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ABSTRACT
The bases and principles of the circular restricted three body problem (CRTBP) were analyzed
and used to find spacecraft trajectories between a low-Earth orbit to the Moon. Since CRTBP does not
have a general solution, numerical techniques were adapted to find approximated solutions. The most
important parameter in the study was the Jacobi constant C. The Jacobi integral (constant) is the only
conserved quantity in the three body system. Different values of C correspond to different geometries and
permissible regions for a spacecraft in the Earth-Moon system. These permissible regions are delimited
by the zero-velocity curves. Transverse, constant-level thrust trajectories were simulated to examine the
range of C values that could be reached. The goal was to reach a Jacobi constant of -1.59411; at this
value, the permissible region of the spacecraft expands enough to allow a transfer from Earth’s orbit to an
orbit around the Moon. Only a reachability criterion was considered; the optimal control problem of how
to steer the thrust to achieve a lunar arrival is beyond the scope of this research.
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Chapter 1
Introduction

The Circular Restricted Three Body Problem: View and History
Consider a dynamical system consisting of three bodies of masses 𝑚1 , 𝑚2 , and 𝑚3. Each of the
three masses experiences a gravitational force due to the presence of the other two. However, setting the
mass of one of the bodies to be very small compared to the other two has an impact on the behavior of the
system. Assume that 𝑚3 ≪ 𝑚1 𝑎𝑛𝑑 𝑚3 ≪ 𝑚2 will result in minimizing the effect of the third body (𝑚3 )
on the motion of the other two larger bodies. Moreover, the bodies of masses 𝑚1 and 𝑚2 will now
execute circular orbits about the center of mass of 𝑚1 and 𝑚2 . Contrary to the name, the three body
problem, the motion of the third ‘massless’ body (𝑚3 ), is of great interest. The motion of the other two
primary bodies is actually trivial.
The three body problem is an analytically unsolvable problem in celestial mechanics. A number
of great mathematician were involved in this problem. Firstly, Swiss mathematician Leonhard Euler first
defined the restricted problem and introduced the collinear liberation points [3]. Then, Italian
mathematician Joseph-Louis Lagrange discovered the triangular liberation points [4]. Finally, French
mathematician Poincare proved that the restricted problem is unsolved in closed form [5].
This thesis studies the effect of low-thrust on the three body problem. Moreover, it tries to
determine the possibility of reaching the condition for a point close to a low Earth orbit to transfer to the
vicinity of the Moon. However, this research does not try to determine the exact state (position and
velocity) required to enter a lunar orbit. To keep the analysis and the number of simulations manageable,
the problem is studied in two dimensions.
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Literature Overview
The derivations of equations of motion and Jacobi’s integral were obtained from [1]. For the
numerical integration and state-variable form, Dr. Robert Melton’s notes were used [2]. The circular
restricted three body problem (CRTBP) has been studied very closely during the past century. Dynamical
system theory has been utilized in space mission design; for instance, scholars have used to design novel
low-energy trajectories in the Earth-Moon system [6]. This was done by using impulsive thrust to target
the stable manifold from the exterior. However, there is a limitation of the planar manifold assumption,
which is adopted in previous low-energy orbit design methods [7]. An important aspect of this problem is
stability in addition to examining new equilibrium points beyond the five Lagrangian points [8]. Also in
mission design one might use invariant manifold techniques along with optimal control to analyze lowenergy trajectories [9].
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Chapter 2
Analysis of the Problem

Problem Statement
The Earth-Moon-spacecraft system will be analyzed in order to determine a set of trajectories
from Low-Earth orbit (LEO) to the Moon. The system will be examined as a three-body system. More
specifically, the problem will be tackled as it is the circular, restricted, three-body problem. This problem
is unsolvable analytically. However, numerical solution and simulation will be used in order to reach an
approximate solution. The Earth and the Moon follow circular orbits about their center of mass. The
spacecraft, while of negligible mass compared to the two masses, does not affect this circular motion, but
the motion of the spacecraft is dominantly affected by the two primary masses. Constant, transverse, lowlevel thrust will be used in order to reach a specific value of Jacobi’s constant, which will be introduced
later, that will make an orbit transfer from a low-Earth-orbit to the Moon possible. This thesis is focused
on simply reaching the Moon, without attempting to target a particular state that would result in some
lunar orbit.

