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ABSTRACT

This work explores the problems of determining the parameters of an 18650 lithiumcobalt-oxide battery cell and developing a single-particle diffusion model of the cell. Various
battery chemistries exist in the category of lithium-ion cells. The differences in composition
chemistry result in differing electrochemical and thermal parameters. Therefore, the ability to
determine the parameters for any battery composition is important for the purpose of creating
accurate models of the batteries. The models can then be used to study the applications of the
battery cells, such as their use in electric vehicle battery packs. The literature includes battery
modeling techniques of varying complexity with respect to both model order and parameter
identifiability. Two major categories include equivalent circuit models and electrochemical
models. The existing battery models in the literature, whether they are equivalent circuit or
electrochemical, allow researchers to choose a model that best suits their needs. An equivalent
circuit model, which has fewer parameters, is inherently simpler than electrochemical models
such as the Doyle-Fuller-Newman or single-particle models. The choice of battery model
consistently requires a trade-off between model complexity and model accuracy, is highly
problem-dependent.
The focus of this thesis is on two problems. First, the thesis uses the finite difference
method to develop a single-particle model of a lithium-ion battery in Matlab. The model uses
Fick’s law to represent anode- and cathode-side solid-phase diffusion dynamics. The finite
difference method makes it possible to discretize this partial differential equation (PDE) in both
time and space. The model neglects solution-phase diffusion dynamics, and linearizes the
Butler-Volmer equation.

The model’s parameters are obtained from the literature, and its

ii

computational behavior is examined for different values of key parameters (e.g., solid-phase
diffusivity and solid particle radius). Second, the thesis presents a battery charge/discharge
experiment on 18650 lithium-cobalt-oxide cells. The experiment is used for obtaining estimates
of these cells’ parameters, as well as statistical distributions of these estimates. Together, these
two contributions make it possible to parameterize the single-particle model from experimental
data: an important potential future contribution.
In conclusion, this project succeeds in creating a foundation and framework not only for
future model development, but also for parameter identification experimentation. Performing
battery cycling tests is a valuable skill in itself, but the understanding gained from testing cells to
obtain specific parameters is essential to the study of lithium-ion batteries. Altogether, this thesis
provides an introductory discussion of battery modeling, simulation, and experimentation and
how these fundamental elements of battery study can be combined and expanded further.
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Chapter 1
Introduction
This thesis is motivated by the increasing availability of electric, hybrid, and plug-in
electric vehicles across the country. Electrochemical batteries serve as the partial or sole sources
of power for these vehicles. This makes it necessary to study and understand the behavior of
both individual battery cells and full battery packs. There is a constant need for batteries with
increased charge capacity or minimal degradation, and the use of physics-based models and
experimental studies together can provide a better understanding of how to improve existing
battery cells further. Manufacturers often provide estimates and safety information regarding
voltage and current limits, capacity, and other properties of the battery cells they create. In
practice, however, the batteries may not reach their expected potential under conditions that were
not considered during their design. This makes it imperative to study and understand how
battery cells perform under various operation conditions.
In order to study battery performance and how it affects overall vehicle performance,
researchers need to develop predictive models of common lithium-ion battery chemistries.
Additionally, it is important to study different battery chemistries and assess their performance
based on their parameter values. Therefore, parameter identification from experiments becomes
an important aspect of the overall study of lithium-ion cells. This thesis has two main goals: i) to
develop an electrochemical model of a lithium-cobalt-oxide (LCO) battery cell, and ii) to
identify the parameters of this cell from experimental cycling data. The work presented in this
thesis focuses on fresh, off-the-shelf LCO cells. However, the importance of the work stems
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from the fact that it provides a framework that makes it possible to repeat the parameter
identification study on these cells as they are cycled further in the lab, thereby aging and
degrading.

The approach uses in this thesis builds on various existing battery modeling techniques
from the literature. Models of various complexities are presented by the literature, and can be
grouped into two major categories: i) equivalent circuit models and ii) electrochemical models.
The work presented in Ref. [1], for instance, describes a “simple battery model”. This model
represents the battery as a voltage source and a single, constant internal resistance value. Given
that this model does not capture any variations in battery resistance, nor does it provide a means
for modeling any transient dynamics in the battery cell, it is perhaps the simplest and most
approximate model that can be created for a lithium-ion battery. In some cases, simplicity is
desired; however, the tradeoff between accuracy and simplicity in this case is too great. Model
accuracy can be enhanced even in a first-order model with a single resistance parameter by
incorporating a nonlinear term representing the relationship between voltage and increasing state
of charge (e.g., the Shepherd model [2]).

This increases the amount of experimental

identification work needed, since now the relationship between cell charge and voltage must be
measured and modeled.
Improvements upon the equivalent circuit model include the incorporation of resistorcapacitor (RC) pairs to represent the dynamics of the cell, particularly diffusion and double-layer
capacitance dynamics.

