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Abstract
The issues surrounding income inequality are a topic that has garnered a lot of attention in recent years. Since the mid-1980s, the
United States has become the most unequal of the advanced industrial countries, with income inequality growing at a pace that has
not been seen since the Great Depression. With increasing income
inequality, the potential benefits and harms become more widely debated. Robert Reich, former United States Secretary of Labor under President Bill Clinton, argues that income inequality impedes the
buying power of the middle class while simultaneously allowing the
upper class to store more of its wealth, rather than spend it. This
thesis studies Reich’s claim that income inequality is a fundamental
detriment to growth. Income inequality is primarily studied in this
thesis through two different lenses: a macro Solow model and a micro
agent-based model. Once the theoretical foundation of each model is
formulated, the models are used to run simulations to qualitatively
examine income inequality. Our results from the Solow model show
that in the presence of income inequality, the per capita capital of the
wealthiest continues to rise, while the per capita capital of the middle
class remains stagnant and the per capita capital of the lower class
decreases. The agent-based model shows that the savings of the poor
and middle classes are stagnant with inequality, while the savings of
the rich continues to rise.
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1

Introduction

We study the hypothesis made by Robert Reich in Aftershock that income
inequality is a fundamental detriment to growth because it saps the middle
class’s ability to purchase while simultaneously allowing the upper class to
store more of its wealth, rather than spend it [11].
To accomplish this, we study the problem of income inequality from two
angles. First, we study income inequality on the macroeconomic level with a
variation of the Solow model [1]. Then, we study a microeconomic model of
inequality that models consumption directly via an optimizing agent problem. Our agent-based model of an economy follows from Gustafson [6]. Our
model differs from [6] in that we introduce inequality as a major component of the model as well as rational individual decision making through a
non-linear programming problem.
The thesis is organized as follows: In Chapter 2, we discuss relevant
literature on the topic of income inequality. We explore income inequality
as a political issue as well as a growth economics issue. Chapter 2 also
discusses in detail the basic Solow model of growth. This Solow model is
later adapted to include income inequality in Chapter 3. Finally, Chapter
2 discusses the details of Gustafson’s agent-based model. An agent-based
model with inequality is developed in Chapter 4.
In Chapter 3, we formulate a Solow model with inequality. Note, all terminology is developed within Chapter 3, however ki is the per capita capital
for class i, following the standard Solow model, di is the depreciation rate
and ni the growth rate for class i and pji relates the populations of class j
to class i. As in the Solow model, Aj is the total factor productivity contribution of class j, si is class i’s saving rate, and αij is the output elasticity of
capital from one class to another (the responsiveness of output to a change in
capital from one class to another). From this model, we develop the following
proposition on fixed point levels of per capita capital:
Proposition 1.1. Suppose that ni = n. Then a set of per capita capitals
k1 , . . . , kN form a fixed point for k if:
P
α
si j Aj kj ij (t)pji − (n + di )ki (t)
=0
(1)
1+n
for i = 1, . . . , N .
We also find the conditions to form a point of zero growth for per capita
capital, given by the following proposition:

1

Proposition 1.2. A set of per capita capitals k1 , . . . , kN form a point of no
growth or decline for k if:
P
P
α
si j Aj kj ij (t)pji + [(1 − di ) − pi (1 + ni + j6=i pji (1 + nj ))]ki (t)
P
= 0 (2)
(1 + ni ) + j6=i (1 + nj )pji
for i = 1, . . . , N .
We conclude Chapter 3 by providing an example of our formulated model
with 3 classes: lower class, middle class, and upper class. This example
qualitatively resembles the behavior of the United States’ economy over the
last 30 years. We show that in the presence of income inequality, the per
capita capital for the wealthiest class continues to rise, while the per capita
capital of the middle class remains stagnant and the per capita capital of the
lower class decreases.
In Chapter 4, we develop an optimizing agent model with inequality.
We formulate a model of user decision making in the presence of inequality
and study the long-run implications of initial inequality on the structure of
inequality in the population.
Again, all symbols are self-contained in Chapter 4. Each agent in the
model is a member of a certain class of the economy (e.g. upper class, middle
class, lower class). As in the Solow model, si represents a savings rate and
Si the savings of class i, which earns interest at a rate r, while ci represents
consumption of class i, K the total consumption in the economy, and pi is the
proportion of K consumed by class i. In the model, Di represents the amount
of debt with interest rate ρ and Ai is the available amount of money to class
i. The government has holdings G and spends a proportion µ as purchases
while the remaining are spent as subsidies. Each class receives a subsidy
from the government, given as a proportion βi of the remaining government
holdings. Classes are taxed at a rate τi . Each agent must consume a minimal
amount l and cannot consume more than a certain amount u. In our model,
each agent solves the following optimization problem:

max fi (ci (t), si (t), Di (t))





s.t. Ai (t) = Si (t − 1) + (1 − τi ) (K(t − 1)pi + (1 − µ)G(t − 1)βi + rSi (t − 1))




Ai (t) − ci (t) − si (t) ≤ (1 + ρ)Di (t − 1)

si (t) ≤ Ai (t)





si (t) ≥ 0



l ≤ ci (t) ≤ u
(3)
2

In this maximization problem, fi is the utility function of class i. Each
constraint is developed in Chapter 4.
We then show the following proposition:
Proposition 1.3. There is always a global optimal solution c∗i (t), s∗i (t) for
each i and each t for Problem 3. If fi is strictly concave, then there exists a
unique global maximum solution c∗i (t), s∗i (t) for each i and each t.
We propose the following objective function for our model:
fi (t) = uc [1 − exp(−Kc ci (t))] + us [1 − exp(−Ks si (t))] − ud exp(Kd Di (t)) (4)
We then use the model to run simulations with 3 player classes to show
the effects of inequality on savings, government holdings and the size of the
economy. The first simulation is an economy with perfect equality. The second simulation is an economy with inequality. Finally, the third simulation is
an economy with inequality and government distributions to favor the poor
and middle classes. With equality, all classes have the same amount of savings. With inequality, the rich have greater savings than in the model with
equality while the poor and middle class have significantly less savings. If
the government makes distributions that favor the poor and middle classes,
the savings of the rich decrease from the unequal model while the savings
of the poor and middle classes increase. The size of the economy is essentially unchanged between the three economies. The government holdings are
greater in the two economies with inequality.
Finally, the thesis ends in Chapter 5 with conclusions and future directions.

3

2

Literature Review

Since the mid-1980s, the United States has become the most unequal of the
advanced industrial countries, with income inequality growing at a pace that
has not been seen since the Great Depression [13]. As income inequality
increases, the potential benefits and harms become more widely debated.
Income inequality has been studied from multiple perspectives. In this literature review, we explore income inequality as a political issue and as a growth
economics issue. We will then review the basic Solow model of growth since
this model is adapted in Chapter 3 to include income inequality. An agentbased model with inequality is formulated in Chapter 4, so we then review
the literature surrounding agent-based macroeconomic models, though this
area is much less developed than the aforementioned areas.