Equations of Motion
The unit convention of the CRTBP is fairly unique. The selection of the length, and mass units
was chosen such as to have the distance between the two primary masses (i.e., the Earth and the Moon)
equal to one length unit, call it d, where the sum of the two primaries equals 1. It is convenient to set the
smaller mass of the smaller primary to be equal to µ (the mass ratio of the restricted problem); therefore
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𝑚1 = 1 − µ, 𝑚2 = µ

(1)

As for the time unit, using Kepler’s third law, and by setting the gravitational constant G to be 1,
one finds that the period of the two primaries about each other is equal to 2𝞹
𝑑3
𝐺(𝑚1 +𝑚2 )

𝑇 = 2𝜋√

= 2𝜋

(2)

The problem will be analyzed using a rotating reference frame, called B, centered at the center of mass of
the two primaries. Taking advantage of equation (2), since µ is non-dimensional, setting the two primaries
at a distance of 1 unit length will result in having the origin of the reference frame to be between the two
masses: at distance µ away from the larger primary and (1-µ) from the smaller primary.

Figure 1: Geometry of CRTBP
Source: http://ccar.colorado.edu/geryon/
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The main interest in this problem is the motion of the third body, which will be assumed to have a
̂3 (pointed
negligible mass. Since the time period of the rotating frame is 2𝞹, the angular velocity is just 1𝑏
outward). The inertial acceleration in terms of the unit vectors of the rotating frame is given by
𝑁 𝑑2
𝑟⃗
𝑑𝑡 2

=

𝐵 𝑑2
𝑟⃗
𝑑𝑡 2

⃗⃗⃗⃗⃗⃗𝑏 𝑋 𝐵 𝑑 𝑟⃗ + 𝑤
⃗⃗⃗⃗⃗⃗𝑏 𝑋 (𝑤
⃗⃗⃗⃗⃗⃗⃗
𝑏 𝑋 ⃗⃗⃗)
+ 2𝑤
𝑟
𝑑𝑡

(3)

Where the position vector, its time derivatives with respect to the rotating frame are
̂1 + 𝑦𝑏
̂2 + 𝑧𝑏
̂3
⃗⃗⃗𝑟 = 𝑥𝑏

(4)

𝐵𝑑
⃗⃗⃗𝑟
𝑑𝑡

(5)

̂2 + 𝑧̇ 𝑏
̂3
= 𝑥̇ ̂
𝑏1 + 𝑦̇ 𝑏

𝐵 𝑑2
⃗⃗⃗𝑟
𝑑𝑡 2

̂2 + 𝑧̈ 𝑏
̂3
= 𝑥̈ ̂
𝑏1 + 𝑦̈ 𝑏

(6)

The cross products in (3) will have the form of
⃗⃗⃗⃗⃗⃗𝑏 𝑋 𝐵 𝑑 𝑟⃗ = 2(𝑏̂)𝑋 (𝑥̇ ̂
̂2 + 𝑧̇ 𝑏
̂3 ) = 2𝑥̇ 𝑏
̂2 − 2𝑦̇ ̂
2𝑤
𝑏1 + 𝑦̇ 𝑏
𝑏1
3
𝑑𝑡

(7)

⃗⃗⃗⃗⃗⃗⃗
𝑏 𝑋 ⃗⃗⃗
̂
̂
̂
̂
̂
𝑤
𝑟 = (𝑏̂
3 )𝑋(𝑥𝑏1 + 𝑦𝑏2 + 𝑧𝑏3 ) = 𝑥𝑏2 − 𝑦𝑏1

(8)

⃗⃗⃗⃗⃗⃗𝑏 𝑋 (𝑤
⃗⃗⃗⃗⃗⃗⃗
𝑏 𝑋 ⃗⃗⃗)
̂
̂
̂
̂
𝑤
𝑟 = (𝑏̂
3 )𝑋(𝑥𝑏2 − 𝑦𝑏1 ) = −𝑥𝑏1 − 𝑦𝑏2

(9)

Substituting equations (7), (8), and (9) back into equations (3) gives
𝑁 𝑑2
𝑟⃗
𝑑𝑡 2

