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ABSTRACT
It is common in the medical field to search for changes in the elastic response of tubular GI and
cardiovascular organs. Many authors in the past have shown that this elastic response changes due to the
remodeling of incompressible tissue from disease, aging, or drugs. Hence, a great need exists for a
practical quantification of the elastic response of an organ in vivo and in vitro using the parameters
measured in a distension test experiment.
Often, a modulus of elasticity for a tubular organ is correlated with the remodeling of
incompressible tissue. Using the concurrently measured geometric and manometric quantities from the
inflation experiment, the Laplace Law (standard method) is used to estimate the total hoop stress
corresponding to the Green strain. The elastic modulus is found by curve fitting the distension data and
finding the slope.
Costanzo and Brasseur [1] show that the Laplace Law method is fundamentally flawed for two
reasons: (1) the thin-walled approximation required to use the Laplace Law is not satisfied in
physiological organs, and, more importantly, (2) the average hoop stress in the organ includes the
redistribution of stress by incompressibility. They show that the elastic response corresponding to the
hoop stress in the normal direction measures not only the elastic component of the total stress but also the
hydrostatic component. Because the material is incompressible, the hydrostatic component of the stress
can pollute the elastic response of the organ to the extent that the elastic response becomes a measure for
the incompressibility of the material.
In addition to pointing out the flaws in the standard method, Costanzo and Brasseur propose a
new, effective shear modulus method (CB13 method) that aims to filter out the hydrostatic component of
the stress and to provide a more realistic measure of the elastic response of the tubular organ. This method
assumes that the material is isotropic, undistorted, and elastic. Additionally, the method assumes the
reference state for the organ is the no-load state (the state in which internal and external pressure equal
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each other). However, as determined by Fung and many other authors, in a physiological setting, organs
have residual stress in the no-load state. In this honors thesis, I have examined the effect of residual stress
on the evaluation of the CB13 method. It was found that, for the model and deformation class chosen, the
CB13 method provided a relatively accurate measure of the shear modulus of the applied constitutive
model.
Additionally, because Costanzo and Brasseur suggested that the CB13 method should be applied
instead of the standard method, the two methods were compared using experimental data provided by
Gregersen and Zhao. In applying the two methods to quantify elastic response, the practicality and
simplicity of the CB13 method compared to the standard method was evident. Whereas the CB13 method
predicted a response directly from the distension test data, the standard method required complex
algorithms to accurately curve fit the data points and then find the slope of the fit to determine the elastic
modulus. Additionally, because the standard method required curve fitting, significant detail from the
data was lost. However, being directly calculated from the data, the CB13 method predicted an initial
decrease in the myogenic active tone before tissue stiffness increased. Finally, although trends were
similar, the average effective shear modulus was 3-9 times lower than the modulus predicted by the
standard method.
In summary, the CB13 method was developed to resolve the fundamental flaws associated with
the standard, Laplace Law approach. This study found that, even considering a deviation from the initial
assumptions of the CB13 method, the CB13 method performed reasonably well in predicting the material
property of the applied constitutive model. Finally, using experimental in vitro distension test data, the
CB13 method produced different results when compared to the standard method.
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Chapter 1
Introduction

Background Information and Objectives
A number of publications in the last ten years have attempted to use measurements from balloon
distension experiments to predict the elastic response of tubular organs in humans and other animals.
Theoretically, a material modulus could predict this elastic response. The elastic response of an organ is
known to correlate with the change in structure ("remodeling") of wall tissue because of disease, drugs,
and aging. For example, diabetes mellitus is known to change the active muscle tension (tone) in GI
sphincters [2].
The mechanical theory used by these authors (which I will call the standard or current method) to
quantify the stresses in tubular organs is fundamentally flawed when used in a physiological setting. In
their paper [2], Costanzo and Brasseur posit a new, practical method (CB13 method) for measuring the
elastic response of these organs. Using the measurements acquired in an in vivo or in vitro distension test
experiment, the CB13 method quantifies an effective shear modulus that avoids the fundamental issues
associated with the current method [1]. Additionally, the method provides a simple, practical means of
obtaining a measure of an organ’s elastic response that can be used in a clinical setting.
To obtain a valid elastic response relationship for a tubular organ, reference to the zero-stress
state, the state in which all external forces and internal (residual) stresses in the organ have been removed,
is required. However, the zero-stress state can only be obtained when a cross-section of the organ is
excised and cut radially to release the internal stresses. Consequently, the zero-stress state cannot be
obtained in an in vivo experiment. Therefore, in the design of the CB13 method, a number of assumptions
were made to extend the use of the method to in vivo experiments. One assumption was that no residual
stresses exist in the no-load reference state, which is the state in which the internal and external pressures
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acting on the cylindrical lumen are equal. Any pressure applied to the walls of the lumen, however, is
within the assumptions made in the CB13 model. The esophagus, for example, exhibits no-load
conditions in its resting state. An understanding of the implications of this assumption is addressed in my
honors thesis research.
The second important topic in this study was to compare the standard method to the CB13
method. To claim that one method should be used over another, a comparison of the standard method and
the CB13 method was completed using actual experimental data provided by Gregersen and Zhao [3]. In
this part of the study, the objective was to determine the practicality, usefulness, and results of the CB13
method, and to determine if the CB13 method provided any additional information on the organ that the
standard method could not.
In summary, the following research questions have been addressed in my honors thesis:
1) Does the CB13 method produce a reliable measure of the elastic modulus of a tubular organ
exhibiting residual stress in the no-load state?
2)

How does the level of precision attained by the CB13 method correlate with level of residual
stress?

3)

Using experimental in vitro distension test data, what are the differences in the prediction of
modulus of elasticity using the CB13 method compared to the standard method currently used to
quantify elastic modulus?

4) Does the CB13 method provide any additional information on the stiffness of an organ that is not
provided by the standard method?

3
Literature Review
This section will introduce an analysis of the previous scientific works concerning the
physiology, function, and mechanics of the tubular organs of the GI tract, namely, the esophagus, small
intestine, and colon. Contemporary experimental techniques and continuum mechanics approaches will be
presented. Furthermore, because the mechanics of the esophagus has been studied extensively, this organ
will be reviewed in detail. Finally, relevant work in the mechanics of the cardiovascular system will be
introduced here as well.

Overview
The digestive system delivers sustenance to the human body by processing and absorbing the
food and water it intakes. From the oral cavity to the anus, each segment of the GI tract has a specific
function that aids in the breakdown, motility, absorption, and excretion of the consumed contents.
Furthermore, the GI organs have three main mechanical functions: (1) to create pressure gradients causing
flow through the organs and over surfaces in which absorption of nutrients occurs, (2) to mix intraluminal
contents, and (3) to ensure that contents remain within their respective locations [4]. Ensuring that these
mechanical processes function properly directly relates to the health of the human body and, therefore, is
an important area of study in contemporary medicine and bioengineering. However, whereas the motility
and mixing of contents within the GI tract has been studied in detail, a practical, reliable, and
fundamentally-sound method of quantifying the material properties of GI tract organs in vivo and in vitro
continues to remain elusive.
A detailed view of the gross motor properties of the GI tract can be found in many texts [5–7], but
a brief summary of these processes, with emphasis on the function of the system’s sphincters, will be
given here (Figure 1). Digestion begins in the oral cavity with mastication and lubrication of a food bolus.
At the onset of swallowing, the circular muscles in the upper esophageal sphincter relax to allow the
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passage of the bolus from the pharynx to the esophagus [4,8]. Once the bolus is swallowed, motility
through the esophagus occurs by means of peristaltic motion created by a spatio-temporal inhibition and
contraction of the circular and longitudinal muscle in the walls of the esophagus [8,9]. These muscle
contractions The lower esophageal sphincter relaxes at nearly the same time as the upper esophageal
sphincter contracts and remains open during the passage of the bolus [4]. Subsequently, the bolus passes
along the esophagus where it "empties" into the stomach through a lower esophageal sphincter. The
stomach prepares and releases nutrient-rich "chyme" at controlled rates into the intestines.
In the stomach, the bolus is "ground" into small particles and mixed with gastric acids to create
the chyme. Following preparation of the contents in the stomach, the chyme is released into the intestines
through the pyloric sphincter. This sphincter regulates the rate at which nutrient content is released into
the stomach [4].
In the three segments of the small intestine, the duodenum, jejunum, and ileum, the nutrients from
food are further processed and absorbed. The duodenum, which begins distal to the pyloric sphincter,
mixes the chyme with pancreatic chemicals and bile to further break down food particles and fats. Upon
passing through the duodenum, the contents reach the jejunum and then the ileum. These two sections of
the small intestine absorb a majority of the nutrients in the consumed food. Aided by the mixing motion
created by alternating muscle contractions, absorption of the nutrients in chyme occurs at the walls of the
intestines [4,6,10].The ileum passes the leftover material to the colon through the ileo-cecal sphincter.
The colon removes water from the chyme before it is transported into the rectum in preparation for
release through the anal sphincter.
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Figure 1. Tubular Organs of the GI Tract.

Laminated Wall Structure
To understand the motions and forces that occur in the GI tract, the structure and geometry of the
wall must be known. In general, wall structure does not vary greatly from organ to organ. However,
differences generally arise because of the function each organ performs and the various diets that a
species consumes [4].
A tubular GI tract organ is a laminated structure with various layers having specific functions. In
order, the outermost to innermost structural layers of the GI organs are the serosa, muscularis externa,
submucosa, and mucosa (Figure 2). The serosa is composed primarily of connective tissue that has the
function of anchoring organs in the GI tract and protecting the inner layers [6]. The muscularis externa
contains both circular and longitudinal smooth muscle, which contribute substantially to peristaltic
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(rhythmic) contractions and tone. Binding the mucosal layer to the muscularis externa is the submucosa,
which is composed of connective tissues. Finally, the mucosa, the innermost layer, consists of three sublayers: the muscularis mucosa, lamina propria, and the epithelial lining. This sub-layer dictates the fluidsolid interactions in the GI organs. In the study of the tubular organs in the GI tract, it has been found that
the esophagus is the only organ that allows separation of the muscle and mucosal layers without damage
to the tissue [11–13].

Figure 2. Laminated Structure of the GI Tract Tubular Organs (taken from [9] )

When creating models of tubular organs, the simplifying assumption that the organ is perfectly
cylindrical is usually made. This assumption greatly simplifies the mathematics but, sometimes, leads to
large errors. Figure 3 illustrates the in vitro cross-sections of the esophagus, duodenum, and ileum. The
images of the duodenum and the ileum show that the assumption of a perfect cylinder when modeling the
GI tract may not always be justified. However, in distension test experiments, the balloon stretches the
organ into a cylindrical shape. For further geometrical considerations, see Gregersen, Biomechanics of the
Gastrointestinal Tract [4]. In this research project, the tubular organ was modeled as a single-layered,
perfectly cylindrical tube.
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Figure 3. Cross-Sectional Images of Tubular Organs in the GI Tract. From left to right, the organs are the
esophagus, the duodenum, and the ileum. Provided by Gregersen and Zhao [3].

