q2 is dependent on the scattering
angle of the lepton. A diagram of the DIS process is seen in Figure 1-1.

v  Ee  Ee'

(3)

q 2  2Ee Ee' 1  cos  

(4)

Figure 1-1. Diagram representing a DIS process in which a lepton (l) scatters off a valence quark
(q) within a hadron (h) via exchange of a virtual photon (γ*).
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1.1.3 The Parton Model
Put forth in 1969 by Richard Feynman, the parton model states that the nucleon is not a
fundamental particle but rather consists of smaller point-like constituents known as partons. No
initial assumptions about partons are made except that they are constituents of the nucleon and
that the nature of their existence must be determined experimentally, such as through DIS
processes. In the parton model nucleons are treated as being in a reference frame having infinite
momentum. This approximation is valid at very high energies such as those produced by particle
accelerators. At these high energies the effects of special relativity are experienced and the
nucleon becomes Lorentz-contracted and parton motion is time dilated.5 Under these conditions
interactions between the partons become weak and the probing photon ceases to scatter of the
nucleon as a coherent object and instead scatters incoherently off the individual point-like
constituents. This process is seen in Figure 1-2 in which an electron scatters incoherently off of a
proton, knocking off a quark in the process.5 This model has been confirmed experimentally and
has shown definitively that nucleons are not fundamental particles in nature.

Figure 1-2. Relativistic view of DIS. In this reference frame the proton is Lorentz-contracted,
therefore the lepton is able to more easily scatter off the quarks within the proton.5
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The effect of time dilation and Lorentz contraction can be further seen if we observe the
collision in a coordinate system known as light-cone coordinates.6 In light-cone coordinates we
make a transformation from the traditional Cartesian coordinate system (t,x,y,z or 0,1,2,3) to a
relativistic coordinate system. Given a vector Vµ, its light-cone components may be written as:

V 0 V 3
V 
2

(5)

V 0 V 3
V 
2

(6)





V T = (V 1,V 2 )

.

(7)

In light-cone coordinates we observe that when a particle is highly boosted along the z-axis, we
can nicely observe the small and large components of momentum V  and V  . For particles
moving close to the momentum light-cone, such as quarks in high-energy collisions, we can
observe that P  is large while P  is small. In high energy physics the particles are moving so
fast that their mass can be ignored and thus time becomes dilated in the z-direction. This time
dilation allows quarks to interact over long periods of time while the struck quark has been hit a
long time in the past, demonstrating that the event are almost uncorrelated and that it is possible
to scatter a lepton off of a quark as a point-like constituent of the nucleon rather than a coherent
object.
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1.1.4 Scaling
It has been found that when the momentum carried by the probing particle in DIS
processes is very high, the cross-section depends to a high degree on only one variable. This
phenomenon is known as “Bjorken scaling” and lends further support to the parton model.7 The
variable Bjorken x is seen in Equation 5 where Q2 = -q2. This variable shows that at high
momentum the electron is scattering off a point-like constituent of the nucleon carrying a fraction
x of the four momentum. This process is known as scaling because the measure cross-section at
Q2 and ν is the same as the cross-section at Q’2 and ν’ as seen in Equation 6. Both the parton
model and scaling have provided strong evidence for the quark structure of nucleons and led to
the development of a new field of physics known as quantum chromodynamics.

Q2
x
2M

 Q2

 ' Q '2

(8)

(9)
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Chapter 2
Parton Distribution Functions (PDFs)

2.1 Quantum Chromodynamics (QCD)

2.1.1 Background
Nucleons are made up of sets of three quarks known as valence quarks. These valence
quarks are combinations of up and down quarks, as in the case of the proton (uud) and neutron
(udd). If valence quarks are confined within nucleons, this raises the question of what interactions
are occurring between them that hold them together. Furthermore, we know from quantum
electrodynamics (QED) that two charged particles experience a force that falls off with the
reciprocal of the distance between the two particles. There must then be another force that holds
the charged contents of the nucleus together. Just as quantum electrodynamics (QED) is
successful in describing the interactions between charged particles, there must also be a theory to
describe the interactions between quarks and nucleons. This theory is known as quantum
chromodynamics and is the heart of modern-day nuclear physics.