̂2 + 𝑧̈ 𝑏
̂3 ) + ( −2𝑦̇ ̂
̂2 ) − (𝑥𝑏
̂1 + 𝑦𝑏
̂2 ) = (𝑥̈ − 2𝑦̇ − 𝑥)𝑏
̂1 +
= ( 𝑥̈ ̂
𝑏1 + 𝑦̈ 𝑏
𝑏1 + 2𝑥̇ 𝑏
̂2 + 𝑧̈ 𝑏
̂3
(𝑦̈ + 2𝑥̇ − 𝑦)𝑏

(10)

The distances between the third body and the larger primary mass, and the smaller primary are calculated
from the geometry of the problem by
𝑟1 = √(𝑥 − µ)2 + 𝑦 2 + +𝑧 2

(11)

𝑟2 = √(𝑥 + 1 − µ)2 + 𝑦 2 + +𝑧 2

(12)

Where 𝑟1 is the distance between the larger mass and the third body, and 𝑟2 is the distance between the
smaller mass and the third body.
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The acceleration the third mass experiences because of the two primary masses is given by in
inverse square law, which is
𝑎⃗ = −

(1−µ)𝑟⃗1
𝑟13

−

µ𝑟⃗1

(13)

𝑟23

Finally, the system of equations that describes the system is found by equating the inertial
acceleration of the third object to gravitational acceleration this third object is experiencing. The
equations of motion of the third mass in the rotating frame (2D) are
𝑥̈ − 2𝑦̇ − 𝑥 = −

(1−µ)(𝑥−µ)
𝑟13

𝑦̈ + 2𝑥̇ − 𝑦 = −
𝑧̈ = −

(1−µ)y
𝑟13

(1−µ)z
𝑟13

−
−

−

µ(𝑥+ 1− µ)
𝑟23
µ𝑦
𝑟23

µ𝑧
𝑟23

(14)

(15)

(16)

To keep the analysis and the number of simulations manageable, the problem is studied in two
dimensions.

State Variable Form
In order to solve a set of differential equations numerically, they must be converted into first
order differential equation first. State-variable or state-space form is obtained by isolating only first order
derivatives on the left-hand side of the state equation, while maintaining the right-hand side with statevariables. A set of state-equations would take the form of the following set of equations

𝑥1̇ = 𝑓1 (𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛 , 𝑡)

(17)

𝑥2̇ = 𝑓2 (𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛 , 𝑡)

(18)

𝑥3̇ = 𝑓3 (𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛 , 𝑡)

(19)

.
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.
.
𝑥𝑛̇ = 𝑓𝑛 (𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛 , 𝑡)

(20)

The equations of motions of the CRTBP in state-variable form become

𝑥̇ 1 = 𝑥2
𝑥̇ 2 = 2𝑥4 + 𝑥1 −

(21)

(1−µ)(𝑥1 −µ)
𝑟13

−

µ(𝑥1 + 1− µ)
𝑟23

𝑥̇ 3 = 𝑥4
𝑥̇ 4 = −2𝑥2 + 𝑥3 − −

(22)
(23)

(1−µ)𝑥3
𝑟13

−

µ𝑥3
𝑟23

(24)

Jacobi Integral
Unlike the two-body problem, which possesses the conserved quantities of linear momentum,
energy, and angular momentum, the three-body problem possesses only one integral, which is called the
Jacobi integral.
To derive the Jacobi integral, the two equations of motion (13) and (14) need to be multiplied by
𝑑𝑥
𝑑𝑡

𝑑𝑦
𝑑𝑡

and , respectively. Now the equations become

𝑥̈ 𝑥̇ − 2𝑦̇ 𝑥̇ − 𝑥𝑥̇ = −

(1−µ)(𝑥−µ)
𝑟13

(1−µ)y
𝑦𝑦̇̈ + 2𝑦̇ 𝑥̇ − 𝑦𝑦̇ = − 𝑟3 𝑦̇ −
1

adding the two equations gives

𝑥̇ −

µ(𝑥+ 1− µ)
𝑥̇
𝑟23

µ𝑦
𝑦̇
𝑟23

(25)
(26)
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𝑥̈ 𝑥̇ + 𝑦̈ 𝑦̇ − 𝑥𝑥̇ − 𝑦𝑦̇ = −
Where 𝑥̈ 𝑥̇ + 𝑦̈ 𝑦̇ are