Mechanics of the Muscle Layer
The muscle layer is important in creating the forces necessary to cause motility and also to restrict
the motion of certain contents. The main muscle layer, located in the outer wall of the tube, is composed
of a continuous network of circular and longitudinal smooth muscle layers [14]. According to research
carried out by a Schreyer Honors College, Rhys Ulerich, who worked with Dr. Brasseur, the muscle mass
of the tubular organs is split evenly between circular and longitudinal muscles, and seemingly, each
muscle layer has an important role in the motility and mixing of fluid through the GI tract [9,15].
Contraction of these smooth muscles is controlled without central nervous system input, and,
therefore, these contractions are considered myogenic or involuntary. Three types of GI tract muscle
contractions occur: (1) migrating motor complex, (2) peristalsis, and (3) segmental contractions. The first,
the migrating motor complex, is a contraction that occurs in between meal cycles and acts to move any
remaining food out of the upper GI tract and into the small intestine. The final two, peristalsis and
segmental phasic contractions, both occur during and following a meal [4,6].
Peristalsis is a macroscopic motor function that mechanically creates pressure gradients that force
intraluminal flow. This function, for example, occurs in the esophagus to move contents from the pharynx
to the stomach. In the intestines, segmental phasic contractions act to mix the contents and increase
absorption by alternately contracting and relaxing different muscle segments creating an antegrade and
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retrograde motion. Because this motion aids in absorption, the muscles of the small intestine tend to
exhibit it [6,16].
To further classify, the contractions of the GI tract muscle can either be a phasic or a sustained
contraction. Phasic contractions are short contraction-relaxation periods occurring near the small
intestine. Sustained contraction, however, refers to the long-term contraction common to sphincters such
as the upper and lower esophageal muscles. Functionally, sustained contractions hold contents in their
respective locations and restrict the retrograde flow of contents [6,16]. Because sustained sphincter
contraction is a requirement for keeping contents in their respective locations, the sphincters of the human
body, such as the upper and lower esophageal sphincter, exhibit it. On the other hand, the main body of
the esophagus does not exhibit sustained contractions.
Because of the impact circular and longitudinal muscles have on the elastic response of tubular
organs, details will be given on their mechanical function. Similar to “pushing” contents along a tube with
one’s hand, the role of the circular muscle is to provide circumferential contractions to induce the flow of
luminal contents. This process is called "peristalsis." According to Gabella [14], in peristalsis, circular
muscles can shorten to one-quarter of their original resting length in order to induce this flow.
Complementary to circular muscle contraction is longitudinal muscle contraction. Brasseur and Nicosia
showed that longitudinal and circular muscle contraction happen simultaneously. As shown by Pal &
Brasseur, the function of longitudinal muscle contraction correlating with circular muscle contraction is
twofold: (1) to increase the local density of circular muscles in the tail region of a passing bolus [9,15],
and (2) to reduce the local fluid stresses in the contraction region thereby reducing the magnitude of
circular muscle contraction required to maintain closure. Brasseur et al. showed that the two-fold
advantage of longitudinal muscle contraction, one associated with physiology and one associated with
mechanics, creates a large reduction in closure force. This reduction in the required closure force reduces
the power and energy expended by the organ to effect peristalsis. The mechanical advantage created by
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the simultaneous contraction of the circular and longitudinal muscles is active throughout the gastrointestinal tract.

Tone in the Esophageal Sphincters
In the esophagus, the lower esophageal sphincter acts to prevent highly acidic content from
entering the esophagus while allowing esophageal emptying. The upper esophageal sphincter prevents
reflux contents from entering the airway. At rest, the sustained contraction of the upper esophageal
sphincter has been shown to produce pressure differences between 30-200 mmHg [17,18] . The sustained
contraction of the lower esophageal sphincter produces a pressure difference of 10-40 mmHg [18].
Change in esophageal sphincter tone is one of the many motor dysfunctions that can occur in the
esophagus. For example, diabetes mellitus is known to affect the mechanical function of the esophagus
[19]. Yang et al. showed that the mechanical properties of the esophagus of rats infected with diabetes
mellitus changed as the disease progressed.
Another common esophageal issue is gastroesophageal reflux disease, which is a result of a loss
of tone in the lower esophageal sphincter. This loss of tone leads to the backwards flow of acid and
chyme from the stomach and causes discomfort and inflammation in the esophagus, which can lead to
longer term issues [5]. Having the ability to accurately measure changes in tone could provide a
mechanical explanation for the onset of this disease and could help quantify the effect of drugs that
attempt to cure this disease.

Measuring Wall Stress in Organs
Given the number and frequency of these problems, a method for determining the onset of these
diseases would be beneficial to mitigating and treating their effects. One method currently being used to
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predict changes in the elastic response of tissue is to simultaneously measure the geometry of the organ
while applying an intraluminal pressure difference.
Gregersen describes various techniques that have been developed to measure the mechanical
properties of tubular organs in vivo. Techniques important to this study are balloon distension, impedance
planimetry, and ultrasound imaging. Balloon distension measurements aim to characterize the elastic
response in many tubular organs in the GI tract. In the test, a pliable balloon or sac is inserted into the
tubular organ at a desired location. The balloon is then distended by injecting it with fluid, and because it
is in contact with the lumen surrounding it, the balloon deforms the tubular organ. Using electrical
impedance, the impedance planimetry technique can measure deformations of the lumen while the lumen
is being distended. Ultrasound can also be used to measure deformations of the lumen. See Gregersen for
more information on these techniques [4].
Another technique that has implications in understanding the elastic response of tissue is the
preconditioning of an organ when applying loads to it. According to Gregersen [4], preconditioning the
tissue is necessary in obtaining repeatable elastic response results. Deng [20] states that the experimental
procedure such as the preparation of the organ and the organ’s changes in stress, temperature, blood flow,
and chemical environments leads to a change constriction of the tissue. Preconditioning returns the organ
tissue to its normal elastic response.

Existence of Residual Stress in Tubular Organs
With the advances discussed above, simultaneous measurements of pressure and geometry can be
made from balloon distension experiments. Therefore, the elastic response in tubular GI organs can be
studied. When studying this response, the choice of reference configuration, that is, the initial
"undeformed" state preceding deformation is important. This choice is not unique and must be chosen
carefully. In our application, the reference state for the inflation experiment, in which the tubular organ is
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distended by pressurizing the lumen, is the no-load state, the state in which pressure internal and external
to the organ is equal: Δp = pin - pout = 0. Deformation occurs when the interior pressure increases relative
to the outer pressure, so Δp > 0.
The three stress-state configurations that are important to our study are the no-load state, the zerodeviatoric stress state, and the distended state. In continuum mechanics, the stress state that exists in the
reference configuration of a body is called the residual stress. A reference configuration is the
configuration that is selected as a reference for the purpose of measuring deformation. When a body is
subject to an external loading consisting of atmospheric pressure, as is the case for any ordinary object
immersed in the Earth’s atmosphere, a background residual stress state equilibrating the atmospheric
pressure is to be expected. However, after much research, it was found that the no-load state of GI organs
is not free of stress components different from the external pressure. As defined by Humphrey [21],
residual stresses are stresses that exist in a body that is free from external loads and pressures. In this
thesis, we will refer to this state as "residual stress," namely the residual stress state in the strict sense
minus the background isotropic atmospheric stress state. A consequence of nonzero residual stresses is
that, when a cross-section of the organ is cut radially, the organ opens into a sector as shown in Figure 4
[22]. As it turns out, in general, the open sector is also a configuration that is not stress free, even relative
to the background atmospheric pressure. However, it is common practice to assume that the configuration
achieved after the cut is stress free. Based on our modified definition of residual stress, I will refer to the
stress state in the cut configuration as the “zero-deviatoric stress state” because only the deviatoric
component of the stress is assumed to be zero. Finally, the distended state occurs when an intraluminal
pressure difference Δp > 0 is applied to the no-load state: this is the "inflation" or “distension”
experiment.
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Figure 4. Cross-Section of the Zero-Deviatoric Stress and No-Load State of a Tubular Organ. To achieve the
zero-deviatoric stress state, a radial cut of the no-load state must be made. This qualitative measure of residual stress is
known as the Fung Approximation [23]. θ and α define this opening angle. Image modified from [4].

To obtain the elastic response of a body during inflation, the stress in the reference configuration
must be known. However, the residual stresses cannot be known unless measurements are made after they
are released. Therefore, an exact measure of the elastic response can be made only with reference to the
zero-deviatoric stress state, the state in which the residual stresses are effectively zero.
By cutting an organ in the no-load state radially, the amount of residual stress can be qualitatively
measured via the geometry of the opened sector. Geometrical methods that have been used to quantify
this residual stress are the opening angle measure (Figure 4) and a residual strain measure. The opening
angle measure, developed by Fung, is one that has been accepted widely throughout the literature. The
experimental procedure for obtaining geometrical measurements for each of these methods is outlined in
Gregersen [4].
Because the GI tubular organs are multi-layered structures, the contribution of residual stress
from each layer must be considered. Recent research indicates that, when separated, the measurements of
residual strain and opening angle are different for each layer. Therefore, each layer contributes to the
overall residual stress of tubular organs in the no-load state [12]. Additionally, when the esophagus is
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excised, it shortens by approximately 50% [24]. This implies that, not only do radial and circumferential
residual wall stresses exist in vivo, but longitudinal residual stresses exist as well.
Finally, because a quantification of the residual stresses in the no-load state requires excising at
least a portion of the organ, the zero-deviatoric stress state cannot be determined in live human subjects.
Therefore, we cannot determine the exact amount of residual stress in an organ in vivo. For this reason, a
fundamentally sound method needs to be developed to quantify the elastic response of organs within a
certain reasonable approximation error regardless of the intensity of residual stress.