2.1.2 Strong Force
The four fundamental forces of nature are the gravitational force, electromagnetic force,
weak force, and strong force; of which the latter three constitute the model of the grand unified
theory (GUT). The strong force is responsible for holding the contents of the nucleon together as
well as preventing nucleons from escaping the nucleus due to repulsive electrostatic interactions.
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In quarks, the electrostatic charge we observe is quite different from the form of charge we are
accustomed to seeing in QED in which the proton and electron have an equal and opposite charge
(±e). The up quark has an electric charge of 

2
1
e while the down quark has a charge of  e .
3
3

The sum of these charges adds up to the overall charge of the nucleon that these quarks make up;
that is zero charge for neutrons and a charge of +e for protons.8
In addition to electric charge, quarks possess color charge. Color is the charge of
quantum chromodynamics and is what is responsible for holding the nucleus and quarks together.
Color charges can take on quantum states of red, blue, or green; the sum of which are colorless in
any given nucleon. Furthermore, color charges are paired in such a way that all hadrons (baryons,
mesons) are colorless with respect to their overall color charge. No quark within a stable nucleon
may have the same color charge as one of its counterparts. Just as charges have equal and
opposite values in QED, color charges may also take on values of anti-red, anti-blue, and antigreen. Figure 2-1 shows one possible arrangement of color charge for the quarks in both a proton
and neutron.

Figure 2-1. QCD picture of proton (uud) and neutron (udd). Each quark has a respective color
charge (red, blue, or green) associated with it.

2.1.3 Gluons & Strong Force Interactions
Every fundamental force must have a corresponding force carrier. The carrier of the
strong force is a particle known as a gluon in that it “glues” the contents of the nucleus together.
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Just as protons experience repulsive electrostatic interactions when they are in close contact with
each other, quarks within a nucleon will also experience electrostatic interactions with each other
based on their electric charges. This means that at any given time, quarks are constantly moving
around within the nucleon. Gluons can be thought of as rubber bands holding the contents of
nucleus together as they oppose these electrostatic interactions; that is to say, although the strong
force only applies over very short distance scales, the strength of gluonic interactions actually
increase the further separated quarks become.
Gluons are charge-less, mass-less particles responsible for the conservation of color
within the nucleon. A gluon consists of a corresponding color charge and anti-color charge (e.g.
red and anti-green). An example of conservation of color within the nucleon via gluon exchange
takes place via the following: (i) a “red” quark emits a red, anti-green gluon changing its color
charge to green and (ii) a green quark will accept that gluon to then become a red quark. It is even
possible for gluons containing different color charges to interact with each other. This exchange
of color is constant and is what keeps these valence quarks confined within the nucleon. A
diagram of gluon exchange between valence quarks is seen in Figure 2-2.

Figure 2-2. This diagram represents gluon exchange between valence quarks. In this picture
gluons are represented by the black springs connecting the valence quarks.
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Although gluons are responsible for confining quarks within the dimensions of the
nucleon, it is the exchange of mesons, or more specifically π-mesons (pions), that hold separate
nucleons together. Mesons are subatomic particles consisting of a quark and antiquark pair. It
should be noted that in the case of the residual strong force, these mesons are virtual particles and
therefore exist only for a very short period of time. In addition to valence quarks and gluons,
there is a third component of the nucleon through which these mesons can form known as the
“quark sea”. Sea quarks result from the splitting of a gluon into a quark-antiquark pair. Typically
these quark-antiquark pairs recombine to form gluons, annihilating each other in the process and
producing a constant flux of gluon splitting and recombining in the sea. However, under special
circumstances these sea quarks can interact with valence quarks to form virtual pions that act as
carrier of the strong force between nucleons.