𝑑 1 2
( 𝑣 ),
𝑑𝑡 2

(1−µ)
𝑟13

((𝑥 − µ)𝑥̇ + 𝑦𝑦̇ ) −

µ
((𝑥
𝑟23

+ 1 − µ)𝑥̇ + 𝑦𝑦̇ )

(27)

where 𝑣 is the velocity with respect to the rotating frame. On the other
𝑑

1

hand, - (𝑥𝑥̇ + 𝑦𝑦̇ ) is equivalent to 𝑑𝑡 (− 2 (𝑥 2 + 𝑦 2 )). Finally, integrating with respect to time and rearranging the terms gives
1

1

𝐶 = 2 (𝑥̇ 2 + 𝑦̇ 2 ) − 2 (𝑥 2 + 𝑦 2 ) −

(1−µ)
𝑟1

−

µ
𝑟2

Where for a particular orbit of a third massless object or satellite, C is constant.

(28)
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Equilibrium Points and Accessible Regions

Figure 2: Equilibrium points for the restricted problem
Source: http://ccar.colorado.edu/geryon/

In order to find equilibrium points in the restricted problem, first the velocity and the acceleration
terms in equations (13) and (14) are set to be equal to zero. Then after solving these equations, 5
equilibrium points exist, called Lagrangian points. The fourth and the fifth Lagrangian points (L4 and L5)
were found by Lagrange, where L1, L2, and L3 were discovered before by Euler.
One of the advantages of equation (21) is that it helps in examining the possible accessible
regions for spacecraft’s location. However, the velocity term (𝑥̇ 2 + 𝑦̇ 2 )needs to be zero to further
analyze the zero-velocity curves for different values of C. For example, when C is -1.7 the motion of the
third object will be trapped in the two, uncrossed smaller circles. In this case, an orbit transfer will be
impossible.
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Figure 3: Curves of zero velocity for C = -1.7(approximate sketch)

Source: from http://farside.ph.utexas.edu/teaching/336k/Newtonhtml/node125.html

Increasing the value of C (less negative) holds optimistic results. As C increases the two circles
get closer together until reaching a value of -1.59411, where the two circles (or sphere when thinking in 3
dimensions) cross at the L1 point, the first equilibrium Lagrangian point ( between the two primary
masses). Theoretically speaking, if someone considers the Earth-Moon system, if a spacecraft first orbits
the Earth and then reaches that point with a zero velocity, it could continue its trajectory to the Moon.
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Figure 4: Curves of zero velocity for C=C (L1) =-1.59411

Source: from http://farside.ph.utexas.edu/teaching/336k/Newtonhtml/node125.html

Continuing in increasing the value of C, the ‘bottleneck’ at L1 keeps getting larger. A value C = 1.58603 will guarantee a contact with L2, which represents the minimum energy escape trajectory from

Figure 5: Curves of zero velocity for C = C (L2) = -1.58603

Source: from http://farside.ph.utexas.edu/teaching/336k/Newtonhtml/node125.html
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the Earth-Moon system [1].
Reaching points L3, L4, and L5, is obtained by further increasing the value of C. The
corresponding configuration is displayed in the figure below.

Figure 5: Curves of zero velocity for C = C(L3)

Source: from http://farside.ph.utexas.edu/teaching/336k/Newtonhtml/node125.html

The zero-velocity curves from L1 through L5 of the Earth-moon system are displayed together
below.
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Figure 6: Zero-velocity curves of the Earth-moon system

Implementing Thrust
Contant, transverse, low-level thrust will be utilized in order to reach the Jacobi constant
associated with Lagrangian point L1, which is -1.59411. This value corresponds to being able to read
point between the two primaries (Earth and Moon), and this is translated as a potential transfer from an
Earth orbit to an orbit around the Moon.
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Figure 7: Transverse thrust

In order to properly include the thrust in the equations of motion, it needs to be nondimensionalized. This is done by using the time unit of the of the three-body system, considering that the
two primaries are the Earth and the moon, which is the period of Moon around the Earth. This is
approximately 27.3 days. Furthermore, the length unit is the Earth-Moon distance, which is 3.884E8 m.
Thus, the nondimensionalized thrust is obtained as

𝑇𝑈 2

𝑇𝑛𝑜𝑛𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 = 𝑇 𝐷.𝑚

(29)