2.1

Politics

Robert Reich in Aftershock discusses the economic impacts of income inequality [11]. Great income inequality will reduce the buying power of the
middle class. This will lead to an economy with high unemployment and low
wages, two conditions that were seen in both the Great Depression and the
Great Recession. Conversely, the years from 1947 to 1975 saw growth with
an economy near full employment and increased productivity. The incomes
of lower-income Americans also grew at a rate faster than the top-income
Americans. Some market conditions permitted this period of growth, including overtime, minimum wage, unemployment benefits, labor unions, government programs such as Social Security and Medicare, and increased access to
higher education. High tax rates also expanded middle class prosperity, thus
fueling growth during this time period. As American factories were moved to
foreign territories and automated technologies increased, middle-class wages
stopped rising. Reich argues that income inequality poses economic and political threats. Economically, if the middle class does not receive a fair share
of income, Americans cannot consume what the United States produces without going into unsustainable levels of debt. Politically, increased inequality
will lead to extremists on both ends of the spectrum. This will create resentment against the other groups, even at the cost of overall prosperity.
Reich suggests several methods for reducing inequality in America. Some
of his suggestions include supplemented wages for lower-earning Americans
through a reverse income tax, a reemployment system with wage insurance
on new jobs, school vouchers based on family income to provide low-income
schools with money, college loans linked to subsequent earnings, universal
Medicare, increased expenditures on free public goods, and removing money
4

from politics.
In the Price of Inequality, Joseph Stiglitz takes on a similar point of
view as Reich in Aftershock. Stiglitz also argues that income inequality will
have detrimental impacts on the United States. Stiglitz states that when
the wealthiest 1% are able to exert political power, they are able to divert
revenues that would benefit society as a whole in order to benefit their selfinterests. Inequality also gives rise to instability and inefficiency. Inequality results in instability because it creates bubbles and causes deregulation.
When bubbles burst, as was seen with the housing bubble of the early 2000s,
the economy is left in recession. The wealthiest Americans use their political
power to push for deregulation, which leads to short-term increased profits,
but gives rise to instability in the long run in the form of excess risk taking.
Inequality gives rise to inefficiency because inequality lowers public investments. The wealthy are reluctant to spend money on public goods that they
can afford to buy on their own. With underinvestment in these common
goods, such as education, economic mobility, and by extension productivity,
further decline [13].
Nathan Kelly takes on a more neutral tone in The Politics of Income Inequality in the United States. Kelly discusses how political factors, specifically
the power resource theory, can explain how inequality evolves in a society.
The power resource theory says that market power resources, such as labor
unions, can influence the market distribution of income. When power resources, such as labor unions, are strong, bargaining power of the lower-class
wage earners increases, thus reducing inequality. In addition to power resources, the government will exhibit more explicit income redistribution as
a way to lower inequality when the liberal parties control the government.
More common than explicit redistribution in the United States is market conditioning. Market conditioning occurs when the government intervenes and
influences the private market. With regard to inequality, Democrats favor
policies that condition the market to create equal opportunity for those at the
lower end of the income distribution, through training programs, for example. Stiglitz explains that inequality in America can be expected to continue
to increase. Service-sector jobs with low wages and no union representation
are becoming more prevalent. In addition, demographics are shifting toward
an aging population. Both of these factors work together to increase overall
income inequality. Income inequality can be reduced through liberal market conditioning by increased minimum wages, scrutiny of executive salaries,
and reduced workforce discrimination. However, when a conservative party
claims the presidency, tax cuts and reductions in government spending will
cause inequality to rise [8].
In How to Think About Inequality, Peter Wehner and Robert Beschel
5

present a different side to the economics and politics of inequality. Wehner
and Beschel argue that income inequality alone does not tell the entire story.
In the period from 1980 to 2005, 80% of the total increase in income went
to the top 1 percent. However, half of the households in the lowest quintile
moved up and 30% of the top quintile moved down from 1996 to 2005. In
addition, personal well being rose between 1980 and 2009, as indicated by
an increased median wage and increased consumption in real terms. Like
Reich, Wehner and Beschel state that globalization and technology lead to
inequality as jobs that would be occupied by the lower incomes are taken over
by foreign labor. Wehner and Bescel introduce the idea that immigration
increases competition in the labor market, specifically for lower income jobs,
thus putting downward pressure on wages and raising inequality. The nature
of marriages in the Untied States can also lead to increased inequality. People
are likely to marry people with a similar level of education. College-educated
individuals are more likely to be married and less likely to get divorced than
those with a high school education or less. This, combined with the fact that
women are more likely to work today than they were in the past, indicates
that many married households are likely to have two income earners, making
it seem as though inequality is much higher than it was in the past. Wehner
and Beschel conclude that in order to reduce inequality, America should not
focus on taxes. Instead, policies should focus on increasing opportunity for
the lower classes and increasing mobility within the distribution. One way to
achieve this is to improve the education system so that low income earners
will have the necessary skills to move up in the income distribution. [15].
In Overstating the Costs of Inequality, Scott Winship discusses potential
faults with evidence and theories that suggest income inequality is harmful for the economy. From the perspective of growth, Winship highlights
several common ideas for why income inequality is harmful. Inequality can
reduce consumtion since the rich save proportionally more. Inequality can
hinder entrepreneurship by leaving low-income college graduates with heavy
debt burdens. Finally, inequality can reduce workers productivity by lowering happiness and motivation. Winship argues that many of the work that
claims to support these views are inconclusive and inapplicable to the United
States since the studies focus on developing countries. In addition, between
1960 and 2000, rising inequality coincided with higher growth rates across
developing countries. With respect to economic mobility, some argue that
inequality leaves poor families without means to invest in their children while
children from rich families are more likely to have enrichment opportunities,
such as unpaid internships. Winship states, however, that testing these hypotheses about economic mobility have not occurred beyond showing that
things have gotten worse. Income inequality has also been linked to financial
6

crises, as was pointed out in the work by Stiglitz. Evidence shows that rising
inequality does not consistently predict financial crises. Credit booms can
predict crises, but credit booms do not appear to be caused by rising inequality. From the perspective of politics, some argue that rising inequality can
result in reduced voting, something that takes time and money in the form
of foregone wages while going to vote and waiting in line, from poor constituents. This effectively allows the rich to buy elections. Research into the
connection between rising inequality and political behavior is in the early
stages. Evidence to support or refute these hypotheses have been largely
inconclusive [16].