Experimental Stress-Strain Quantifications in Tubular GI Organs
A number of experiments have been attempted to determine the elastic response of tubular organs in the
GI tract. A sample of this literature has been included in where h is the thickness of the organ and is
shown in Figure 5. Typically, average wall-stress is plotted against Green strain, and the data points are fit
with either a linear or exponential least-squares fit. The slope of this fit is found to determine the tangent
or elastic modulus, E. This elastic modulus is used as a material measure of the stiffness of the organ.
Because a fitting process is performed, a certain level of this stiffness measurement is intrinsically
dependent on the choice of curve-fitting strategy.
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Table 1. Each of these studies has similar protocols for quantifying an elastic modulus of in vivo
and in vitro organ. Using manometry techniques and simultaneous measurements of geometry with
impedance planimetry and ultrasound, the authors develop a modulus of elasticity for the organ in an
attempt to characterize the elastic response of the organ.
Using the current method discussed previously, a mechanical analysis is performed modeling the
organ as an isotropic, homogenous, thin-walled, and incompressible tube. The circumferential stretch
ratio of the organ, λθ, is given as:
𝜆𝜃,𝑁𝐿 =

𝐶(𝛥𝑝)
,
𝐶𝑁𝐿

Equation 1.1

where 𝐶(𝛥𝑝)and 𝐶𝑁𝐿 are the circumferential length in the distended state as a function of pressure
difference and the no-load state, respectively. The Green’s strain, ϵ, is:
𝜖 = 1⁄2 (𝜆𝜃 2 − 1).

Equation 1.2

The wall-averaged total hoop tension, T, due to an intraluminal pressure difference, using a thin-walled or
Laplace Law approximation is:
Equation 1.3

𝑇 = Δ𝑃 𝑅𝑚 ,

where ΔP is the intraluminal pressure difference and 𝑅𝑚 is the middle radius of the organ: 𝑅𝑚 =

𝑅𝑖 +𝑅𝑜
.
2

The wall-averaged total hoop stress, < 𝝈𝜽𝜽 >, as an extension of the Laplace Law is given as:
< 𝜎𝜃𝜃 >=

Δ𝑃 𝑅𝑚
2

,

Equation 1.4

ℎ𝜆𝜃
where h is the thickness of the organ and is shown in Figure 5. Typically, average wall-stress is plotted
against Green strain, and the data points are fit with either a linear or exponential least-squares fit. The
slope of this fit is found to determine the tangent or elastic modulus, E. This elastic modulus is used as a
material measure of the stiffness of the organ. Because a fitting process is performed, a certain level of
this stiffness measurement is intrinsically dependent on the choice of curve-fitting strategy.
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Table 1. Sample of Experiments Finding Stress-Strain Relationships in Tubular Organs.

Scientific
Work:

Organ:

In
Vivo/Vitro:

Reference
State:

Thin/Thick
Walled:

Assentoft,
J. E. (2000)
[25]

Esophagus

In Vitro

No-Load

Thin

Liao, D
(2003) [12]

Esophagus

In Vitro

Zero-Stress

Thick

Takeda
(2003) [26]

Esophagus

In Vivo

No-Load

Thin

Yang J.
(2004) [2]

Esophagus

In Vitro

Zero-Stress

Thin

Frøkjær,
J.B. (2005)
[27]

Duodenum

In Vivo

No-load

Thin

Relevance:
Balloon distension test
to find circumferential
stress-strain relation
Stress-strain relation:
reference to mucosal &
muscle layer
Effect of atropine on
the wall stress-Strain
relationship
Effect of diabetes
mellitus on wall stressstrain relationship
Geometrical and
stress-strain analyses

Despite the common and widespread use of the current method, Costanzo and Brasseur note two
fundamental flaws when using the current method in a physiological setting. First, approximating the
average hoop stress in cylinders using the Laplace Law requires the cylinder to be thin-walled. However,
cylindrical organs in the body do not meet the thin-walled requirements inherent in the assumption of the
Laplace Law. Simply expanding the Laplace Law to the full equilibrium balance equation provides an
exact measure of the wall tension, even in physiologically thick-walled organs [1].
Second, and more importantly, in order to obtain a measure of the elastic response of a material,
the part of the stress response governed by the incompressibility constraint should be discounted. These
effects manifest themselves in the hydrostatic (or isotropic) component of the stress tensor. For this
reason, letting the total stress tensor σ be decomposed as:
𝝈 = 𝝈𝒉 + 𝝈𝒆 ,

Equation 1.5

where 𝝈𝒉 and 𝝈𝒆 are the hydrostatic and deviatoric components of the stress, respectively, it is the
deviatoric component of the stress response that should be considered a reliable indicator of the material’s
elastic response. With this in mind, it should be observed that, in an inflation experiment, the total hoop
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stress captures a principal stress component, and, as such, the hoop stress not only is affected by the
elastic response but also the hydrostatic response of the organ. Costanzo and Brasseur show that, in
general, the hydrostatic component of the stress is not negligible. Therefore, the measurement of hoop
stress in tubular organs provides more a measure of incompressibility than of the desired elastic response
[1].

Figure 5. Free-body Diagram Representing a Pressurized Tubular Organ. Average Hoop Stress, <σθθ>, in the
wall is shown. ri and ro are the inner and outer radii in the deformed state. po-pi > 0 . (taken from [28] ).

Using the Effective Shear Modulus to Quantify Elastic Response
Obtaining a true and reliable modulus to quantify the elastic response for the tubular organs in the
GI tract is important. The method used must not only be fundamentally sound, but it must be practical in
its use. That is, the method should take currently available measurements from an in vivo or in vitro
distension test experiment and derive a material parameter that describes the elastic response of the organ.
Because an in vivo distension test implies that the zero-deviatoric reference state is not known, the
method must reliably predict a modulus with reference to the no-load state, regardless of the amount
residual stress in that organ.
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A number of publications have taken a theoretical approach in understanding the mechanics of
tubular organs (Table 2). Because the cardiovascular system has been studied so extensively, a majority
of these mechanics-based studies pertain to the cardiovascular system. However, many of these
assumptions, methodologies, and results can be applied or extended to the organs of the GI tract.
Table 2. A Sample of the Literature on the Mechanics of Tubular Organs in the GI and Cardiovascular System.

Scientific Work:

Organ:

Kang, T. et al. (1991)
[29]

Aorta

Holzapfel, G.A. et al.
(2000) [30]

Aorta

Yang, W. et al. (2006)
[11]

Esophagus

Holzapfel, G. et al.
(2010) [31]

Aorta

Costanzo, F., Brasseur
J.G. (2013) [1]

GI and
Vascular

Relevance:
Deformation process of an inverted aorta after
radial cut
Development of a new constitutive law
describing the mechanical response of the
three-layered artery with residual stress
In vitro distension of the mucosa and muscle
layers of the esophagus with reference to the
zero-stress state. Mechanical properties via
constitutive model.
Deformation process of a radially-cut
multilayered aorta in the zero-deviatoric stress
state to the no-load state.
Inadequacy of Laplace Law approximations;
Inadequacy of elastic modulus in
physiological setting; Proposes new effective
shear modulus method

In their paper, Costanzo and Brasseur presented a new practical approach (CB13 method) in
which an effective shear modulus can be measured in vivo and in vitro. The CB13 method was developed
to solve the two issues associated with using the standard, Laplace Law approach, namely: (1)
physiological organs cannot be considered thin-walled and, therefore, the Laplace Law cannot be used,
and (2) the wall-averaged hoop stress measures the elastic as well as the hydrostatic components of the
stress response. To solve these issues, Costanzo and Brasseur observed that the shear modulus can be
used as a reliable indicator of the elastic response of a nearly incompressible material. Additionally, the
method was designed to incorporate the measurements recorded in distension test experiments. Taking
the organ to be perfectly cylindrical, undistorted, and composed of an isotropic and incompressible
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material, an effective shear modulus, µ𝑒𝑓𝑓 , is defined by determining the maximum shear stress and
dividing by the corresponding strain component. This approach yields the following estimate of µ𝑒𝑓𝑓 :
µ𝑒𝑓𝑓 ≡

∆𝑝

,
Equation 1.6
1 𝑅𝑜 2 𝑅𝑖 2
1
𝑟𝑖 𝑅𝑜
−
+
ln
(
)
(
) 𝜆
𝑟𝑜 𝑅𝑖
𝑟𝑖 2
𝑧
2𝜆𝑧 2 𝑟𝑜 2
where ∆𝑝 is the intraluminal pressure difference applied to distend the organ, 𝜆𝑧 is the longitudinal
stretch, 𝑅𝑜 and 𝑅𝑖 are the outer and inner radii in the no-load state, respectively, and 𝑟𝑜 and 𝑟𝑖 are the
outer and inner radii measured in the deformed organ, respectively. The longitudinal stretch 𝜆𝑧 ≡ lo / Lo,
where Lo and lo are the longitudinal lengths of the organ before and after distension, respectively [1]. The
theoretical framework in this method will be further discussed briefly in the following sections; however,
the interested reader is recommended to Costanzo and Brasseur, 2013 [1].
As was mentioned, the CB13 method was developed taking the no-load state as the reference
state. An important assumption in the CB13 method is that that the deviatoric stress in the no-load state is
equal to zero, that is, that, using our definition of residual stress, no residual stresses exist in the no-load
state. However, as discussed earlier, this assumption is not realistic in practice, at least for GI and
cardiovascular organs. No studies have been completed on the effectiveness of the CB13 method in the
presence of residual stresses, and therefore, this study has focused on answering this question.
Additionally, no comparisons of the CB method to the standard method using experimental data have
been completed.
Holzapfel and Kang each develop methods to model three-dimensional residual stresses in organs
based on the opening angle of an organ in the zero-deviatoric stress state. The methods that these authors
use have been used in this work and will be discussed in further detail in the following sections.
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Conclusions
In this review of the literature, the relevance and importance of developing an understanding for
the elastic response of the tubular organs in the GI tract was discussed. A number of authors have
reported on the change of tissue structure and mechanical function of diseased organs. Having a
fundamentally sound method for quantifying the elastic response of an organ with these diseases would
provide clinicians with a new method for diagnosis. Additionally, because certain drugs affect nervous
system responses and cause changes in tissue, the method could be used to quantitatively measure the
effects of such drugs.
The current method for measuring the elastic response of an organ has been shown to be
fundamentally flawed on two levels, namely, in the approximation of physiological organs as being thinwalled and in using a normal stress measure that measures the incompressibility of the tissue instead of
the required elastic response. To solve these issues, Costanzo and Brasseur developed the CB method
which calculates an effective shear modulus using already measured quantities from a distension test
experiment. In their paper, they show that the shear modulus is a reasonable quantification of the elastic
response because it filters out the hydrostatic component of stress.
Because the CB method references tubular organs in the no-load state assumed to have no
residual deviatoric stress, the effectiveness of this method in the presence of an organ with residual stress
must be studied. In the proceeding sections, I have discussed the development of a model that imposes
residual stresses into the walls of cylindrical tubes and then determines the ability of the CB method to
predict the shear response. Additionally, since no previous works have compared the standard method to
the CB method, I have presented the results of a comparison of the two methods using experimental
porcine data provided by Gregersen and Zhao [3].
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Chapter 2
Determining the Effect of Residual Stresses on the Determination of an Effective
Shear Modulus Method Using a Three-Dimensional One-Layered Model