𝑠/𝑐

Where
𝑇𝑖𝑚𝑒 𝑈𝑛𝑖𝑡, 𝑇𝑈 =

𝐿𝑢𝑛𝑎𝑟 𝑝𝑒𝑟𝑖𝑜𝑑 𝑖𝑛 𝑠𝑒𝑐𝑜𝑛𝑑𝑠
2𝜋

=

27.3 𝑑𝑎𝑦𝑠 𝑋

86400 𝑠𝑒𝑐𝑜𝑛𝑑𝑠
1 𝑑𝑎𝑦

2𝜋

𝐸𝑎𝑟𝑡ℎ − 𝑚𝑜𝑜𝑛 𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒, 𝐷 ≡ 3.884 𝑋 108 𝑚
Now, the x and y components of thrust are given by

= 3.75402𝑋105 𝑠

(30)
(31)

𝑇𝑥 = 𝑇𝑛𝑜𝑛𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑐𝑜𝑠(θ +

𝜋
)
2
𝜋

𝑇𝑦 = 𝑇𝑛𝑜𝑛𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑎𝑙 𝑠𝑖𝑛(θ + 2 )
𝑥

Where θ = tan(𝑦)

15
(32)
(33)
(34)

Lastly, equations (18) and (20) after including the thrust become

𝑥̇ 2 = 2𝑥4 + 𝑥1 −

(1−µ)(𝑥1 −µ)

𝑥̇ 4 = −2𝑥2 + 𝑥3 − −

𝑟13
(1−µ)𝑥3
𝑟13

−
−

µ(𝑥1 + 1− µ)
𝑟23
µ𝑥3
𝑟23

(35)

(36)
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Chapter 3
Results

Different Shapes of Different Starting Conditions
First of all, different initial points will be tested to examine the behavior of the spacecraft in the
vicinity of the Earth-Moon system. Each initial point will consist of 4 coordinates: x, dx/dt, y, and dy/dt.
All the tested points correspond to a Jacobi constant value C = -1.7. Moreover, since no thrust is applied,
this value of -1.7 should remain constant the entire time of the simulation. This value of C ensures that the
spacecraft remains relatively close to Earth and cannot reach the Moon.
The set of initial positions were calculated by using equation (21). The equation is modified such
that the value of C remains constant for the all the testing points, i.e. -1.7. Then, the term 𝑥̇ 2 + 𝑦̇ 2 is
replaced with v2. Now the equation becomes
1
2

1
2

−1.7 = 𝑣 2 − (𝑥 2 + 𝑦 2 ) −

(1−µ)
𝑟1

−

µ
𝑟2

𝑣 2 = 𝑥̇ 2 + 𝑦̇ 2

(37)
(38)

Now there are 3 unknowns in the equation, which are x, y, and v. A MATLAB code was generated
to plot the 3d of the surface v2=f(x, y) (Appendix A). MATLAB executed a set of 3-entry points that
corresponds to x, y, and v2. The values of 𝑥̇ 2 𝑎𝑛𝑑 𝑦̇ 2 are manually calculated using equation (38); either
𝑥̇ 2 𝑜𝑟 𝑦̇ 2 is assigned a value to calculate the other.
The value of the mass ratio of the primaries (µ ) in the Earth-Moon is equal 0.012151 and the time
over which the simulation is executed is 10𝞹, which is equivalent to approximately 3 months. The
MATLAB function and script file can be found in Appendix B and Appendix C, respectively. Below is
what the orbits look like for different initial conditions. An initial condition will take the form of

𝑓⃗ = [ 𝑥, 𝑥̇ , 𝑦, 𝑦̇ ]
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(39)

Figure 8: initial vector f = [-0.07 ; sqrt(14.94); -.07;0 ]

From the figure above, the behavior of the spacecraft agrees with prediction. The third object is
trapped in one of the two uncrossed circles and cannot proceed to orbit around the other primary. This is
due to the fact the Jacobi constant is too low for the ‘open-bottleneck’ (see Fig. 5) to form between the two
accessible regions. The initial vector possesses a zero velocity in the y-direction.