2.2

Growth Economics

From a growth economics perspective, inequality has been found to both
help and hurt growth. Andrew Berg and Jonathan Ostry in Inequality and
Unsustainable Growth: Two Sides of the Same Coin state that some levels
of inequality are necessary. Without inequality, there would not be any
incentives for investment and growth. However, too much inequality creates
more harm than benefits in the form of increased risk, political instability,
and the inability of the poor to make the necessary investments in education.
Berg and Ostry investigate if more equal societies have growth periods that
last for a longer duration. They ultimately find that a 10% decrease in
inequality results in an expected length of a growth period that is 50% longer
[3].
Reaching similar conclusions, Torsten Persson and Guido Tabellini in
Is Inequality Harmful for Growth? Theory and Evidence also find that inequality can slow growth. They find that in a society with high inequality,
political decisions are more likely to lead to economic policies that hinder
growth. Growth is largely dependent on the accumulation of human capital,
which is dependent on obtaining funds. The ability to obtain funds is dependent on tax policies and government regulations. With unequal societies,
political decisions are more likely to result in policies that reduce funds and
thus lower growth [10].
On the other hand, Hongyi Li and Heng-fu Zou in Income Inequality is
not Harmful for Growth: Theory and Evidence find that inequality does not
reduce growth. Li and Zou define government spending as production services
that enter the production function and consumption services that enter the
utility function. In a model where government spending is limited entirely to
consumption services, a more equal distribution will cause the median voter
to vote for a higher income tax in order to allocate more resources to public
consumption, thus lowering growth. In a model where government spending
7

is limited entirely to production services, there will be a negative impact
between income inequality on economic growth. Realistically, government
spending is divided between production and consumption services, so the
overall result is ambiguous. Through an empirical study, Li and Zou find a
positive relationship with economic growth and income inequality [9].
Dan Andrews, Christopher Jencks and Andrew Leigh also find that inequality can help growth in Do Rising Top Incomes Lift All Boats? They
find that a 1-point rise in the share of the richest 10% over a five-year period
raises the average annual growth by 0.121 percentage points. This paper also
studies how long this increase in growth would take to trickle down to raise
the incomes of the lower 90%. When the top 10%receives 10% more of the
share, they find it takes 13 years for the bottom 90% to reach a point where
their personal income grows fast enough to offset their diminished share of
the total [2].
Bringing these two views together, Sarah Voitchovsky in Does the Profile of Income Inequality Matter for Economic Growth finds that inequality
has the potential to both help and harm growth depending on where the
inequality lies in the distribution of incomes. If there is inequality at the
top end of the income distribution, the wealthy have access to private funds
and they comprise the main source of savings in the economy. Investors can
spread the risk on investments and receive a higher return, thus promoting growth. However, this benefit could be offset by the distribution at the
lower end. With credit constraints, those at the lower distribution levels are
unable to fund their skills, and thus have fewer opportunities to undertake
productive investments, resulting in lower growth. If there is income mobility in a society, individuals will have an incentive to obtain higher returns
on their skills. With more talented individuals at the top, there will be
more technological progess and thus more growth. This growth could be offset by feelings of frustration and unfairness at the lower distribution levels.
Ultimately, Voitchovsky finds that using one inequality index will capture
the average effect of inequality on growth and will not capture the true relationship between inequality and growth. An income distribution that is
compressed in the lower part will help growth, while an income distribution
that is compressed in the upper part will hurt growth [14].

2.3

Solow Model of Growth

We now turn our attention to the Solow model of growth [1], which will be
the foundation of Chapter 3. The Solow model of economic growth looks
at productivity, capital accumulation, population growth and technological
progress. The Solow model uses a Cobb-Douglass production function of the
8

form
Y = AK α L1−α ,

(5)

where Y is the total production in the economy, A is the total factor productivity of the economy (productivity from sources other than capital and
labor), K is the total capital in the economy, L is the amount of labor in
the economy, and α is the output elasticity of capital (the responsiveness of
output to a change in capital). By dividing the production function by the
amount of labor L, we observe the per capita production function
y = Ak α ,

(6)

where y is the total output Y divided by the population L and k is the total
capital divided by the population L.
In the Solow model, a portion s of output Y is saved as investments.
Investment increases the amount of capital in the economy. Capital is depreciated at a rate d so that the change in capital is given by ∆Kt = sY − dKt .
The change in capital can also be represented as ∆Kt = Kt+1 − Kt . Thus
Kt+1 − Kt = sY − dKt . Then the capital at time t + 1 is given by
Kt+1 = sY + (1 − d)Kt .

(7)

The population growth rate is denoted by n. The workforce at time t + 1
is given by Lt+1 = (1 + n)Lt . We can then divide the capital at time t + 1
by the workforce at time t + 1 to find the per capita capital. This results in
sY + (1 − d)kt
.
(8)
1+n
We can then calculate the change in per capita capital by finding kt+1 −kt .
This leads to
sy − (n + d)kt
.
(9)
kt+1 − kt =
1+n
The steady state in the Solow model occurs when the change in capital
is zero, or when kt+1 = kt . Then we see that in the steady state,
kt+1 =

sy = (n + d)kt .

(10)

If A = 1 in Equation 6, then per capita output is given by
y = kα.

(11)

By substituting this into Equation 10, we see sk α = (n + d)kt . Solving this
for k, we find that the steady state is
9

∗



k =

s
n+d

1
 1−α

.

(12)

We then substitute Equation 12 into Equation 11 to find the steady state
output y ∗ . We find that
∗

y =



s
n+d

α
 1−α

.

(13)

This basic Solow model can be extended to include a number of characteristics that make it more realistic. For example, technology can be taken
into account. Having more, and better, technology makes a society more productive, thus increasing its output Y . In addition to changes in technology,
the Solow model can be extended to include other aspects of growth, such
as human capital. Human capital, in the form of health and education, can
make a society more productive.
The Solow model described above uses discrete time. There is a corresponding model in continuous time. Using the Solow model described above
as a basis, we extend the model to include income inequality in discrete time
in Chapter 3.

2.4

An Agent-Based Model

In Three Fiscal Policy Experiments in an Agent-Based Macroeconomic Model
[6], Carl Gustafson develops an agent-based macroeconomic model of growth.
Gustafson builds an agent-based model that focuses on the choices of the
agents given their characteristics, preferences based on the performance of
the economy, and government policies. Gustafson’s model has ten agents
in each quintile of the income distribution. During each time period, each
quintile receives a different share of output, with Q1 receiving 3%, Q2 receiving 9%, Q3 receiving 15%, Q4 receiving 23%, and Q5 receiving 50%.
Each quintile is taxed at a different rate, with Q1 taxed at 6%, Q2 taxed at
12%, Q3 taxed at 18%, Q4 taxed at 24%, and Q5 taxed at 30%. In total,
24.48% of output in each period goes to the government. After accounting
for taxes, each quintile receives the following share of output: Q1 receives
2.2656%, Q2 receives 6.7968%, Q3 receives 11.328%, Q4 receives 17.3696%
and Q5 receives 37.76%. Each of the 10 individuals within each quintile receives an equal share of the output that is allocated to their quintile. As is
commonly accepted, Gustafson assumes that higher income individuals save
a higher proportion of their earnings than lower income individuals. Rather
than estimating the marginal propensity to save, or the proportion of each
10