Introduction
Under resting conditions, physiological tubular vessels such as the esophagus exist in the no-load
state. However, only by excising the organ, cutting it radially, and (if possible) separating its layers do the
walls of the organ become stress free. This state is called the zero-deviatoric stress state. To determine the
elastic response of an organ, this zero-deviatoric stress state must be known in order to obtain the exact
stress response of the organ. However, with our current knowledge and technology, we cannot know this
reference state when measuring the elastic response of an organ in vivo because the organ cannot be
excised to obtain this state. Therefore, when measuring the elastic response of organs in live human
subjects, the no-load state of the organ must be used as the reference state and only an approximation of
the elastic response can be obtained.
Knowing that the zero-deviatoric stress state of an organ could not be measured in vivo, the CB13
method was developed to model the elastic response of an organ referencing the no-load state and
assuming that only hydrostatic stresses existed in that state. Because it is a measure of the maximum shear
and not principal stress, the CB13 method filters out the effect of tissue incompressibility and provides a
practical means of measuring the elastic response of an organ in a distension test.
Because the CB13 method assumes the organ has no residual stress in the no-load state, the
effectiveness of the method when residual stresses are present is needed. To study this question, a
mathematical model was created to impose varying magnitudes of residual wall stress into a threedimensional cylindrical tube. From the no-load state, this tube was then distended analogous to a
distension test experiment, and the effective shear modulus according to the CB13 method was calculated.
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The CB13 effective shear modulus was then compared to the shear modulus of a Neo-Hookean
constitutive model to quantify its error. The following research questions were studied in this analysis:
1) Does the CB13 method produce a reliable measure of the elastic modulus of a tubular organ
exhibiting residual stress in the no-load state?
2) How does the level of precision attained by the CB13 method correlate with level of residual
stress?
Using Fung’s opening angle concept [23], residual stresses were imposed into a cylindrical tube
in the no-load state. The magnitude of the residual stress was increased by creating three models (1) an
open sector, (2) flat plate, and (3) an inverted sector. The results have shown that, in the physiological
range and for the model used, the error of the effective shear modulus was less than 15% for the open
sector and flat plate analyses. The deviation increases to approximately 35% for zero-deviatoric stress
states exhibiting inverted sectors. Additionally, as the intraluminal pressure was increased during the
distension test, the effect of residual stress on the CB13 model decreased because the magnitude of the
residual wall stresses became nominal compared to the stresses induced by the distension test.
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Methods for the Development of a Three-Dimensional No-Load Model of Residual Stress
The formulation of a three-dimensional residual stress state in a cylindrical tube has been
documented by Holzapfel and Kang [29,31]. The method of deforming a radially cut ring into a closed
cylindrical tube to introduce residual wall stresses has been developed in these works, and the
methodology has been restated here. Using this model for residual stress, we have developed a method for
evaluating the error associated with using the CB13 method when the no-load state contains residual
stress. The magnitude of residual stress in our model was varied using the commonly known Fung
opening angle parameter [23].
The model presented assumes the material of the wall to be single-layered, isotropic, undistorted,
and perfectly cylindrical. Although the layers of many organs, and in particular, the esophagus, can be
separated for piecewise analysis, this study has simplified the analysis to consider the intact tubular
structure as single-layered. We consider only a single-layered tube because the CB13 method is meant to
give a practical, average measure of the elastic response of all the layers in a tubular organ in vivo. With
this average elastic response measure, the “remodeling” of wall tissue due to disease, age, or drugs can be
quantified.

Kinematics of the Residual Stress State Model and the Distension Experiment
Recalling that the zero-deviatoric stress state can be observed when an excised organ ring is cut
radially, we begin our analysis with a stress-free open sector with varying opening angle. As presented by
Fung [23], the opening angle is commonly used as an indirect method for quantifying residual stresses in
a closed organ. The basic observation was that, by varying the opening angle of a cut-open sector, the
residual stresses in the closed-walled organ could be varied. Three studies were performed to model
increasing opening angles: (1) an open sector with opening angle, α, varied from 0 < α < 90° (Figure 6),
(2) a flat plate (Figure 7), and (3) an inverted sector with opening angle, α, varied from 0 < α < 90°, but
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with the sector being “inside-out” (Figure 8). The kinematics of the deformation process is discussed in
this section.

Figure 6. Three-Dimensional Open Sector Study (Part I) with Opening Angle, α, varied from 0 < α < 90°. L, Ri,
and Ro are the length and inner and outer radii in the zero-deviatoric stress state (reference state for closing process),
respectively. Ri,NL and Ro,NL are the inner and outer radii in the no-load state (deformed configuration in the closing
process), respectively. Atmospheric pressure exists on the inner and outer wall of both configurations shown.
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Figure 7. Three-Dimensional Flat-Plate Study (Part I). L, to, and w o are the length, thickness, and width in the
zero-deviatoric stress state (reference state for closing process), respectively. Ri,NL and Ro,NL are the inner and outer radii
in the no-load state (deformed configuration in the closing process), respectively. Atmospheric pressure exists on the inner
and outer wall of both configurations shown.
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Figure 8. Three-Dimensional Inverted Sector Study (Part I) with Opening Angle, α, varied from 0 < α < 90°. L,
Ri, and Ro are the length and inner and outer radii in the zero-deviatoric stress state (reference state for closing process),
respectively. Ri,NL and Ro,NL are the inner and outer radii in the no-load state (deformed configuration in the closing
process), respectively. In the closing process, the sector is inverted to obtain the no-load state, which implies that the
radial location in the deformed configuration is opposite of the reference configuration with respect to the middle radius.
Atmospheric pressure exists on the inner and outer wall of both configurations shown.

In the proceeding sections, the kinematics for each study will be developed separately. Initially,
the reference configuration was taken to be the open sector, flat plate, or inverted sector and was
subsequently deformed into a closed cylinder in the no-load state. For discussion purposes, I will call this
Part I of the study. Following this deformation, the closed cylinder in the no-load state becomes the new
reference configuration and is distended into the new deformed configuration by applying an intraluminal
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pressure difference. I will call this Part II of the study. Note that naming the studies Part I & II is for
discussion purposes only – the deformation processes are all part of one modeling problem using the
same assumptions and properties.
Common to both Part I & II of the study is the closed circular cylinder in the no-load state,
which occupies the domain:
𝑅𝑖,𝑁𝐿 < 𝑅𝑁𝐿 < 𝑅𝑜,𝑁𝐿 ,
0 < θ < 2𝜋,
−𝑙 < 𝑧 < 𝑙

Equation 2.1

The body of the closed cylinder in the no-load state is denoted as BNL, and the position of the physical
particles of the body is represented as x = r er+ z ez.

Open Sector, 0 < α < 90°
Using a coordinate space 𝑅, Θ, and 𝑍, the open, zero-deviatoric stress state sector being
considered (Figure 6) occupies a domain of:
𝑅𝑖 < 𝑅 < 𝑅𝑜 ,
𝛼 < Θ < 2𝜋 − 𝛼,
−𝐿 < 𝑍 < 𝐿,

Equation 2.2

where 𝑅𝑖 and 𝑅𝑜 are the inner and outer radii, 𝛼 is the measure of half of the opening angle, and L is the
half-length of the open sector. For the creation of a no-load model with residual stress, this initial zerodeviatoric stress configuration was considered to be the reference state and is denoted BR. In the
deformation process, radial lines in the reference configuration are mapped into radial lines in the
deformed configuration:
𝑟 = 𝑟(𝑅).

Equation 2.3

Fibers with constant radius, also referred to as circumferential fibers, in the reference configuration are
stretched into fibers with constant radius in the deformed configuration:
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𝜃 = 𝜅 (Θ − 𝛼)
𝜅=

𝜋
.
𝜋−𝛼

Equation 2.4

Fibers parallel to the longitudinal axis in the reference configuration are uniformly stretched into fibers
parallel to the longitudinal axis in the deformed configuration:
Equation 2.5

𝑧 = 𝜆𝑧 𝑍,

where 𝜆𝑧 is the longitudinal stretch ratio given by l/L. Finally, the deformation is assumed to be
incompressible, that is, the determinant of the deformation gradient, F, is unity:
Equation 2.6

𝑑𝑒𝑡 𝑭 = 1.

For the open sector study, the position vector for physical points in the cylindrical reference
configuration is denoted as X=R eR+Z ez. The deformation gradient can be written as F = Grad x with the
Grad defined in cylindrical coordinates as:
𝜕(∙)
1 𝜕(∙)
𝜕(∙)
𝑬𝑅 +
𝑬Θ +
𝑬
𝜕𝑅
𝑅 𝜕Θ
𝜕Z 𝑍
Therefore, the deformation gradient, F, for this study is:
𝐺𝑟𝑎𝑑 (∙) =

𝑭=

𝑅
𝑟 𝜅 𝜆𝑧
0
[ 0

0

0

𝑟𝜅
𝑅
0

0

Equation 2.7

Equation 2.8

𝜆𝑧 ]

Incompressiblity requirement leads to:
𝑅 2 − 𝑅𝑖 2 = 𝜅 𝜆𝑧 (𝑟 2 − 𝑟𝑖 2 )

The left Cauchy-Green tensor, B, where B=FFT, is written:

Equation 2.9
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𝑅2
𝑟 2 𝜅 2 𝜆𝑧 2

𝑩=

0
[

0

0
𝑟2 𝜅2
𝑅2
0

0
Equation 2.10

0
𝜆𝑧 2 ]

Flat Plate
Using a coordinate space 𝑋, 𝑌, and 𝑍, the zero-deviatoric stress state flat plate being considered
(Figure 7) occupies a domain of:
0 < 𝑋 < 𝑡𝑜 ,
0 < Y < 𝑤𝑜 ,
−𝐿 < 𝑍 < 𝐿,

Equation 2.11

where 𝑡𝑜 and 𝑤𝑜 are the thickness and width of the flat plate and L is the half-length of the open sector.
For the creation of a no-load model with residual stress, this initial zero-deviatoric stress configuration
was considered to be the reference state and is denoted BR. In the deformation process, fibers at a
constant Y are mapped into radial lines in the deformed configuration:
𝑟 = 𝑟(𝑋).