Figure 9: initial vector f = [-.07 ;sqrt(4*14.94/6) ; -.07; sqrt(2*14.94/6) ]
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The only difference in the initial vector used to generate the plot in figure 9 was the velocity was split
unequally between the x and y components; nevertheless, the shape of the orbit changed significantly. The
2

1

3

3

x component of the velocity was given √ of the total velocity, while the y component possessed √ only.

Figure 10: f = [ .01 ;0 ; 0; sqrt(915.1) ]
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Figure 11 corresponds to point that lies on x-axis and has a velocity that is pointed exactly in the
y direction. The spacecraft still cannot transfer to orbit around the other primary. Other different shapes
corresponding to different initial conditions are displayed below.

Figure 11: f = [ [-0.1999999999; sqrt(3.470224920246510); -0.1999999999;0]

Figure 112: f = [ 0.1999999999; sqrt(3.470224920246510); 0.1999999999;0]
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Trajectories Including Thrust
Now the effect of constant, transverse thrust on the spacecraft’s trajectories is analyzed. As a
starter, arbitrary values of spacecraft mass and thrust will be used in the simulation to check whether or
not the third body can transfer to orbit around the other primary mass or escape the system. Below is a
figure that displays the trajectory along with change of the Jacobi constant value.

Figure at
12:figure
the spacecraft
the earth-moon
system for arbitrary
mass and thrust
Thus in theory, looking
11, itescapes
is possible
to implement
constant-level
thrust to increase

the Jacobi constant to the desired value, and then assume that the spacecraft can stop its velocity
instantaneously at this unique value to transfer to an orbit around the moon.
Now the methodology is to test this result on a consistent scheme. A low-Earth orbit of an altitude
of 400 km and a spacecraft mass of 100 kg will used in the calculations. All the points that are going to be
tested will have this altitude, but with a different starting position on the initial orbit. These points will
form a circle around Earth, so points will be separated by an angle of 𝞹/12. Therefore, the total number of
tested points will be 24.
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Figure 13: initial orbit and definition of angle (theta)

First, the velocities that result in C = -1.7 need to be calculated. However, this time, the x and y
coordinates of the points are given by
𝑥 = 𝑟𝑐𝑜𝑠(𝜽)

(40)

𝑦 = 𝑟𝑠𝑖𝑛(𝜽)

(41)

𝑟 =µ+

𝑅
𝐷

(42)

Where r is altitude, and D is the distance unit which is the Earth-Moon distance. In addition, figures 13
shows the definition of the angle 𝞱 geometrically. Then, the velocity is calculated
1

𝑣 = [2[ 2 (𝑥 2 + 𝑦 2 ) +

(1−µ)
𝑟1

+

µ
𝑟2

+ 1.7]] 0.5

(43)

Where 𝑟1 𝑎𝑛𝑑 𝑟2 are given by equations (10) and (11), respectively. A MATLAB code was written to
compute the velocities at all different starting points (Appendix F).
After obtaining these velocities, in the MATLAB code (Appendix D) one inputs the angle and
velocity associated with each starting position. Then, run the simulation several times with varying values
of thrust which is manually changed in the associated function file (Appendix E). The value of thrust was
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changed until the simulation reaches the desired value of C. This value corresponds to first Lagrangian
point, L1 which is between Earth and Moon.
Figure 13 below displays the motion of the spacecraft (relative to the rotating frame) along with
evolution of the value of C. The figure corresponds to a spacecraft with m = 100 kg and a thrust = 42 N.
Moreover, the velocity = 8.66 DU/TU and angle = 7𝞹/6.

Figure 14: x and y coordinates of s/c when v=8.66 DU/TU and angle = 210 degrees (left) and evolution oc C value
(right)
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Figure 14 below displays the motion of the spacecraft (relative to the rotating frame) along with evolution
of the value of C. The figure corresponds to a spacecraft with m = 100 kg and a thrust = 79 N. Moreover,
the velocity = 8.66 DU/TU and angle = 7𝞹/6.