additional dollar that would be used for savings, Gustafson estimates each
quintiles “normal” marginal propensity to save, denoted MPSN. By calculating MPSN, Gustafson allows for a stochastic element that makes it possible
or an agent from a lower quintile to save more in a certain period than an
agent from a higher income bracket. Gustafson estimates MPSNQ1 = 2%,
MPSNQ2 = 6%, MPSNQ3 = 12%, MPSNQ4 = 20% and MPSNQ5 = 30%.
In the model, growth is determined by investment and consumption,
though investment is the primary growth factor. For every dollar invested in
one period, total output increases by $1.11 in the next period. Consumption
of goods and services lead indirectly to growth of capital, so for every dollar
of consumption in one period, total output increases by $1.02 in the next
period. The model assumes inefficiency in government spending. For each
dollar that the government spends, output decreases by 2 cents in the next
period. This leads to the growth equation
µc ct Yt + µI it Yt + µG gt Yt − Yt
Yt+1 − Yt
=
.
(14)
Yt
Yt
Here, ct , it , and gt are the proportion of output Yt that go to consumption,
investment and government spending at time t. In the equation, µc , µI , and
µG represent the proportion of money that is consumed, invested and spent
by the government. Gustafson assumes the government runs a balanced
budget so that gt = 24.47%, the amount received through tax revenues. Using
the normal marginal propensity to save outlined above to find the normal
marginal propensity to consume (given by M P CN = 1 − M P SN ) for each
quintile, Gustafson finds a normal growth rate of output to be 2.516096%.
Agents make decisions in each period about whether to consume or to save
based on the performance of the economy. If the economy is in a recession,
people will tend to save more. On the other hand, during periods of economic
prosperity, people will tend to consume more. To determine how behavior
changes when output Yt does not equal “normal” output Y Nt , Gustafson
notes the relationship
M P SQk − M P SNQk
Yt − Y Nt
= −ζ
,
Y Nt
M P SNQk

(15)

where ζ is a positive real number and k ∈ {1, 2, 3, 4, 5}. Noting that savings
rates increase when Yt < Y Nt and consumption rates increase when Yt >
Y Nt , this can be simplified to
M P SQk =

M P SNQk ((1 + ζ)Y Nt − Yt )
.
ζY Nt

11

(16)

In this model, Gustafson assumes ζ = 14 . In the model, k represents the
length around each quintile’s MPS in which individuals in the quintile can
choose to save. Gustafson gives 1 = .01, 2 = .02, 3 = .03, 4 = .04 and
5 = .05. When the economy is performing 10% above normal, k is doubled
and when it is performing 10% below normal, k is halved. This gives




Y −Y N
Yt − Y Nt
10 tY N t
t
, k = 2
k .
(17)

Y Nt
Each agent then randomly selects a value from the distribution
Y −Y N
M P SNQk ((1 + ζ)Y Nt − Yt )
10( tY N t )
t
±2
k
ζY Nt

(18)

and saves that proportion of income and consumes the rest. Then

Yt+1 = µc

5 X
10
X
shareQk
k=1 i=1

10

(1 − sQkti )Yt (1 − τQkt )+

µI

10
5 X
X
shareQk

10

k=1 i=1

sQkti Yt (1 − τQkt ) + µG Gt , (19)

where sQkti is the randomized saving value for agent i from quintile k in time
t and shareQk is the before-tax percentage of output of quintile k. In the
equation, µc and µs represent the proportion of money that is consumed and
saved. The tax rate of quintile k at time t is given by τQkt . The government
holdings are denoted by G, with µG representing the amount of money spent
by the government.
As Gustafson points out in his work, agent-based modeling in macroeconomics has been largely unexplored. Developing an agent-based model to
explore Robert Reich’s ideas on income inequality will be our goal in Chapter
4. For now, we return to the Solow model to formulate a Solow model with
inequality.
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3

Solow Model with Inequality

We formulate a difference equation model of inequality based on the Solow
model of growth presented in Section 2.3. Our economy consists of N classes.
We define Yi to be the output generated by class i, Li to be the labor pool
of class i, Ki to be the capital of class i, and Ii to be the investment of class
i. We define investment to be the amount of output saved, so Ii = si Yi ,
where si is the savings rate of class i. The consumption rate of class i is then
ci = 1 − si . The growth rate of class i and the depreciation rate of capital
from class i are denoted by ni and di respectively. We will operate under
the assumption that for each class, the change in capital from one epoch has
form:
si yi − (ni + di )ki
,
(20)
∆ki =
1 + ni
as developed in Equation 9 in Section 2.3. Here, ki and yi represent the per
capital capital and per capita output respectively.
We now discuss the implication of this assumption on the model in general. In particular, we are interested in the graph of yi and determining
whether or not zero growth points are possible without equilibrium.

3.1

Model Formulation

The total capital
K in the economy is just the sum of the capitals from all
P
classes, or i Ki . If capital for class i depreciates at some rate di , then the
change in capital at time t + 1 from period t is the capital that is added at
time t + 1 minus the amount the capital that is depreciated. Thus
X
X
X
∆K =
si Yi −
di Ki = K(t + 1) − K(t) = K(t + 1) −
Ki (t). (21)
i

i

i

Note that, in theory, capital need not depreciate, though this is the standard
model. Non-depreciating capital might be (e.g.) real estate held by the very
wealthy. Depreciating capital might be (e.g.) a car held by a middle class
family.
Then rearranging for K(t + 1), we see that
X
X
K(t + 1) =
si Yi +
(1 − di )Ki .
(22)
i

i

Each class i experiences a population growth
P rate of ni . Then the total
population at time t + 1 will be L(t + 1) = i (1 + ni )Li (t). We denote per
capita capital, or the total amount of capital in the economy divided by the
population, as k. Then the per capita capital at time t + 1 is
13

P
k(t + 1) =

i

P
si Yi + i (1 − di )Ki (t)
P
.
i (1 + ni )Li (t)

(23)

We can expand this out to see

k(t + 1) =

s1 Y1 + (1 − d1 )K1 (t) s2 Y2 + (1 − d2 )K2 (t)
P
+ P
+ ...
i (1 + ni )Li (t)
i (1 + ni )Li (t)

(24)

We then divide the numerator and denominator of the ith term by Li for
each i. We denote the per capita output for class i as yi . We now see that
k(t + 1) can be written as

k(t + 1) =

s2 y2 + (1 − d2 )k2 (t)
s1 y1 + (1 − d1 )k1 (t)
+
+ ...
P
P
Lj
L
(1 + n1 ) + j6=i (1 + nj ) Li
(1 + n2 ) + j6=i (1 + ni ) Lji
X
si yi + (1 − di )ki (t)
=
(25)
P
Lj
j6=i (1 + nj ) Li
i (1 + ni ) +

We can then find the change in per capita capital using Equation 25 to
see that

k(t + 1) − k(t) = ∆k(t) =
(
P
L )
X
( PLi kLii )(1 + ni ) + j6=i (1 + nj ) Lji
si yi + (1 − di )ki (t)
i
−
P
P
Lj
Lj
(1
+
n
)
(1
+
n
)
+
(1
+
n
)
+
j
i
i
j6=i
j6=i (1 + nj ) Li
i
Li
(
)
P L
X si yi + (1 − di )ki (t) − ki (t)( PLiLi )(1 + ni + j6=i Lji (1 + nj ))
=
Pi
Lj
(1
+
n
)
+
i
j6=i (1 + nj ) Li
i
(
)
P L
N
X
si yi + [(1 − di ) − ( PLiLi )(1 + ni + j6=i Lji (1 + nj ))]ki (t)
i
=
. (26)
P
Lj
(1
+
n
)
+
(1
+
n
)
i
j
j6=i
i=1
Li
This result will be used in the proof of Proposition 3.3.