Equation 2.12

Fibers with constant X in the reference configuration are stretched into fibers with constant radius in the
deformed configuration:
𝜃=

2𝜋
𝑌,
𝑤𝑜

Equation 2.13

Fibers parallel to the longitudinal axis in the reference configuration are uniformly stretched into fibers
parallel to the longitudinal axis in the deformed configuration:
𝑧 = 𝜆𝑧 𝑍,

Equation 2.14
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where 𝜆𝑧 is a constant and is the longitudinal stretch ratio given by l/L. Finally, the deformation is
assumed to be incompressible, that is, the determinant of the deformation gradient, F, is unity (Equation
2.6).
For this study, the position vector for physical points in the flat plate reference configuration is
denoted as X=X eX + Y eY + Z eZ. The deformation gradient can be written as F = Grad x with the Grad
defined in cylindrical coordinates using Equation 2.7.
Therefore, the deformation gradient, F, for this study is:
𝑤𝑜
2𝜋 𝑟 𝜆𝑧
𝑭=

0
[

0

𝑋=

𝜋
𝑤𝑜

0

0

2𝜋
𝑟
𝑤𝑜
0

Equation 2.15

0
𝜆𝑧 ]

Incompressiblity requirement leads to:

𝜆𝑧 (𝑟 2 − 𝑟𝑖 2 )

Equation 2.16

The left Cauchy-Green tensor, B, where B=FFT, is written:

𝑤𝑜 2
𝑩=

4𝜋 2 𝑟 2 𝜆𝑧 2
0
[

0

0
4𝜋 2 2
𝑟
𝑤𝑜 2
0

0
Equation 2.17

0
𝜆𝑧 2 ]

Inverted Sector, 0 < α <90°
Using a coordinate space 𝑅, Θ, and 𝑍, the inverted, zero-deviatoric stress state sector being
considered (Figure 8) occupies a domain of:
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𝑅𝑖 < 𝑅 < 𝑅𝑜 ,
𝛼 < Θ < 2𝜋 − 𝛼,
−𝐿 < 𝑍 < 𝐿,

Equation 2.18

where 𝑅𝑖 and 𝑅𝑜 are the inner and outer radii, 𝛼 is the measure of half of the opening angle, and L is the
half-length of the open sector (Figure 8). For the creation of a no-load model with residual stress in this
study, this initial zero-deviatoric stress configuration was considered to be the reference state and is
denoted BR. Two differentiating kinematic relationships exist that make the inverted sector deformation
study unique from the deformation of the open sector:
𝑅𝑖 → 𝑅𝑜,𝑁𝐿 ,
𝑅𝑜 → 𝑅𝑖,𝑁𝐿 .

Equation 2.19

In the deformation process, radial lines in the reference configuration are mapped into radial lines
in the deformed configuration:
𝑟 = 𝑟(𝑅).

Equation 2.20

Fibers with constant radius, also referred to as circumferential fibers, in the reference configuration are
stretched into fibers with constant radius in the deformed configuration:
𝜃 = 𝜅 (Θ − 𝛼)
𝜅=

−𝜋
.
𝜋−𝛼

Equation 2.21

Fibers parallel to the longitudinal axis in the reference configuration are uniformly stretched into fibers
parallel to the longitudinal axis in the deformed configuration:
𝑧 = 𝜆𝑧 𝑍,

Equation 2.22

where 𝜆𝑧 is the longitudinal stretch ratio given by l/L. Finally, the deformation is assumed to be
incompressible, that is, the determinant of the deformation gradient, F, is unity (Equation 2.6).
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For this study, the position vector for physical points in the cylindrical reference configuration is
denoted as X=R eR+Z ez. The deformation gradient can be written as F = Grad x with the Grad defined in
cylindrical coordinates by Equation 2.7.
Therefore, the deformation gradient, F, for this study is:
𝑅
𝑟 𝜅 𝜆𝑧

𝑭=

0
[ 0

0

0

𝑟𝜅
𝑅
0

0

Equation 2.23

𝜆𝑧 ]

Incompressiblity requirement leads to:
𝑅 2 − 𝑅𝑜 2 = 𝜅 𝜆𝑧 (𝑟 2 − 𝑟𝑖 2 )

Equation 2.24

The left Cauchy-Green tensor, B, where B=FFT, is written:

𝑅2
𝑟 2 𝜅 2 𝜆𝑧 2

𝑩=

0
[

0

0
𝑟2 𝜅2
𝑅2
0

0
Equation 2.25

0
𝜆𝑧 2 ]

Distension Experiment Kinematics
After the deformation process (Part I), an intraluminal pressure difference was applied to the
closed cylindrical tube (Figure 9). The no-load state, occupying BNL, is changed to the new reference state
with the domain shown in Equation 2.1. In this state, the pressure difference across the wall is zero, that is
Δp=pi – po = 0.
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Figure 9. Distension Test (Part II). Ri,NL and Ro,NL are the inner and outer radii in the no-load state (reference
state for distension test), respectively. In the reference configuration, the inner and outer pressures are equal. ri and ro are
the inner and outer radii in the distended state (deformed configuration in the distension test), respectively. In the
distension test, the pressure on the inner wall increases while the pressure on the outer wall stays constant.

Upon applying an intraluminal pressure difference to the cylindrical tube, the tube distends to the
deformed configuration. The solution of the deformation of a tube is discussed in CB13 [28]. This body,
which I will denote B, occupies the domain:
𝑟𝑖 < 𝑟 < 𝑟𝑜 ,
Equation 2.26
0 < 𝜃 < 2𝜋,
−𝑙 < 𝑧 < 𝑙.
In the deformation and extension of the tube due to an intraluminal pressure difference, the deformation
gradient is:

𝑭=

𝑅𝑁𝐿
𝑟 𝜆𝑧
0
[ 0

The left Caucy-Green strain tensor 𝑩 is:
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0
𝑟
𝑅𝑁𝐿
0

𝜆𝑧 ]

0

0

𝑅𝑁𝐿 2
𝑩=

𝑟 2 𝜆𝑧 2
0
[

0

𝑟2
𝑅𝑁𝐿 2
0

0

Equation 2.27

0

Equation 2.28

0
𝜆𝑧 2 ]

The incompressibility constraint yields:
𝑅𝑁𝐿 2 − 𝑅𝑜 2 = 𝜆𝑧 (𝑟 2 − 𝑟𝑖 2 )

Equation 2.29

We assume that the longitudinal stretch ratio, 𝜆𝑧 , is the same for both Part I & II of this study.

Stress Analysis of the Deformed Sector
An incompressible, elastic, and isotropic material is characterized by the constitutive strain
̃ 𝑩 ) where
energy function relationship 𝜓̅𝑅 (𝑩) = 𝜓̃𝑅 (𝔗

̃ 𝑩 ≝ (𝐼1 (𝑩), 𝐼2 (𝑩)),
𝔗

Equation 2.30

are the non-trivial principal invariants and B is the left Cauchy-Green strain tensor. The invariants are
given by:
𝐼1 = 𝑡𝑟 𝑩,
𝐼2 =

1
[(𝑡𝑟 𝑩)2−𝑡𝑟 (𝑩𝟐 )],
2

Equation 2.31

𝐼3 = det 𝑩
According to Gurtin [32], the Cauchy stress tensor, σ, for a material of this type is:
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̃ 𝑩 )𝑩 + 𝛽2 (𝔗
̃ 𝑩 )𝑩−1 ,
𝝈 = −𝑞𝑰 + 𝛽1 (𝔗

Equation 2.32

where q is the Lagrange multiplier that holds the hydrostatic component of the stress, and

̃ 𝑩) = 2
𝛽1 (𝔗

̃ 𝑩)
𝜕𝜓̃(𝔗
,
𝜕𝐼1

̃ 𝑩)
𝜕𝜓̃(𝔗
̃ 𝑩 ) = −2
𝛽2 (𝔗
.
𝜕𝐼2

Equation 2.33

Neo-Hookean Constitutive Model and Equilibrium Equations
For comparison purposes, we chose a non-linearNeo-Hookean constitutive model to be applied to
the deformation processes. No claim is made as to the model’s ability to imitate tissue, but the model is
useful in providing a scale of the deformations being applied. For the Neo-Hookean model, the Cauchy
stress tensor reduces to:
𝝈 = −𝑞 𝑰 + 𝜇 𝑩,

Equation 2.34

where 𝜇 is the shear modulus of a material in the reference configuration. See Holzapfel 2009 [31] or
Costanzo and Brasseur 2013 [1].
Because the material we have chosen is isotropic, only the normal components of the stress
response, 𝜎𝑟𝑟 , 𝜎𝜃𝜃 , and 𝜎𝑧𝑧 are non-zero. In cylindrical polar coordinates, the equilibrium equation for
the radial direction is:
𝑑𝜎𝑟𝑟
𝑑𝑟

1

+ 𝑟 (𝜎𝑟𝑟 − 𝜎𝜃𝜃 ) = 0.

Equation 2.35
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Boundary Conditions and Non-Uniqueness of the Chosen Class of Deformation
For each study, the equilibrium equation in the radial direction became a simple, ordinary
differential equation in r that could be solved for the Lagrange multiplier, q. When solving the differential
equation for this Lagrange multiplier, the solution contained a constant of integration, which was found
by applying one of the problem’s three pressure boundary conditions on (1) the inner radius surface of
tube, (2), outer radius surface of tube, and (3) for the longitudinal direction. Because the equilibrium
stress is only a function of r, the pressure boundary condition on the longitudinal surface must be
enforced point wise, yielding an infinite number of equations. Therefore, a unique solution to the given
deformation class cannot be obtained. To solve this problem, then, the λz parameter was assumed to be
constant, which is a reasonable assumption if the cylinder is infinitely long, and was known via an
experiment.
To complete the solution process, the inner wall boundary condition, according to Cauchy’s Law,
was applied to the radial stress equation to solve for the constant of integration:
𝜎𝑟𝑟 = − 𝑝𝑖 ,

Equation 2.36

where pi is the inner pressure on the wall. Once solved, numerical procedures in Mathematica were
applied to solve for the inner and outer radii of the tube during deformation (Part I) and distension (Part
II).

Material and Geometrical Parameters
When solving the deformation and distension problem, the material and geometrical parameters
inputted into the study were similar to those commonly found in the GI tract [1,3,10]. Table 3 and Table 4
show the material and geometrical properties used and the resulting no-load state radii. For each case, λz
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was set to 1 for simplicity. Additionally, for Part I of the study, each pressure boundary condition was set
to atmospheric pressure, patm.
Table 3. Open and Inverted Sector Study Parameters.