Figure 15: x and y coordinates of s/c when v=12.13 DU/TU and angle = 60 degrees (left) and evolution oc C
value (right)

In order the reach the desired C value, the two simulation needed different thrust and time. The
behavior and the trend will be analyzed for all 24 starting points.
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Figure 16: transverse thrust required for spacecraft to reach C = -1.59411

From figure 15 above, the simulation time was 5 𝞹 which is equivalent to 1.5 months. It is noted
that in the region between the angles of 150 and 250 degree the spacecraft will need the minimum amount
of transverse thrust, which is close to 541 N. This region corresponds to the coordinates of a point behind
Earth and further away from the Moon. There is an interesting pattern that can be observed; the required
thrust oscillates with angle. It can be approximated to have a period of a little less than 360 degrees.
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Figure 17: Time required to reach desired C (TU) vs. Thrust (N)

Figure 16 shows the time needed to reach the desired value of C for different values of thrust that
are associated with the various starting points. The minimum time was 0.76 TU which occurred for a
value of thrust of 220 N. This value took place at a starting point with an angle of 30 degrees. On the
contrary, the maximum time needed was 15.5 TU happened for a thrust value of 225 N. This
corresponded to the point with starting point angle of 225 degrees.
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Chapter 4
Conclusions and Recommendations
The required transverse thrust appears to behave somewhat periodically. It starts at the peak
where is reached a value of 436 N of thrust, and then decreases until a minimum value of approximately
35 N. From the results, it would efficient for the spacecraft to start thrusting when it reaches an angle that
is between 150 and 250 degrees. This will minimize the necessary amount of the transverse, constant
thrust needed to accomplish a trajectory from a LEO to the Moon. It is assumed that the thrust used is
highly efficient (i.e., has a high value of specific impulse).
This analysis is limited due to the fact that the adapted thrust was transverse. A more general
approach would be to analyze the orientation of the thrust that gives the optimum direction and magnitude
of thrust. However, this problem is considerably more complex and would require more time to study.
Further work should also include consideration of an arrival state that places the spacecraft into lunar
orbit.
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Appendix A

nothrust.m
function zdot = nothrust( t,z)
zdot = zeros(4,1);
mu= 0.012151;
% r1 and r2
r1 = ((z(1)-mu)^2 + z(3)^2)^.5;
r2 = ( ( z(1) + 1 - mu )^2 + z(3)^2)^.5;
% state variable form
zdot(1) = z(2);
zdot(2) = 2*z(4) + z(1) - ( (1-mu)*(z(1)-mu)/r1^3 ) -( mu*( z(1) + 1 mu)/r2^3 );
zdot(3) = z(4);
zdot(4) = -2*z(2) + z(3) - (( ( 1 - mu )*z(3) )/ r1^3 ) - ( ( mu*z(3) )/ r2^3
);
return
end
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Appendix B

nothrustmain.m
z0 = [x
tspan =
options
[t,z] =

;dx/dt ; y; dy/dt ]; % manually input initial vector
[ 0:.001:10*pi ];
= odeset ('RelTol', 1e-8, 'AbsTol', 1e-8);
ode45( 'nothrust', tspan, z0, options );

mu= 0.012151;
r1 = ((z(:,1)-mu).^2 + z(:,3).^2).^.5;
r2 = ( ( z(:,1) + 1 - mu ).^2 + z(:,3).^2).^.5;
c= .5*(z(:,2).^2 +z(:,4).^2) - .5*(z(:,1).^2 + z(:,3).^2) - ( 1 - mu)./r1 mu./r2; % re-calculates jacobi's const
% subplot(1,2,1)
plot( z(:,1), z(:,3) )
xlabel('x')
ylabel('y')
%
%
%
%

subplot(1,2,2)
plot( t,c)
xlabel('time')
ylabel('Jacobi const')

datacursormode on
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Appendix C

Jacobi_C
% the following script computes the position x,y and magnitude of the speed
% squared, v^2 for Jacobi constant of -1.7
[X,Y] = meshgrid(-2:.01:2, -2:.01:2);
mu= 0.012151;
r1 = ((X-mu).^2 + Y.^2).^.5;
r2 = ( ( X + 1 - mu ).^2 + Y.^2).^.5;
Vsqrd = 2*(-1.7 +( X.^2 + Y.^2)/2 + .987849./r1 + .012151./r2); % V^2=
(dx/dt)^2 + (dy/dt)^2
surf(X,Y,Vsqrd)
datacursormode on
xlabel('x coordinate')
ylabel('y coordinate')
zlabel('v^2')