3.2

Cobb-Douglas-Like Production Function

To make inter-class relations more explicit, we assume a variation of the
Cobb-Douglas production function:
X
α
1−α
Yi =
Aj Kj ij Lj ij
(27)
j
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As in a normal Cobb-Douglas production function discussed in Section 2.3,
Aj is the total factor productivity per class (productivity from sources other
than capital and labor per class) and αij is the output elasticity of capital
from one class to another (the responsiveness of output to a change in capital
from one class to another). As stated in the beginning of this section, Ki
and Li represent the total capital and total labor per class respectively. Our
per capita production function is then written as:
yi =

1 X
Yi
α
1−α
=
Aj Kj ij Lj ij
Li
Li j
X
1 X
1−α
α Lj
=
Aj (kj Lj )αij Lj ij =
Aj kj ij
Li j
Li
j

(28)

where we substitute in the fact that Ki = ki Li .

3.3

Fixed Point Results

It is easy to verify that when i = 1 we obtain the Solow function and the
possibility of a fixed per capita capital (i.e., a limit point) as formulated in
Section 2.3, Equations 12 and 13. In the case of multiple populations, we
argue that a fixed point is possible when ni = n for all i (and under no other
conditions). If so, we know: Li (t + 1) = (1 + n)Li (t) for all i. Then
(1 + n)Lj (t − 1)
Lj (t − 1)
Lj (t)
=
=
,
Li (t)
(1 + n)Li (t − 1)
Li (t − 1)

(29)

which is fixed for all time.
Similarly,
Li (t − 1)
L (t)
(1 + n)Li (t − 1)
Pi
P
=
=P
(1 + n) Lj (t − 1)
Lj (t)
Lj (t − 1)

(30)

is also fixed for all time.
We define:
Lj
Li
Li
pi = P
j Lj
pji =

(31)
(32)

These values are now fixed in time. Generalizing from the ordinary discrete
Solow model discussed in Section 2.3, we have our assumption from Equation
20 that:
si yi − (ni + di )ki (t)
∆ki (t) =
.
(33)
1 + ni
15

We now assume that ni = n for all i. Using Equation 20, we substitute in
the information obtained from Equations 28 and 31. Thus we have:
P
α
si j Aj kj ij (t)pji − (n + di )ki (t)
(34)
∆ki (t) =
1+n
From this we deduce:
Proposition 3.1. A set of per capita capitals k1 , . . . , kN form a fixed point
for k if:
P
α
si j Aj kj ij (t)pji − (n + di )ki (t)
=0
(35)
1+n
for i = 1, . . . , N .
Remark 3.2. Note in each of these cases, we must solve a system of N equations with N unknowns.
We can also study Equation 26. Substituting our production function yi
given in equation 28 yields:
)
(
P
N
X
si yi + [(1 − di ) − pi (1 + ni + j6=i pji (1 + nj ))]ki (t)
P
. (36)
∆k(t) =
(1 + ni ) + j6=i (1 + nj )pji
i=1
Furthermore, by substituting in Equation 31, we see that Equation 28 can
be written as:
X
α
yi =
Aj kj ij (t)pji
(37)
j

Combining these results yields:
( P
)
P
α
N
X
si j Aj kj ij (t)pji + [(1 − di ) − pi (1 + ni + j6=i pji (1 + nj ))]ki (t)
P
∆k(t) =
(1 + ni ) + j6=i (1 + nj )pji
i=1
(38)
One way to ensure ∆k = 0 is to set each term of the sum equal to zero,
yielding N equations with the N unknown ki values again. Thus, we have
the following result on zero-growth points:
Proposition 3.3. A set of per capita capitals k1 , . . . , kN form a point of no
growth or decline for k if:
P
P
α
si j Aj kj ij (t)pji + [(1 − di ) − pi (1 + ni + j6=i pji (1 + nj ))]ki (t)
P
= 0 (39)
(1 + ni ) + j6=i (1 + nj )pji
for i = 1, . . . , N .
16

Remark 3.4. Note, this may not represent a fixed point for the economy as a
whole (i.e. each k1 , . . . , kN being fixed) but an epoch of zero growth, as each
of the class per capita capital values would also have to be at fixed points.
Thus a zero-growth and fixed points are possible if ni = n for all i. If
this condition does not hold, then the ratios pji and pi are not constant and
changing labor quantities appear in Equation 38 as well. It is possible for a
system like this to exhibit zero-growth as long as
∆k(t) =

N
X
i=1

(

si

P

j

)
P
α
Aj kj ij (t)pji + [(1 − di ) − pi (1 + ni + j6=i pji (1 + nj ))]ki (t)
P
= 0,
(1 + ni ) + j6=i (1 + nj )pji
(40)

but fixed points will not be possible with changing labor proportions.

3.4

Example

We will consider an economy with three classes. Each class has a depreciation
rate di , a population growth rate ni , and a savings rate si . We start with an
initial population L(0) = 100 million and an initial level of capital K(0) =
100 billion.
Class 1 represents the lower class and is made up of the bottom three
quintiles of the population. We assume that the lower class has a relatively
high rate of population growth, given by n1 = 0.05. The savings rate is
relatively low, given by s1 = 0.02. The capital held by the lower class will
largely be capital that has high levels of depreciation, such as a car. Their
depreciation is then given by d1 = 0.2. Since the lower class is made up of
the bottom three quintiles, the population L1 (0) is 60% of the population,
or 60 million. We assume the lower class holds a relatively low proportion of
the capital, say 20 percent. The lower class then holds 20 billion in capital.
The Cobb-Douglas-Like Production Function of this class is then
11
12
13
Y1 = A11 K1α11 L1−α
+ A21 K2α12 L1−α
+ A31 K3α13 L1−α
.
1
1
3

(41)

From [4] we assume the standard α = 13 . Each Ai1 represents what portion
of the lower class’ output can be attributed to class i. We assume that the
lower class derives a lot of their output from themselves. Their output is less
dependent on productivity from the upper and middle classes. We assume
A11 = 90 percent, A21 = 7 percent, and A31 = 3 percent.
Class 2 represents the middle class and is made up of the next 30% of the
population. We assume that the middle class has a lower growth rate and a
higher savings rate than the lower class, given by n2 = 0.03 and s2 = 0.06.
We also assume that the middle class has capital that depreciates less than
17

the lower class, such as houses. Their depreciation is given by d2 = 0.05.
Since the middle class represents 30% of the population, L2 (0) = 30 million.
The middle class also holds more capital than the lower class, say 30% of the
total capital. Then K2 (0) = 30 billion. The Cobb-Douglas-Like Production
Function of the middle class is then
23
22
21
.
+ A32 K3α23 L1−α
+ A22 K2α22 L1−α
Y2 = A12 K1α21 L1−α
3
2
1

(42)