2.1.4 Asymptotic Freedom
One final consequence of QCD is the concept of asymptotic freedom. Asymptotic
freedom is a property of subatomic particles in which the interactions between these particles
become asymptotically weaker as the energy of the hadron increases and the distance between the
subatomic particles decreases as seen in Figure 2-3.9 A consequence of this observation is that
quarks within a nucleon can behave as nearly free moving particles as long as they stay within the
confined diameter of the nucleon. In DIS experiments the hadron becomes both time-dilated and
Lorentz-contracted; therefore we are observing very short-distance scales as well as very long
time-scales. When a hadron becomes Lorentz-contracted the distance between the quarks
decreases and thus there are weaker interactions between the particles; allowing them to be
knocked off more easily by an incoming energy source. The same property of quarks that allows
us to remove them from their confinement in order to be studied also prevents us from observing

Running coupling revisited
11

integrating the RGE from some boundary condit

them as free particles in nature. Once a quark becomes free from the nucleon its distance scales

become very large and the strong interaction becomes drastically stronger. The interaction
becomes so strong that these free quarks will pull a sea quark from the vacuum, thus forming a
pion in the process. It is these pions that are detected in DIS experiments rather than the free
quarks themselves.
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Figure 2-3. Diagram showing the effects of asymptotic freedom. Notice the observed decrease in
coupling between quarks as Q increases.9

2.2 Theory of TMDPDFs

2.2.1 Semi-Inclusive Deep Inelastic Scattering
Semi-inclusive deep inelastic scattering (SIDIS) experiments can provide information
regarding the partonic structure of the nucleon. Unlike DIS experiments, SIDIS measurements are
sensitive to the outgoing transverse momentum of the produced hadron. Therefore, SIDIS
measurements can provide information on both the longitudinal and transverse structure of the
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nucleon. This is the so called “three-dimensional momentum” structure of the nucleon10. This
information is contained in the structure functions that depend on the transverse and longitudinal
momentum of the partons in the nucleon. The structure functions can be extracted from the SIDIS
cross section which depends on the azimuthal angle between the lepton collision plane and the
plane of the outgoing pion as seen in Figure 2-4.11 One of the earliest experiments of the
transverse momentum dependent structure functions was by the HERMES collaboration where
they measured the longitudinal target single spin asymmetry, AUL 12 (for details see Chapter 3). A
closely related measurement is that of the azimuthal beam-spin asymmetry which was also
measured by the HERMES collaboration. It remains a challenge to theoretically model these two
observables. In particular the question remains whether these asymmetries confirm the existence
the effects of higher twist contributions in single pion production.

Figure 2-4. Diagram of SIDIS event showing a lepton scattering off of a transversely polarized
nucleon via exchange of a virtual photon. The azimuthal asymmetry of the outgoing hadron can
be modeled to obtain information on the internal structure and properties of the nucleon.12
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2.2.2 Structure Functions & Factorization
Structure functions are used to obtain specific information about the contents of the
nucleon. The cross-section of SIDIS events can be written in terms of structure functions for
single pion production. Through a technique known as factorization, these structure functions can
be separated in terms of transverse momentum dependent parton distribution functions
(TMDPDFs) and fragmentation functions (FF) as seen in Figure 2-5. Factorization allows us to
calculate a PDF for a given beam-spin polarization in order to obtain information about the
gluonic structure of the nucleon.5

Pπ

D Pπ/ q
k

Q
p

f q/ P
P

Figure 2-5. Example of collinear factorization in which the PDF and FF can be separated into
individual components that can be calculated independently.