30
Appendix D

LOWTHRUSTMAIN

clear all
theta= theta1; % goes from 0 to 2*pi in increments of pi/12. Input value
manually
v= v1; % computed from Jacobi_C1.m. . Input value manually
r=0.01391244641; % r = mu + (R+400 km)/DU
x0=r*cos(theta);
y0=r*sin(theta);
x_dot0= v*sin(theta);
y_dot0= v*cos(theta);
z0=[x0, x_dot0, y0, y_dot0];
tspan = [ 0:.01:5*pi ];
options = odeset ('RelTol', 1e-8, 'AbsTol', 1e-8);
[t,z] = ode45( 'lowthrust', tspan, z0, options );
mu= 0.012151;
r1 = ((z(:,1)-mu).^2 + z(:,3).^2).^.5;
r2 = ( ( z(:,1) + 1 - mu ).^2 + z(:,3).^2).^.5;
% wish to reach c = -1.59411
c= .5*(z(:,2).^2 +z(:,4).^2) - .5*(z(:,1).^2 + z(:,3).^2) - ( 1 - mu)./r1 mu./r2;
subplot(1,2,1)
plot( z(:,1), z(:,3) )
xlabel('x')
ylabel('y')
subplot(1,2,2)
plot( t,c)
xlabel('time')
ylabel('Jacobi const')

datacursormode on
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Appendix E

LOWTHRUST.m
function zdot = lowthrust( t,z)
zdot = zeros(4,1);
mu= 0.012151;
% r1 and r2
r1 = ((z(1)-mu)^2 + z(3)^2)^.5;
r2 = ( ( z(1) + 1 - mu )^2 + z(3)^2)^.5;
%
%
%
%

assume thrust
nondimensionalization: thrust*[D/ (TU^2)(m_s/c)]
Where D = averaged Earth-moon distane(m), TU = time(s)= Earth-moon
period/2*pi

m_sc = 100; % in kg
Thrust= 60; % in N, Changed manually at each run
D= 3.844e9; % in m
TU= 3.75402e5; % in s
T= Thrust*(TU^2)/((D*m_sc));
theta=atan2(z(1),z(3));
Tx= T*cos(theta+(pi/2)); % x component
Ty= T*sin(theta+(pi/2)); % y component
% state variable form
zdot(1) = z(2);
zdot(2) = 2*z(4) + z(1) - ( (1-mu)*(z(1)-mu)/r1^3 ) -( mu*( z(1) + 1 mu)/r2^3 )+ Tx/m_sc;
zdot(3) = z(4);
zdot(4) = -2*z(2) + z(3) - (( ( 1 - mu )*z(3) )/ r1^3 ) - ( ( mu*z(3) )/ r2^3
) + Ty/m_sc;
return
end
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Appendix F

VELOCITIES_COMPLETE_CIRCLE

% the following code commputes the velcoities corresponding to points with
the
% same altitude with but different angles
theta= 0:pi/12:2*pi;
mu=0.012151;
r=0.01391244641;
x=r.*cos(theta);
y=r.*sin(theta);
C=-1.7;
r1 = ((x-mu).^2 + y.^2).^.5;
r2 = ( ( x + 1 - mu ).^2 + y.^2).^.5;
v= sqrt( 2*(( C + 0.5*(x.^2 + y.^2) + (1-mu)./r1 + mu./r2)));

33
Appendix D

Angle vs. Thrust
Table 1: Angle vs. Thrust
Velocity in ( DU/TU)

Angle (in rad)

Angle (in degrees)

Thrust ( in Newtons)

33.44037

0

0

436

22.65565

pi/12

15

45

16.75149

pi/6

30

220

13.86085

pi/4

45

438

12.13274

pi/3

60

79

10.98477

5pi/12

75

55

10.17757

pi/2

90

90

9.593996

7pi/12

105

470

9.169986

2pi/3

120

152

8.868028

3pi/4

135

45

8.665431

5pi/6

150

42

8.548662

11pi/12

165

43

8.510497

pi

180

45

8.548662

13pi/12

195

47

8.665431

7*pi/6

210

42

8.868028

5pi/4

225

43

9.169986

4pi/3

240

60

9.593996

17pi/12

255

430

10.17757

3pi/2

270

95

10.98477

19pi/12

285

56

12.13274

5pi/3

300

84

13.86085

7pi/4

315

390

16.75149

11pi/6

330

159

22.65565

23pi/12

345

50

33.44037

2pi

360

436
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