The middle class derives a greater portion of their total output from the
productivity of the other classes, but they are still largely dependent on
their own productivity. We assume A12 = 15 percent, A22 = 80 percent, and
A32 = 5 percent.
The third class represents the upper class of the economy, given by the
top 10% of the population. This class has a lower growth rate and a higher
savings rate than both the lower and middle classes. Then n3 = 0.01 and
s3 = 0.2. The capital of this class most likely not only includes cars and
houses, but some forms of capital that appreciate, such as stock. We assume
that the upper class then has a depreciation rate d3 = −0.03. Since the
upper class is the top 10% of the population, L3 (0) = 10 million. We assume
that the upper class holds 50% of the economy’s capital. Then K3 (0) = 50
billion. The Cobb-Douglas-Like Production Function of the upper class is
given by
31
32
33
Y3 = A13 K1α31 L1−α
+ A23 K2α32 L1−α
+ A33 K3α33 L1−α
1
2
3

(43)

The output of the upper class is much more dependent on the productivity
of the lower and middle class. We assume A13 = 30%, A23 = 20%, and
A33 = 50%. Using these assumptions we have per capita capital curves are
shown in Figure 1: Notice the following features:
1. Though we are not enforcing ni = n for all classes, these growth curves
still seem to be approaching equilibrium.
2. The per capita capital of the richest 10% in this model continues to grow
over time as they gain benefit from the bottom 90% of the population.
3. The middle and lower class in this model both lose per capita capital share over time as they face a combination of pressures including
depreciating capital and effects from the upper class.
The example in this case mirrors, in part, the behavior of the United States
over the last 30 years, where the top 10% of the population continues to
amass wealth, while the middle class remains stagnant and the poorest have
seen their share of the economy diminish further [12].
18
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Figure 1: Per capita capital for the poor, middle class and rich are shown.
Notice the per capita capital for the wealthiest continues to increase while
it is largely stagnant or decreasing for the bottom two economic tiers. This
is qualitatively similar to the behavior of the economy in the United States
over the last (e.g.) 30 years.
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4

Optimizing Agent Problem Formulation

In the previous section we formulated a Solow model of unequal capital and
labor. In this section, we investigate a more microeconomic model of inequality by modeling consumption directly. We formulate a mathematical model
of user decision making in the presence of income inequality and study the
long-run implications of initial inequality on the structure of inequality in
the population.
Our population consists of N rational agents. Suppose that Agent i receives an income of Ii (t), composed of a payment from working, a government
subsidy and interest earned on investments. To simplify the problem, we assume that at time t−1, there is a pool of capital K(t−1) and Agent i receives
a proportion of this pool pi . Similarly, we assume that the government has
available funds G(t − 1), diverts a proportion µ ∈ [0, 1] to purchases and
services and divests the remainder as subsidies, providing βi (1 − µ)G(t − 1)
to Agent i. Finally, at time t − 1, Agent i has savings Si (t − 1) and earns
interest rSi (t − 1). Thus, at time t, the net revenue to Agent i is given by:
Ii (t) := K(t − 1)pi + (1 − µ)G(t − 1)βi + rSi (t − 1).

(44)

Agent i also faces forced expenditures. In particular, he must pay a tax rate
τi on all income derived, meaning he has a guaranteed outflow of cash equal
to:
Oi (t) := τi Ii (t).
(45)
Consequently, at time t, Agent i has available for use:
Ai (t) := Ii (t) − Oi (t) + Si (t − 1) =
(1 − τi ) (K(t − 1)pi + (1 − µ)G(t − 1)βi + rSi (t − 1)) + Si (t − 1). (46)
We may also assume that Agent i has a debt load Di (t − 1), which increases
according to an alternate interest rate ρ ≥ r. Thus at time t, the debt burden
faced by Agent i is:
∆i (t) := (1 + ρ)Di (t − 1).
(47)
We assume that Agent i will divide Ai (t) into two parts: consumption and
savings; however Agent i may choose to consume more than he has available,
increasing his debt load. Let ci (t) and si (t) be the quantities of money Agent
i will allot to spending and saving respectively. The following constraints
hold:
ci (t) + si (t) ≥ Ai (t),
si (t) ≤ Ai (t),
si (t), ci (t) ≥ 0.
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(48)
(49)
(50)

The first two constraints ensure that Agent i’s available funds are completely
distributed and that non-debt funds are used for savings. One could relax
these constraints, as appropriate in richer models. The last constraints are
simple non-negativity constraints.
Using this formulation, the debt load of Agent i at time t (after all decisions are final) is:
Di (t) := ∆i (t) + ci (t) + si (t) − Ai (t)

(51)

while the net savings of Agent i is given by:
Si (t) := si (t).

(52)

By a similar argument, we may define the net capital available at time t
as:
K(t) := µG(t − 1) +

N
X

ci (t)

(53)

i=1

and the net government funds at time t are given by:
G(t) :=

N
X

Oi (t) =

i=1

N
X

τi (K(t − 1)pi + (1 − µ)G(t − 1)βi + rSi (t − 1)) .

i=1

(54)
3

Suppose fi : R → R is a concave utility function so that
fi : (ci (t), si (t), Di (t)) 7→ vi (t).

(55)

If each agent must allocate at least l ≥ 0 dollars to consumption and can
allocate no more than u dollars to consumption (because of sheer physical
limitations), then each agent solves the optimization problem:

max fi (ci (t), si (t), Di (t))





s.t. Ai (t) = Si (t − 1) + (1 − τi ) (K(t − 1)pi + (1 − µ)G(t − 1)βi + rSi (t − 1))




Ai (t) − ci (t) − si (t) ≤ (1 + ρ)Di (t − 1)

si (t) ≤ Ai (t)





si (t) ≥ 0



l ≤ ci (t) ≤ u
(56)
The decision of Agent i at time t affects the decision problem of all other
agents at time t + 1 through Equations 53 and 54. In this model, the net
growth rate of money is the interest rate (it is the only mechanism for the
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creation of money). Consequently, we can incorporate an inflation rate η ∈
[0, 1] and modify the final constraint to be l(1 + η)t ≤ ci (t) ≤ u(1 + η)t .
Simultaneously, growth rates ζ, γ ∈ R+ may also be defined so that Equation
53 becomes:
!
N
N
X
X
K(t) := ζ µG(t − 1) +
ci (t) + γ
Si (t)
(57)
i=1

i=1

Growth is positive if ζ > 1 and γ > 1.
Remark 4.1. The fundamental argument over inequality can be seen in this
model. One part of the argument is that the growth rate γ from Equation 57
is not big enough. The second part of the argument is that the lower bound
l on consumption is too big.
Remark 4.2. Note that the first (equality) constraint in the problem for Agent
i is definitional only. The decision variables do not appear in this constraint
in anyway. Thus, the agents’ problem are inequality constrained only.
We analyze the Karush-Kuhn-Tucker (KKT) conditions to obtain an intuitive sense for the optimal decision making of agents. Note, Di is entirely
dependent on ci and si and therefore we have omitted it from the KKT conditions. If we let g1 , . . . , gm (where m = 5) be our five inequality constraints
given by Problem 56, then the (abstract) KKT conditions require marginal
prices λ1 , . . . , λm satisfying:

m
X


∗ ∗

∇f
(c
,
s
)
−
λj ∇gi (c∗i , s∗i ) = 0

 i i i
j=1
(58)
∗ ∗

λ
g
(c
,
s
)
=
0
i
=
1,
.
.
.
,
m

i
i
i
i



λi ≥ 0 i = 1, . . . , m
Using Equation 56, we see that these conditions reduce to