Study
Open Sector
Inverted Sector

µ (kPa)

Ri (mm)

Ro (mm)

10

8

14

Table 4. Flat Plate Study Parameters

Study

µ (kPa)

t (mm)

wo (mm)

Flat Plate

10

6
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Comparing the Effective Shear Modulus to the Constitutive Shear Modulus
The effective shear modulus, obtained by evaluating Equation 1.6 with the geometric quantities
solved for in the distension experiment, was compared to the shear modulus of the constitutive model.
Because the constitutive shear modulus is the modulus of the reference configuration, this modulus was
taken as the material’s true elastic response. The error associated with using the CB13 method was
quantified by:
% 𝐸𝑟𝑟𝑜𝑟 =

𝜇𝑒𝑓𝑓 − 𝜇
,
𝜇

where 𝜇𝑒𝑓𝑓 is the effective shear modulus and 𝜇 is the constitutive shear modulus.

Equation 2.37
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Results of the Residual Stress Study
In Part I of the study, a cut-open sector according to the Fung approximation was deformed into a
closed-cylinder. During deformation, stresses in the walls of the cylindrical tube developed until closing.
The walls stresses in the principal directions as a function of non-dimensional radial location have been
plotted.
In Part II of the study, the cylinder was deformed by applying an intraluminal pressure to the noload state of the tube. The error between the effective shear modulus and the constitutive shear modulus
for varying opening angle was plotted as a function of intraluminal pressure increase.
Finally, the average invariants of the stress field, or in other words, the magnitude of residual
stress in the no-load state, were compared to the average error accumulated in the CB13 method across
the physiological range.

Wall Stresses Developed by the “Closing” Process
The deformation in Part I of the study imposed residual stresses in the walls of the no-load state
cylindrical tube. Figure 10 shows the non-dimensional radial wall stresses versus a non-dimensional
radial location given by:
𝑅𝑎𝑑𝑖𝑢𝑠
𝑅 − 𝑅𝑖,𝑁𝐿
=
𝑇ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑅𝑜,𝑁𝐿 − 𝑅𝑖,𝑁𝐿

Equation 2.38

In the no-load state, the pressure at the boundary conditions of the inner and outer radial wall was set to
atmospheric pressure. Therefore, because the applied pressure, patm, was added to the total stress, the
radial residual wall stress at the boundaries equaled to 0, indicating equilibration of the surface wall
stresses with the environment. Additionally, compressive radial residual stress increased towards the
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center-line of the wall. The blue curves represent the open sector study, the black curve represents the flat
plate study, and the red curves represent the inverted sector study.

Figure 10. Radial Residual Wall Stress in the No-Load State. Blue curves represent the open sector study, the
black curve represents the flat plate study, and the red curves represent the inverted sector study. Residual stress (and
opening angle) increases in the direction of the arrow.

Similarly, the circumferential residual stresses were plotted as a function of non-dimensional
radial position (Figure 11).

Figure 11.Circumferential Residual Wall Stress in the No-Load State. Blue curves represent the open sector
study, the black curve represents the flat plate study, and the red curves represent the inverted sector study. Residual
stress (and opening angle) increases in the direction of the arrow.
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Finally, longitudinal wall stresses were plotted as a function of position (Figure 12).

Figure 12. Longitudinal Residual Wall Stress in the No-Load State. Blue curves represent the open sector study,
the black curve represents the flat plate study, and the red curves represent the inverted sector study. Residual stress
(and opening angle) increases in the direction of the arrow.

Additionally, the 1st and 2nd invariant of the residual stress, I1 and I2, respectively, was plotted against the
non-dimensional radial position (Figure 13-Figure 14). The residual stress, ϵ, is defined as:
𝝐 = 𝝈 + 𝑝𝑎𝑡𝑚 𝑰

Equation 2.39

where I is the unitary tensor. I1 and I2 are given by:
𝐼1 = 𝑡𝑟(𝝐),
1
𝐼2 = [𝑡𝑟(𝝐)2 − 𝑡𝑟(𝝐2 )].
2

Equation 2.40

Table 5 shows the dimensions of the closed, no-load cylinder formed after the closing deformation
process.
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Figure 13. 1st Invariant of the Residual Wall Stress in the No-Load State. Blue curves represent the open sector
study, the black curve represents the flat plate study, and the red curves represent the inverted sector study. Residual
stress (and opening angle) increases in the direction of the arrow.

Figure 14. 2nd Invariant of the Residual Wall Stress in the No-Load State. Blue curves represent the open sector
study, the black curve represents the flat plate study, and the red curves represent the inverted sector study. Residual
stress (and opening angle) increases in the direction of the arrow.
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Table 5. No-Load Radii after Deformation of the Three Initial States

Open Sector

Study

Inverted Sector

Flat Plate

α

RI,NL (mm)

Ro,NL (mm)

0

8.0

14.0

20

6.8

12.8

40

5.7

11.6

60

4.5

10.4

80

3.5

9.2

-

5.6

11.3

80

9.0

14.6

60

7.9

13.4

40

6.7

12.2

20

5.6

10.9

0

4.4

9.6

Error Developed in the CB13 Method due to Residual Stress States
After the deformation of the open sectors into a closed cylinder in the no-load state, the closed
cylinder was distended by applying an intraluminal pressure difference. With the parameters found in
each distension step, the effective shear modulus was calculated and was compared to the shear modulus
of the constitutive model. The error was plotted against a measure of the geometry of the tube during
distension (Figure 15). The thickness, to, divided by inner radius, ri, has been used as a measure of the
physiological range of an organ undergoing distension [1]. This range is shown in the plot. Additionally,
the physiological range, as discussed by Costanzo [1], is constrained on both sides of the distension test.
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Figure 15. Error of the CB13 Model as pressure is increased and the thickness of the wall decreases. Blue curves
represent the open sector study, the black curve represents the flat plate study, and the red curves represent the inverted
sector study. Residual stress (and opening angle) increases in the direction of the arrow.

Across this physiological range, the average error was calculated for each opening angle. This
physiological error was plotted against the magnitude of the 1st and 2nd invariants of the residual stress
(Figure 16 and Figure 17).

Figure 16. Error of the CB13 Method across the Physiological Range Compared with the magnitude of the 1st
Invariant of the Residual Stress. The blue line represents the average error for the open sector study, the black dot
represents the average error of the flat plate study, and the red line represents the average error of the inverted study.
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Figure 17. Error of the CB13 Method Across the Physiological Range Compared with the magnitude of the 2nd
Invariant of the Residual Stress. The blue line represents the average error for the open sector study, the black dot
represents the average error of the flat plate study, and the red line represents the average error of the inverted study.
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Conclusions and Future Studies

Residual Wall Stresses
Starting from a tubular body that was in the zero-deviatoric stress state, deformations were
applied to the body to “close” it into a cylinder, achieving the no-load state. The deformation process
loaded the walls of the cylinder according to the kinematics, equilibrium, and constitutive equations we
defined. Figure 10-Figure 14 illustrate the residual stresses loaded into the walls of the organ.
In Figure 10, the radial wall stresses shown equilibrate at the boundaries with atmospheric
pressure. Because the deformation process acts to condense circumferential fibers into a smaller space,
the radial stresses are compressive. Additionally, as opening angle increases and the “amount” of
deformation needed to close the organ increases, the residual radial stress increases.
Figure 11 shows that, on the inner surface, circumferential stresses are compressive, and, on the
outer surface, the stresses are in tension. This result is important in understanding the mechanics of
residual stress. When an organ is excised from the body, the tube exists in the no-load state with the
pressure inside the tube in equilibrium with the pressure outside of the tube. After cutting the tube
radially, it opens to some opening angle indicating that the elastic stresses within the tubes of the organ
are non-zero. Furthermore, the way in which the organ opens leads us to the recognition that the inner
surface stresses must be compressive and outer surface stresses must be tensile. This wall stress
distribution matches well with the results shown in Figure 11.
Because applying an intraluminal pressure difference does not create any traction in the
longitudinal direction, the longitudinal wall stresses shown in Figure 12 were a result of the distribution
of stress due to the incompressibility of the material in the wall.
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Error Developed in the CB13 Method
In comparing the effective shear modulus obtained using the CB13 method to the constitutive
shear modulus, the error of CB13 method over the physiological range was within a reasonable 15% for
both the open sector and flat plate study. As the tube became inverted, error increased drastically
achieving a maximum of about 40%. This result indicates that, for the model chosen, the CB13 method
predicts the elastic response of the cylinder within reasonable approximation error for the open sector and
flat plate but begins to deviate beyond the range of reasonable error when the cylinder is inverted in the
zero-stress state.

Further Studies
Further studies will need to be completed incorporating longitudinal stretch (i.e, λz ≠ 1) and
various other constitutive models. An interesting study that could be performed would be to use this
model in conjunction with experimental results obtained by Gregersen and Zhao. The effective shear
modulus of this model could be compared to the effective shear modulus obtained from the response of
the organ in a distension experiment. In this case, certain tubular organ modeling approximations will
have to be made in order to obtain the necessary geometric and material properties.
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Chapter 3
Comparison of the Standard Method to the CB13 Method Using Analytical Data

Introduction
When quantifying the elastic response of organs, the standard method is currently used to obtain
a modulus of elasticity for organs in vivo and in vitro. With this modulus, relationships between the
elastic response of healthy and diseased GI organs, for example, can be compared. Therefore, it is
important to accurately measure the change in the elastic response of tissues in response to various
factors. However, as Costanzo and Brasseur showed, the standard method has a number of fundamental
mechanics flaws associated with its use in physiological settings. The CB13 method was designed to
avoid these flaws while still being practical in use.
Using experimental data from an in vitro distension test performed by Gregersen and Zhao [3],
the moduli found by the standard method and the CB13 method were compared to answer the following
research questions:
(1) Using experimental in vitro distension test data, what are the differences in the prediction of
modulus of elasticity using the CB13 method compared to the standard method currently
used to quantify elastic modulus?
(2) Does the CB13 method provide any additional information on the stiffness of an organ that is
not provided by the standard method?
The no-load state of the experimental organs was referenced in both methods.
Overall, in this analysis, the CB13 method was found to be far more practical and efficient
because it was calculated directly from measured data. Additionally, the shapes of the moduli curves were
often quite different from each other, showing that the methods do not predict a similar elastic response.
In fact, the CB13 method predicted an average effective shear modulus that was 3-9 times less than that
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predicted by the standard method modulus. Finally, as a result of direct calculation, the effective shear
modulus indicated that the stiffness of the organs measured during the distension test initially decreased.
This decrease in stiffness may have been the result of an initial loss in myogenic tone exhibited by the
organ. Because of the loss of information and detail from curve fitting, the standard method was incapable
of determining this physiological result.

Methods and Materials
The experimental distension test data used in this comparison was provided by Drs. Gregersen
and Zhao [3]. I have included information about their experimental protocol for reference.