Parton distribution functions provide information about the internal structure of the
nucleon as a function of the scaling variable Bjorken x which relates the transverse momentum of
the outgoing pion in SIDIS experiments to the transverse momentum of the nucleon. Since there
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are three valence quarks in a nucleon we would hypothesize that, if no other interactions are
occurring between the quarks, each quark would carry exactly one-third of the momentum of the
nucleon. Instead, we find that the fractional momentum probability distribution is spread out over
all possible values of Bjorken x. This result implies that there is a force interaction that binds the
quarks within the nucleon. We are thus able to model these parton distribution functions in order
to obtain information about the internal properties of the nucleon as well as the effects of
quantum chromodynamics it structure. Figure 2-6 provides a detailed picture of what we would
expect to see in a typical TMDPDF once we have integrated over the intrinsic transverse
momentum.13

Figure 2-6. Expected parton distribution functions for the case of both bound and unbound
quarks. Notice the spread in fractional momentum when QCD effects occur.13
When including the transverse momentum dependence in parton distribution functions this
intrinsically non-perturbative information can be modeled through form factors. Various
dependencies which are commonly used to model the transverse momentum dependence of
partons in the nucleon are Gaussian and dipolar.15

15

Chapter 3
Calculation of g  and f L TMDPDFs

3.1 Background
The TMDPDFs of interest in our calculations are g  and f L . These PDFs were first
proposed by Bachetta, et al. in their study of longitudinal single-spin asymmetries.14 The overall
cross-section for a semi-inclusive deep inelastic scattering (SIDIS) experiment can be calculated
by summing the structure functions for each beam and target spin polarization. A particular spin
asymmetry is calculated by dividing the polarized structure function of interest by the unpolarized
structure function. The cross section written in terms of the structure functions is expressed as
displayed in Equation 10.12

(10)
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In the cross-section equation we have highlighted in red the structure functions that are associated
with the beams spin and unpolarized beam, longitudinally polarized target asymmetry.12
From the parton model picture, the cross-section can be written in terms of lepton--L--and
hadronic--W--tensors so that structure functions are factorized in terms of TMDPDFs and
fragmentation functions (FFs) as displayed in Equations 11 & 12. At the tree-level the correlator
can be deconstructed in terms of the quark proton diquark vertices as displayed Figures 3-1 and 32. Deconstructing the correlator makes it possible for us to calculate the transverse momentum
integrals of the hard scattering process for the scalar and axial-vector diquarks in the spectator
model.15 All transverse momentum integral calculations for both scalar and axial-vector diquarks
were calculated using the computational program Wolfram Mathematica, utilizing Feyncalc to
simplify the complex trace algebra.

(11)

(12)

Figure 3-1. Feynman diagram of correlator being cut in spectator model
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Figure 3-2. Left panel: Nucleon-quark-diquark vertex contribution with the final state interaction
in one gluon approximation. Right panel: Hermitian conjugate tree level nucleon-quark-diquark
vertex (see Eqs. (13) and 14)).

The matrix elements of the spectator model are displayed in Equations 13 & 14 respectively.
x ( P  p)  ( p) P  


d 4l *
ig ( P  l )  m 5 nU ( P) 
i

  ig  
 ( P  p) p ( P, p, l ) Dp ( P  ( p  l ))


  ieV   2
4 
2
2
(2 )
3 ( P  l )  m  i
 l V  i 
 l  i 

(13)

(14)

3.2 Calculation of g  and f L

g  and f L are “naïve time reversal odd” (T-odd) parton distribution functions that
provide information regarding the correlation of transverse spin polarization with transverse
momentum of quarks in longitudinally polarized and unpolarized nucleons.15 g  was first
calculated by Gamberg, et al.16 We have performed the calculation of the T -odd twist-3 TMD
distribution g   x, kT  for the u and d quarks in the spectator model with scalar and axial-vector
diquarks. The difference between the isoscalar (ud-like) and isovector (uu-like) spectators for the
axial-vector diquark is considered in the calculation. We make use of the single-gluon exchange
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between the struck quark and the spectator to generate the T -odd structure. To obtain a finite
result, we choose a Gaussian form factor for the nucleon-quark-diquark vertex. Written in terms
of hadronic (W) and leptonic tensors (L) the beam-spin asymmetry for the case of a
longitudinally polarized lepton beam and unpolarized hadron (nucleon) is displayed in Equations
15 and 16.