∂fi


− λ1 − λ4 + λ5 = 0


 ∂ci
∂fi
− λ1 + λ2 − λ3 = 0


∂si



λ1 , . . . , λ5 ≥ 0

(59)

When the minimum consumption level l > 0, then λ2 = 0 because not
all the available money could be saved and the second constraint is never
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binding. The KKT conditions then become

∂fi


− λ1 − λ4 + λ5 = 0


 ∂ci
∂fi
− λ1 − λ3 = 0


∂si



λ1 , . . . , λ4 ≥ 0

(60)

Furthermore, in the case when si (t) > 0, then λ3 = 0 and:
∂fi
= λ1
∂si

(61)

meaning that the marginal utility of savings is equal to λ1 , which is exactly
the shadow price associated to changing the difference between real dollars
available for agent i and the debt the agent will hold at the time of the
decision (i.e., Ai (t) − (1 + ρ)Di (t − 1)). This makes perfect sense. Savings
utility is directly related to decisions about debt and consumption.
Proposition 4.3. There is always a global optimal solution c∗i (t), s∗i (t) for
each i and each t for Problem 56. If fi is strictly concave, then there exists
a unique global maximum solution c∗i (t), s∗i (t) for each i and each t.
Proof. Note at any time t, the constraints for Agent i form a compact subset
of R2 . Therefore, by Weierstrass’ theorem, there is a feasible c∗i (t), s∗i (t)
maximizing fi . If fi is strictly concave, then the global maximum must be
unique.
Remark 4.4. It is interesting to note that feasibility does not imply that
Ai (t) > l because we allow our agents to take on debt. This gets to the very
heart of poverty. In a very real sense, those without sufficient means must
take on debt to survive. This model does not include a debt limit and so
fails to accurately reflect some of the harsh choices faced by individuals who
cannot spend l, thus making their decision problem infeasible.
We note that if we were to repeatedly solve this problem over a finite
or infinite time horizon, then the resulting decision functions ci (t) and si (t)
would be the myopic control laws maximizing instantaneous utility at each
time epoch. This is as compared to an optimal control law that is derived
to maximize total utility over a time horizon. Since humans often do not
maximize their utility over long time horizons [5], we focus on the qualitative
behavior of the myopic control laws.
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4.1

Objective Function Structure

Following the discussion on the Theory of the Household in [7] (Chapter 4),
we may assume that the objective function fi has a concave structure. This
ensures that the assumptions of Proposition 4.3 are satisfied. We assume
that consumption and savings both increase utility while debt decreases utility. Moreover, we assume that infinite consumption or savings will not yield
infinite utility and that we receive diminishing returns to both after a certain amount of time. Negative utility associated to debt will not behave
asymptotically. We propose to study the following objective function:
fi (t) = uc [1−exp(−Kc ci (t))]+us [1−exp(−Ks si (t))]−ud exp(Kd Di (t)) (62)
where uc , us , and ud represent the relative weights that the components of
the utility function provide to the overall utility while Kc and Ks are rate
constants that determine the rate at which agents approach their consumption and savings asymptotes for various dollar amounts. Here, Kd represents
a rate constant affecting the rate at which agents are penalized for debt in
terms of raw dollars.
Note this function is concave as required. Therefore by Proposition 4.3,
each agent will have an optimal solution at each time period. Moreover, for
uc small enough and us large enough, it is clear that for agents with a large
enough share of income (i.e., sufficiently large Ai (t)) that si (t) > 0, leading
to our observation regarding λ1 and its relation to ∂fi /∂si .
If there is no debt, then Di (t) = 0. The optimization problem simplifies
dramatically in this case. With no debt, we have
 u


Kc Uc
Ai Ks + log K
s Us

(63)
c∗ = 
Kc + Ks
l

Note that if Ai < l, then the solution is infeasible. This indicates that an
agent receives too little income to survive.

4.2

Example Simulation

We will run three simulations in this section, each with three player classes.
The first will be an economy with equality and the second will be an economy
with inequality. Finally, we run a third simulation to show an economy with
inequality in which the government makes payments that favor the poor. We
will then compare the effects of inequality on the size of the economy. Note
that there will be substantial burn-in during the early part of the simulation,
so we run this for 50 time units.
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In our economy with equality, the total initial capital outside the government is given by K(0) = 1000. The government initially starts with 300, so
G(0)=300. Since the economy is perfectly equal, all individuals have a savings rate of 3% with an interest rate on savings of 5%. There is initially no
debt in the economy and the interest rate on debt is 10%. The government
spends 20% of its holdings directly. With equality, each of the three players
holds 31 of the capital and receives 13 of government distributions. The tax
rate for each player is 20%. The inflation rate is 2% and the growth rate
from spending is 10%. We set the lower bound on consumption to 10 and
the upper limit to 100. We set rate constants Kc , Ks and Kd to 0.1, 0.4 and
0.1 respectively for all three players. The multipliers uc , us and ud are all set
to 1 for all players.
Using these assumptions, we have the savings of all 3 players shown in
Figure 2. As expected, all three agents are exactly equal.
10 000