Sampling of Experimental Animals
Two pigs weighing about 20 kg were used in this study. Following anesthetization, a laparotomy
was performed on the pigs, and the ileum, duodenum, artery, vein, and esophagus were sequentially
removed. The lengths of the removed sections were measured to be seven times the diameter of the
segments. Upon removal, the segments were immediately placed into a Krebs solution containing 6%
dextran aerated with a gas mixture (95% O2 and 5% CO2, pH 7.4) with EGTA. The animal was
euthanized by overdose anaesthetization [3].
With the removed organs, three rings, 1-2 mm in length, were removed from the proximal end of
the organ to make no-load and zero-deviatoric stress state measurements. These rings were immersed in a
separate aerated Krebs solution organ bath with EGTA and were photographed to obtain no-load state
measurements (Figure 18, Appendix A.1). To obtain the zero-deviatoric stress state measurements, the
intestine rings were cut radially on the antimesenteric side, and the esophagus, vein, and artery were cut
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radially on the anterior side. The non-hydrostatic residual stresses in the radially cut rings were allowed to
equilibrate for 30 minutes and then were photographed (Figure 19, Appendix A.2).
Measurements of wall thickness, inner and outer circumference in the no-load and zero-deviatoric
stress state, and opening angle were made using Sigma Scan Pro 4.0. See Appendix B.1 for more
information on the procedure used by Zhao to obtain these geometrical quantities.

Figure 18. Excised Porcine Esophagus Ring in the No-Load State. Picture of ring taken after the distension
experiment. Provided by [3]

Figure 19. Porcine Esophagus in the Zero-Deviatoric Stress State. Radial cut made on the antimesenteric side of
ring. Image taken after distension. Provided by [3]
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Distension Test Experiment
To measure the elastic response of the excised porcine organs, each segment was loaded into the
bi-axial distension test set-up shown in Figure 20. The distal end of each organ was ligated, and the
proximal end of the organ was connected to an aerated Krebs solution container. This fluid was pumped
into the organs to distend them (using a Genie Programmable Syringe Pump, World Precision
Instruments). Intraluminal pressure was ramped up three times to distend the organ – the first two times to
precondition the tissue and the last as the real test. Table 6 shows the intraluminal pressure difference
applied to each organ.

Figure 20. Experimental Distension Test Set-Up used by Gregersen and Zhao.

During the distension test, manometric and geometric measurements were made simultaneously.
Table 7 shows a sample of these measurements – intraluminal pressure difference ΔP, outer diameter do,
and initial and final length, Lo and L, respectively. Measurements of length and diameter were made using
a SONY CCD Camera, Japan.
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Table 6. Pressure Difference Applied to the Porcine Organs During the Distension Test Experiment.

Organ

Applied Pressure Difference

Esophagus

0 to ~2 kPa

Artery

0 to ~14 kPa

Small Intestine

0 to ~1 kPa

Table 7. Sample of Distension Test Data taken from the Porcine Esophagus

ΔP[kPa]

do[mm]

l[mm]

l/lo

0

14.16

17.11

1

0.082

14.38

17.49

1.02

0.197

15.29

18.05

1.05

0.282

15.28

18.14

1.06

0.397

15.73

19.03

1.11

0.626

16.19

20.04

1.17

0.754

16.41

20.12

1.18
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Standard Method for Determining Elastic Response
The standard method attempts to quantify the elastic response of organ tissue using an elastic
modulus. With the measurements taken from the distension experiment (sample shown in Table 7), we
applied the standard method to obtain a modulus of elasticity for each organ using the following
procedure.

Kinematic and Geometric Relations
From outer diameter, do, the outer radius, ro, is simply do / 2. Because of incompressibility, the
volume of the rings illustrated in the resting and contracted state (Figure 21) remains the same. Therefore,
for an incompressible tube, V* = V implies that:

𝐴∗ 𝐿∗ = 𝐴𝐿,

Equation 3.1

where 𝐴∗ and 𝐴 are the areas in the resting and deformed state, respectively, and 𝐿∗ and 𝐿 are the
longitudinal lengths in the resting and deformed state, respectively. Recall that, 𝐿 ⁄ 𝐿∗ is the longitudinal
stretch, 𝜆𝑧 . Naming the initial, no-load inner and outer radii Ri,NL and Ro,NL, respectively, and the deformed
inner and outer radius, ri and ro, respectively, the conservation of mass for an incompressible tube
(Equation 3.1) can be rewritten as:

𝑅𝑜,𝑁𝐿 2 − 𝑅𝑖,𝑁𝐿 2
= 𝜆𝑧 ,
𝑟𝑜 2 − 𝑟𝑖 2

Equation 3.2

where 𝑅𝑜,𝑁𝐿 and 𝑅𝑖,𝑁𝐿 are the inner and outer radii in the no-load state. Because the cross-sectional area
was measured in the no-load state (CSAo), the area can be rewritten as:

𝐶𝑆𝐴𝑜 = 𝜋(𝑅𝑜,𝑁𝐿 2 − 𝑅𝑖,𝑁𝐿 2 ).
Thus, using Equation 3.2 and Equation 3.3, ri in the distended state is:

Equation 3.3
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𝑟𝑖 = √𝑟𝑜 2 −

𝐶𝑆𝐴𝑜
.
𝜋 𝜆𝑧

Equation 3.4

Figure 21. Conservation of Mass Principle for Incompressible Tube. Image provided by [33].

Thickness, h, of the organ wall is:

ℎ = 𝑟𝑜 − 𝑟𝑖 .

Equation 3.5

The inner, outer, and middle circumference, Ci, Co, and Cm, are:

𝐶𝑖 = 2𝜋 𝑟𝑖 ,

Equation 3.6

𝐶𝑜 = 2𝜋 𝑟𝑜 ,

Equation 3.7

𝐶𝑜 + 𝐶𝑖
Equation 3.8
.
2
The circumference ratio of the deformed state with reference to the no-load state, λθ,NL, is:
𝐶𝑚 =

𝜆𝜃,𝑁𝐿 =

𝐶𝑚
⁄𝐶
,
𝑚−𝑁𝐿

Equation 3.9

where the no-load state circumference, Cm-NL, respectively, was measured from the excised rings.
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Standard Stress-Strain Method
Using the kinematic and geometric quantities derived in the previous section, wall-averaged hoop
stress and corresponding strain measures were found for the organs tested. As discussed, the standard
method approximates tubular organs as being thin-walled, and, thus, the Laplace Law (Equation 1.4,
reproduced below) is used as a measure of hoop stress. The corresponding strain measure for the wallaveraged hoop stress is Green strain, given in Equation 1.2 (reproduced below).

< 𝜎𝜃𝜃 >=

𝛥𝑃𝑟
ℎ𝜆𝜃 2

,

𝜖 = 1⁄2 (𝜆𝜃 2 − 1).

Equation 1.4

Equation 1.2

Plotting, Fitting, and Determining the Elastic Modulus
Using Equation 1.2 and Equation 1.4, a set of stress and strain data points were computed for
increasing intraluminal pressure and measured geometrical quantities. Using MATLAB [34], the wallaveraged hoop stress and Green strain were plotted (Figure 22, Appendix C.1). In general, these stressstrain plots were observed to follow an initial linear trend followed by an exponential trend (Figure 22).
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Figure 22. Wall-Averaged Hoop Stress <σθθ> versus Circumferential Green Strain with Reference to the NoLoad State. Porcine Esophagus (Pig 2)

To obtain the elastic response of the organ, the standard method procedure determines a modulus
of elasticity by fitting the stress-strain data of the organ and finding the slope of the fit (Figure 23).
Therefore, the fit that is chosen is not necessarily unique; however, regardless of which type is chosen, the
error between the fit and the data points must be minimized so that an accurate modulus can be found.
To fit the porcine stress-strain data, a piecewise linear-exponential function for the hoop stress,
𝜎𝜃𝜃,𝐹𝑖𝑡 , as a function Green strain, 𝜖, was used:
𝜎 + 𝑚𝜖,
𝜎𝜃𝜃,𝐹𝑖𝑡 (𝜖) = { 𝑜
𝛽 𝑒𝑥𝑝(𝛾 𝜖)

𝜖 < 𝜖∗
,
𝜖 ≥ 𝜖∗

Equation 3.10

where 𝜎𝑜 is the initial stress of the organ, m, β,and γ are curve-fitting parameters, and 𝜖 ∗ is the knot at
which the stress-strain curve begins to exhibit exponential growth. To be fully differentiable over the
interval, the continuity requirement for a piecewise function at the knot 𝜖 ∗ was set:
𝜎𝑜 + 𝑚𝜖 ∗ = 𝛽.

Equation 3.11

Additionally, the slope of the piecewise fit was required to be continuous at the knot 𝜖 ∗ such that:
𝑚 = 𝛽 𝛾 exp(𝛾 𝜖∗ ).

Equation 3.12
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Using a Gauss-Newton least-squares iteration technique described by Gander et al. [35], each of the
parameters in the piecewise function were determined to minimize the error between the piecewise fit and
the data. See Gander et al. for more information on this technique [35].

Figure 23. Fitted Wall-Averaged Hoop Stress, <σθθ> versus Circumferential Green Strain Referenced to the NoLoad State for Porcine Esophagus (Pig 2)

The slope of the piecewise function was used to represent the modulus of elasticity for the organ:

𝜎 ′ (𝜖) = 𝐸 = {

𝑚,
𝛽 𝛾 exp(𝛾 𝜖) ,

𝜖<𝜖∗
.
𝜖≥ 𝜖∗

Equation 3.13

Figure 24 shows the modulus of elasticity referenced to the no-load state of the esophagus of the 2nd pig
studied. Appendix C.1-Appendix C.4 shows the modulus of elasticity for each organ.
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Figure 24. Modulus of Elasticity, E, versus Circumferential Green Strain Referenced to the No-Load State for
Porcine Esophagus (Pig 2)

Determining an Effective Shear Modulus from the CB13 Method
Using the CB13 method [36], an effective shear modulus was determined using the measured
geometric and manometric quantities shown in Table 7. Making the proper unit adjustments, the
quantities were substituted into Equation 1.6 (reproduced below) to obtain an effective shear modulus for
the organ. A plot of the effective shear modulus versus Green strain for the esophagus is provided in
Figure 25. Plots in Appendix C.1-Appendix C.4 show the effective shear modulus for the each organ. It is
important to note that the CB13 method is discontinuous in the undistended state (i.e. when ri = Ri,NL and
ro = Ro,NL ).