(15)

(16)

We expect the contribution of xeH  to the asymmetry will be minimal due to
cancellation from favored and disfavored Collins function in π0 production. Therefore, we ignore
the contributions from the Collins function as well as G  in our calculation and focus on g  D1
which is expected to be the dominant term in our asymmetry calculations. Written in terms of
transverse momentum integrals the asymmetry can be expressed as

(17)
.
If spin-orbit correlations are strong we would expect to observe a sizeable beam-spin asymmetry
in produced pions around the direction of the photon due to QCD phases from color fields of
quarks and gluons.
We have fixed most of the model parameters, such as masses and normalizations, by
comparing the model result for the unpolarized T-even PDF f1(x) for u and d quarks to the leading
order (LO) low-scale data parametrization of Gluck, Reya, and Vogt.17 This comparison is
displayed in Figure 3-3. Note that PDFs for u and d quarks are given by linear combinations of
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PDFs for an axial vector and scalar diquark,

and

to calculate our model of g  for u and d quarks as displayed in Figure 3-4.

Figure 3-3. Model of T-even PDF f1(x) for u and d quarks

Figure 3-4. Model of g  PDF for u and d quarks

. We then go on
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Using our calculation for g  we were then able to model the single-spin asymmetry
(SSA) for π0 production resulting from the scattering of a longitudinally polarized electron beam
off of an unpolarized target nucleon. Experiments involving the HERMES and CLAS
collaborations have been performed in attempt to measure these asymmetries for π0 production.1819

A comparison of our asymmetry model to experimental data obtained by CLAS for Bjorken x

values between 0.1 and 0.2 is displayed in Figure 3-5.

Figure 3-5. Comparison of our theoretical asymmetry model (blue), utilizing our calculation of
g  for π0 production compared to experimental data from CLAS collaboration

To date no complete study has been performed on the TMDPDF f L . Written in terms of
hadronic and leptonic tensors the beam-spin asymmetry for the case of an unpolarized lepton
beam and longitudinally polarized hadron (nucleon) the asymmetry can be expressed in terms of
Equations 18 & 19. Similar to our calculation of g  we expect contributions from the Collins
function and G  to be minimal and therefore they are suppressed in the calculation of f L . Our
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next step is to apply the same methods we used in our calculation of g  and use them to
calculate the PDF f L . This will then allow us to obtain an asymmetry model for pion production
in the case of an unpolarized lepton beam and longitudinally polarized nucleon.

(18)

(19)

3.3 Discussion & Conclusion
In this thesis we have summarized the results of a study of the transverse partonic
structure of the nucleon through the beam spin asymmetry studying in particular the twist three
contents of the nucleon. The interest of this study stems from early work by the HERMES
collaboration11,18 and ongoing experimental studies at JLAB by the CLAS collaboration.19 We
have focused on the twist-three TMDPDF, g^ ( x, pT ) as providing the largest contribution to the
spin asymmetry ALU . We find that the first pT moments of g (u ) and g (d) have different x
dependencies. First, g (u ) is negative for all x, while g (d) is positive for all x. This result implies
that in this model calculation the SSA for π+ will be positive and π- will be negative. The
comparison between our theoretical calculation and the data indicates that the g  D1 term can
account for the beam SSA in π0 production measured by the CLAS Collaboration in the region
x < 0.1 and PT < 0.2 GeV, where our theoretical curves describe the data reasonably well. Our
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study suggests that the T-odd twist-3 distribution g  plays an important role in the beam SSA in
SIDIS, especially in the case of neutral pion production.
Our current results are only for asymmetry models of π0 production. Further studies of

g  for π+ and π- production are being carried out. We are also applying similar methods to
calculate the PDF f L , which can be used to model the single-spin asymmetry for the case of an
unpolarized lepton beam and longitudinally polarized target nucleon. The investigation of AUL is
ongoing and could provide new information on the transverse structure and twist three content of
nucleon structure. The results of this calculation are significant in that they provide information
regarding the substructure of the nucleon, particularly in the case of the transverse spin and
momentum structure of nucleons.
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