8000

6000

Poor
Middle

4000

Rich

2000

10

20

30

40

50

Figure 2: Savings for all three players in an economy with equality are shown.
As expected, the savings of the three classes with equality are the same. The
savings rise to 10,000 with equality.
Using this model, we can also observe the size of the government holdings and the size of the economy as a whole. These are shown in Figure 3
and Figure 4 respectively. We see that after the initial burn-in, government
holdings increase past 500. Similarly, the size of the economy increases past
700.
We now run the same model with inequality. The model with inequality
starts with the same initial amount of capital outside the government and
the initial government holdings as in the model with equality. Then the
total initial capital outside the government is given by K(0) = 1000 and
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Figure 3: Government holdings in the case of an equal economy are shown.
After the initial burn-in, government holdings increase past 520.
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Figure 4: The total size of the economy in the case of equality is shown.
After initial burn-in, the size of the economy rises and ends at around 760.
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the government initially starts with G(0)=300. We assume that the rich
have a higher savings rate than the other two classes. The savings rate
of the rich, middle and poor is given by 10%, 3% and 1% respectively. The
interest rates on savings and debt are the same as in the model with equality,
given by 5% and 10% respectively. As with the model with equality, there
is initially not any debt in the economy and the government spends 20%
of its holdings directly. With inequality, we assume the rich hold 60% of
the capital, the middle hold 25% of the capital, and the poor hold 15% of
the capital. We initially assume all three agents receive 13 of government
distributions. The tax rate for the rich, middle and poor is given by 30%,
20% and 10% respectively. The inflation rate is 2% and the growth rate from
spending is 10%, both the same as the model with equality. Again we set
the lower bound on consumption to 10 and the upper limit to 100. We set
rate constants Kc , to 0.1 for the poor and middle, and 0.3 for the rich. The
rate constant Ks is given by 0.9 for the poor, 0.4 for the middle and 0.2 for
the rich. The rate constant Kd is set to 0.1 for the poor and middle and 0.01
for the rich. The multipliers uc , us , and ud are all set to 1 for all players.
Using these assumptions, we have the savings of all 3 players shown in
Figure 5. Here, the rich have savings that increase to 14,000. The middle
class has a relatively flat level of savings until 30 time units. At the end of
the simulation, their savings increase to 4,000. The poor have a flat level of
savings until 40 time units. By 50 time units, their savings increase to 1,500.
Using this model, we can also observe the size of the government holdings
and the size of the economy as a whole. These are shown in Figure 6 and
Figure 7 respectively. After the initial burn-in, government holdings rise past
675. The size of the economy rises to 800. Both of these values are larger
than the model with equality.
We now run the unequal economy again, changing only the government
distribution proportions. We now assume that the government proportions
are not distributed evenly. Rather, the government distributes more money
to the poor and less money to the rich. We say the poor receive 50% of the
distribution, the middle receive 35% of the distribution and the rich receive
15% of the distribution.
Using these assumptions, we have the savings of all 3 players shown in
Figure 8. Here, the rich end with savings past 11,500. The middle and
poor classes both see savings that increase more than in the purely unequal
economy. The middle class ends with a savings of 5,000 and the poor end
with a savings of 3,000.
We can also observe the size of the government holdings and the size of the
economy as a whole. These are shown in Figure 9 and Figure 10 respectively.
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Figure 5: Savings for all three players in an economy with inequality are
shown. The savings for the rich continues to rise, reaching 14,000 by 50 time
units. The savings of the middle remain relatively stagnant for 30 time units
before increasing to 4,000 by 50 time units. The savings of the poor remain
flat for 40 time units before increasing to 1,500 by 50 time units.
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Figure 6: Government holdings in the case of an unequal economy are shown.
The figure appears similar to the model with equality. The total government
holdings in this example end at around 675, larger than the 520 in the model
with equality.
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Figure 7: The total size of the economy in the case of inequality is shown.
Again, this figure appears similar to the model with equality. The total size
of the economy ends just above 800, close to the 760 observed in the model
with equality.
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Figure 8: Savings for all three players in an economy with inequality and
varied government distributions are shown. The savings for the rich continue
to rise rapidly in this model, ending at 11,500. Now, however, the savings
of the poor and middle classes also rise. The middle class ends at 5,000 and
the poor end at 3,000.
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Government holdings rise as in the previous two simulations, ending at about
680. The size of the economy ends around 740, a little smaller than the equal
and unequal economies.
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Figure 9: Government holdings in the case of an unequal economy with varied
government distributions are shown. The figure appears similar to the model
with equality and the model with inequality. The total government holdings
end at about 680, essentially the same as the unequal model.
These examples show the effects of inequality on both the savings of
individuals and the size of the economy as a whole. With equality, everyone
has the same amount of savings, ending 50 time units with 10,000. When
inequality is introduced, the savings of the rich increase rapidly while the
middle class and the poor face stagnant and significantly less savings. In the
case of pure inequality, the rich end with 14,000 in savings. The middle class
ends with 4,000 in savings and the poor end with 1,500 in savings. When
government distributions are given more to the poor and middle classes,
the savings of the middle and the poor increase more than in the model with
inequality. The savings of the rich decrease from the level of the pure unequal
simulation to 11,500. The savings of the middle class increases to 5,000 and
the savings of the poor increase to 3,000. The size of the economy does
not see major changes with the various levels of inequality and government
distributions. All the simulations end within 60 units. Given the variation
of the size of the economy can range as much as 100 units between any two
time periods in all simulations, the size of the three economies is essentially
the same throughout the course of the simulations. The government holdings
increase with inequality and increase more when the government distributes
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Figure 10: The total size of the economy in the case of inequality with varied
government distributions is shown. Again, this figure appears similar to the
model with equality and the model with inequality. The size of the economy
ends around 740, a little smaller than the equal and unequal economies.
its money to favor the poor.
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5

Conclusion and Future Work

In this thesis we have explored two models to observe the effects of income
inequality on the economy. In Chapter 1, we introduced the topic of this
thesis and provided key preliminary results developed later in the thesis. In
Chapter 2, we discussed relevant background literature on income inequality.
In Chapter 3, we discussed the Solow model with inequality. We used
a Cobb-Douglas-Like production function with interclass relations. In this
chapter, we showed the conditions for a fixed point and a point of zero growth.
We concluded the chapter with a qualitative example of our model. Our
model shows similarities to the United States over the past 30 years. We see
in the model that the per capita capital of the wealthiest continues to rise
while the per capita capitals of the middle and lower classes remains stagnant
or declines.
In Chapter 4, we developed an optimizing agent problem to investigate
income inequality on a more microeconomic level. Using this model, we ran
simulations to see the effect of inequality on savings, government holdings
and the total size of the economy. We see that with equality, all classes
have the same savings, as expected. With inequality, the rich have greater
savings than in the model with equality while the poor and middle class have
significantly less savings. Our simulations show that if the government makes
distributions that favor the poor and middle class, the savings of the rich
decrease from the unequal model while the savings of the poor and middle
class increase. The size of the economy is essentially unchanged between
the three simulations ran in this thesis, while the government holdings are
greater in the two economies with inequality.
There are several ways this research could be expanded in the future. In
both the Solow model and the agent-based model, we could incorporate more
parameters. The Solow model could be expanded to include differences in
technology. As different classes often have access to different types of technology, technology surely plays an important role in their per capita output.
In addition, different classes have different levels of education and health.
These differences in human capital have an impact on their productivity,
which influences their output. These parameters are currently not included
in our analysis of the Solow model, but the model could be made more dynamic by including these parameters. In the agent-based model, we could
incorporate more randomness. This would allow members of each class to
have sub-optimal behaviors.
In both the Solow model and the agent-based model, we could run larger
simulations. In this thesis, we run each simulation for 50 units. We broadly
broke the economy up into three classes: the rich, the middle class and the
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poor. To be more realistic, we could include classes between these three
groups, such as the lower middle class and upper middle class. By breaking
the economy up into smaller classes, we could see results that more accurately
depict the actual economy.
In the future, we could also find better data to fit the model parameters.
In the Solow model, we use estimates for the various levels of capital, labor
and total factor productivity given by each class. In addition, we assume that
the standard value for α is appropriate for each class individually. Future
work could include finding data to more accurately determine the parameters
in this model. Similarly, the agent-based model could be improved by finding
more data to fill the parameters in the model.
Finally, future work could include finding more theoretical results on the
models. In the Solow model, one additional theoretical result could be to determine the existence and uniqueness of the results obtained from Proposition
3.3. This thesis does not find many theoretical results on the agent-based
model. Future work could include developing more theoretical results on this
model.
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