µ𝑒𝑓𝑓 ≡

∆𝑝

,
1 𝑅𝑜
𝑅𝑖 2
1
𝑟𝑖 𝑅𝑜
− 2 ) + ln (𝑟 𝑅 )
(
𝜆𝑧
𝑟𝑖
𝑜 𝑖
2𝜆𝑧 2 𝑟𝑜 2
2

Equation 3.14
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Figure 25. Effective Shear Modulus, µeff versus Circumferential Green's Strain Referenced to the No-Load State
for Porcine Esophagus (Pig 2)

Results of Comparison
In this analysis, both methods being compared referenced the no-load state. Using both a Green
strain and a relative deformation measure, the effective shear modulus and the modulus of elasticity were
compared for each organ (Figure 26 - Figure 27, Appendix C.1-Appendix C.4). Due to difficulties
experienced while measuring the geometric quantities of the distended vein, the porcine veins were
removed from the experimental procedure and analysis. Also, the carotid artery of the second pig was not
considered because the organ was not adequately strained to provide substantial insight into its elastic
response.
Because the modulus of elasticity was determined by finding the slope of a piecewise linearexponential fit, the modulus was forced to be constant followed by an exponential increase. However, the
effective shear modulus behaved differently because it measured the elastic response directly from the
distension test experiment.
Amongst the seven organs tested, the magnitude of the effective shear modulus was 3-9 times less
than that found by the standard method. Additionally, for most of the organs studied, the trends predicted
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by both methods were similar but the slopes and average values varied significantly (Figure 29-Figure
31).
Looking more closely at the CB13 method, an initial relaxation in stiffness was predicted
before the tissue began to stiffen (Figure 28). Plots in Appendix C.1-Appendix C.4 show that the CB13
method predicts an initial decrease in stiffness in 5 out of the 7 organs studied. However, because of its
nature, the modulus of elasticity could not predict this initial relaxation for any organ (Figure 29).
Therefore, the CB13 method benefits from determining an elastic response directly from experimental
measurements.

Figure 26. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green's Strain Referenced to the No-Load State for Porcine Esophagus (Pig 2)
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Figure 27. Comparison of Effective Shear Modulus, µeff, and Modulus of Elasticity, E, versus Relative
Deformation Referenced to the No-Load State for Porcine Esophagus (Pig 2)

Figure 28. Myogenic Relaxation of Esophageal Tissue Before Stiffening Captured by the CB13 method but not
by the Standard Method
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Figure 29. Modulus of Elasticity versus Green Strain for all organs.

Figure 30. Effective Shear Modulus, µeff, and Modulus of Elasticity, E, versus Green strain. At least 4 out of the
6 organs exhibited an initial decrease in stiffness of the organ tissue.
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Figure 31. Average Modulus for Each Organ. NL (Blue) shows the average modulus, E, from the standard
method and µeff (red) shows the average effective shear modulus from the CB13 method. The average standard method
modulus is consistently 3-9 times greater than the average effective shear modulus.

Discussion
The results of this study in conjunction with the analyses from the CB13 paper provide a number
of insights into the effectiveness of the effective shear modulus method over the standard method. In
particular, it was important to show, referencing experimental data, that the two methods predicted
different elastic responses of the organs. The results did, in fact, show that the methods produced
significantly different results on multiple levels.

Finding the Elastic and Effective Shear Modulus
In the previous sections, the procedure for determining the elastic and effective shear modulus
was shown. The standard method required the stress-strain data to be fit using a least-squares
minimization technique. In practice, this fit is often chosen to be a line, polynomial, exponential, or
piecewise function, and depending on which is chosen, the predicted elastic response of the organ can
vary. Additionally, when fitting the data, the nuances inherent in the experimental data are lost, and
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therefore, the predicted elastic response no longer has the ability to show important changes in the
stiffness of the organ. Finally, in addition to the potential errors associated with choosing a fit and
filtering out the nuances in the data, the increased complexity associated with performing least-squares
minimization can lead to an increase in error. The CB13 method, on the other hand, quantifies an
effective measure of the elastic response directly from the data with no required fitting of data points.

Trends and Slopes
Although the general trends predicted by both methods were similar, the elastic response
predicted by the methods differed significantly. The variation in the shape and slope of the moduli
between the two methods illustrates that they do not predict the same elastic response over the
physiological range. Therefore, the standard method cannot be claimed to provide a similar elastic
response as the CB13 method.

Prediction of Initial Decrease in Myogenic Tone
According to the CB13 method, 5 out of the 7 the organs studied exhibited an initial decrease in
stiffness followed by an exponential increase in stiffness. This decrease in stiffness may be due to a
myogenic relaxation of the active or passive muscle tissue in the organ.

Conclusions, Clinical Implications, and Further Studies
The comparison of the CB13 method to the standard method using experimental data has
provided valuable insights into the two methods. In this study, both the CB13 method and the standard
method were referenced to the no-load state. In vitro studies, however, allow for measurements to be
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taken of the organ in the zero-deviatoric stress state, as was done by Gregersen and Zhao in the data
provided to us. Therefore, a closed-form solution of the CB13 method referencing the zero-stress state
can be developed and compared to the CB13 method referencing the no-load state. Using experimental
data, this comparison would provide insights into the effect of non-hydrostatic residual wall stress on the
CB13 method referenced to the no-load state. Furthermore, because only the CB13 method referenced to
the no-load state can be used in a clinical setting, understanding the effect of non-hydrostatic residual wall
stress would provide insight into the effectiveness of the method when used in a clinical setting.
Because the CB13 method predicts an elastic response directly from the distension test data, it has
the ability to capture more nuanced variations in modulus. The standard method does not capture these
nuances because the required curve-fitting filters details out. Ultimately, the goal of predicting the elastic
response of tissues in tubular organs is to search for relationships between healthy tissue and drugged,
diseased, or aged tissue. Therefore, the CB13 method, which captures detailed variations, offers a more
powerful tool in searching for these changes.
Overall, the practicality and simplicity inherent in the application of this method removes most, if
not all, of the error associated with quantifying the elastic response of an organ and is suitable for use in a
clinical setting.
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Appendix A.1
Additional Images of Porcine Organs in the No-Load Stress State

Figure 32. Excised Porcine Duodenum in the No-Load State. Image of ring was taken after the distension
experiment.

Figure 33. Excised Porcine Ileum in the No-Load State. Image of ring taken after the distension experiment.

Figure 34. Excised Porcine Carotid Artery in the No-Load State. Image of ring was taken before distension
experiment.
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Appendix A.2
Additional Images of Porcine Organs in the Zero-Deviatoric Stress State

Figure 35. Excised Porcine Duodenum in the Zero-Deviatoric Stress State. Radial cut made on the
antimesenteric side of the ring. Image was taken after distension experiment.

Figure 36. Excised Porcine Ileum in the Zero-Deviatoric Stress State. Radial cut made on the antimesenteric side
of the ring. Image was taken after distension experiment.

Figure 37. Excised Porcine Carotid Artery in the Zero-Deviatoric Stress State. Radial cut made on the anterior
side of the ring. Image was taken before distension experiment.
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Appendix B.1
Sigma Scan 4.0 Procedure for Organ Geometrical Measurements

Figure 38. Sigma Scan Inner Area Measurement for No-Load State

Figure 39. Sigma Scan Outer Area Measurement for No-Load State
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Figure 40. Sigma Scan Wall-Thickness Measurement for No-Load State

Figure 41. Sigma Scan Wall-Thickness and Opening Angle Measurement for Zero-Deviatoric Stress State
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Appendix C.1
Plots for the Porcine Carotid Artery

Figure 42. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Carotid Artery (Pig 1)

Figure 43. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Carotid Artery (Pig 1)
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Figure 44. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green's Strain Referenced to the No-Load State for Porcine Carotid Artery (Pig 1)

Figure 45. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus Relative
Deformation of the Tube Referenced to the No-Load State for Porcine Carotid Artery (Pig 1)
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Figure 46. Myogenic Relaxation of Carotid Artery Tissue before Stiffening Captured by the CB13 method but
not by the Standard Method.
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Appendix C.2
Plots for the Porcine Esophagus

Figure 47. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Esophagus (Pig 1)

Figure 48. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Esophagus (Pig 1)

Figure 49.Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green's Strain Referenced to the No-Load State for Porcine Esophagus (Pig 1)

Figure 50. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus Relative
Deformation of the Tube Referenced to the No-Load State for Porcine Esophagus (Pig 1)

Figure 51. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Esophagus (Pig 2)

Figure 52. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Esophagus (Pig 2)

Figure 53. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green Strain Referenced to the No-Load State for Porcine Esophagus (Pig 2)

Figure 54. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Relative Deformation of the Tube Referenced to the No-Load State for Porcine Esophagus (Pig 2)

Figure 55. Myogenic Relaxation of Esophageal Tissue Before Stiffening Captured by the CB13 method but not
by the Standard Method.

Appendix C.3
Plots for the Porcine Duodenum

Figure 56. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Duodenum (Pig 1)

Figure 57. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Duodenum (Pig 1)

Figure 58. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green Strain Referenced to the No-Load State for Porcine Duodenum (Pig 1)

Figure 59. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Relative Deformation of the Tube Referenced to the No-Load State for Porcine Duodenum (Pig 1)

Figure 60. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Duodenum (Pig 2)

Figure 61. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Duodenum (Pig 2)

Figure 62. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green Strain Referenced to the No-Load State for Porcine Duodenum (Pig 2)

Figure 63. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Relative Deformation of the Tube Referenced to the No-Load State for Porcine Duodenum (Pig 2)

Figure 64. Myogenic Relaxation of Duodenal Tissue before Stiffening Captured by the CB13 method but not by
the Standard Method.

Appendix C.4
Plots for the Porcine Ileum

Figure 65. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Ileum (Pig 1)

Figure 66. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Ileum (Pig 1)

Figure 67. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green Strain Referenced to the No-Load State for Porcine Ileum (Pig 1)

Figure 68. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Relative Deformation of the Tube Referenced to the No-Load State for Porcine Ileum (Pig 1)

Figure 69. Myogenic Relaxation of Ileal Tissue Before Stiffening Captured by the CB13 method but not by the
Standard Method.

Figure 70. Wall-Averaged Hoop Stress versus Circumferential Green Strain with Reference to the No-Load
State. Porcine Ileum (Pig 2)

Figure 71. Fitted Wall-Averaged Hoop Stress versus Circumferential Green Strain Referenced to the No-Load
State for Porcine Ileum (Pig 2)

Figure 72. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Circumferential Green Strain Referenced to the No-Load State for Porcine Ileum (Pig 2)

Figure 73. Comparison of Effective Shear Modulus, µeff (Green), and Modulus of Elasticity, E (Blue), versus
Relative Deformation of the Tube Referenced to the No-Load State for Porcine Ileum (Pig 2)

Figure 74. Myogenic Relaxation of Ileal Tissue before Stiffening Captured by the CB13 method but not by the
Standard Method.
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