The resulting models remain simple, but the addition of capacitive

components provides the ability to model the transient dynamics in the cells. This improves
model accuracy while still allowing for relatively simple parameter identification. Another
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benefit of RC equivalent circuit models that stems from their simplicity is the fact that they are
conducive to incorporating a thermal model [3,4]. The electrochemical processes in a lithiumion battery are highly temperature-dependent, so representing the thermal effects in a model is
essential to improving its accuracy. Additional RC pairs can increase the order and complexity
of the model, the major benefit of which is the capture of higher order dynamics that occur in the
battery during charging and discharging. Model complexity is highly problem-dependent, and
work done by Hu, Li, and Peng provides a comparative study of the impact of increasing the
order of RC models on model accuracy and complexity [5].
Examples of electrochemical models include the Doyle-Fuller-Newman and singleparticle models. These models are physics-based and are governed by the diffusion dynamics
and electrochemical kinetics occurring in the cell. Within the systems of partial differential
equations and nonlinear algebraic equations, these models contain many parameters that
represent the physical electrochemistry in the battery. The ability to represent the battery with
many parameters results in a sophisticated model; however, these models become very
challenging from the perspective of parameter estimation and identifiability [6,7,8,9].
The above survey provides a snapshot of a rich existing literature on lithium-ion battery
modeling. While this literature is valuable, there continues to be a strong need for understanding
how the operation conditions of lithium-ion batteries affect their aging and degradation. The
work in this thesis provides a critical stepping stone towards that goal. Specifically, the thesis
provides a baseline characterization of fresh LCO cells, to which aging cells can be compared to
deduce how their health degrades. Moreover, the thesis presents a process for modeling lithiumion battery cells and obtaining their parameters from experimental data. Repeating this process
for aged cells will make it possible to characterize them in potential future work.
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The remainder of this thesis is structured as follows: the development of the singleparticle model is detailed in Chapter 2. Chapter 3 explains the experimentation involved in
determining the parameters of the LCO cells. Chapter 4 provides a discussion of the importance
of the developed battery model and the parameters gained from the performed experimental
testing.

It also describes how this work can be used as a foundation for further model

development by parameter fitting processes and inclusion of additional electrochemical and
thermal dynamics to increase model fidelity.
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Chapter 2
Single-Particle Battery Model

Figure 1: Lithium-ion battery cell layers

To model any battery cell, one needs to study its composition and chemistry to
understand the physics governing the dynamics of the cell.

The lithium-ion battery cell

examined in this thesis consists of multiple sheets of material that, after being adhered to one
another, are rolled into a cylindrical assembly. As seen in Figure 1, the outermost layers are
separators, put in place so that the positive and negative current collectors do not touch and
create a short circuit inside the battery. The current collectors are layered next, followed by the
electrodes. One current collector corresponds to the positive electrode (or cathode) and one to
the negative electrode (or anode). The cathode is made of lithium-cobalt-oxide, LiCoO2, while
the anode is made of graphite. During discharging, lithium ions travel internally from the anode
to the cathode, for which they have higher affinity. This increases the amount of energy stored
in the battery. The opposite process occurs during discharge. The cathode and anode do not
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touch: a final separator divides these two electrodes. The entire assembly is submerged in
electrolyte solution after into is rolled into the cylindrical shape.
The battery assembly can be simplified for modeling purposes, as illustrated by Figure 2.
There are three essential portions of the battery whose physics govern the dynamics of the cell.
Specifically, these are the cathode and the anode, both submerged in the electrolyte. Each
electrode consists of particles of the constituent materials. During charging and discharging
processes, lithium ions diffuse into or out of the electrodes and through the electrolyte and
separator.

Consequently, these three portions of the cell

can be modeled by solid phase

diffusion and solution phase diffusion respectively. During charging, for example, work done on
the battery transfers ions from the cathode, through the electrolyte, to the anode. The separator
can be represented as a diffusion medium connecting these two electrodes, or as part of the
battery’s internal resistance.
Within the literature, there are many different model representations of lithium-ion
batteries of varying complexity. Equivalent circuit models, which have been widely utilized,
employ resistor-capacitor (RC) pairs to represent the dynamics of the cell. One RC pair provides
a means for modeling the transients for one type of cell dynamics (slow or fast, for example), but
to model both slow and fast dynamics, multiple RC pairs may be necessary.

Essentially,

additional RC pairs are included to increase the order and complexity of this type of model.
Electrochemical battery models comprise another category seen in the literature. Common
models include the Single-Particle model (SPM) and the Doyle-Fuller-Newman (DFN) model.
Work has been completed to determine a subset of the parameters for a SPM as discussed in Ref.
[6], where specific experimental protocols are tailored to determine different models parameters.
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A DFN model captures the distribution of lithium over the anode, separator, and cathode space, a
cell property that is often neglected single-particle models [9].
The single-particle model, in itself, can vary in complexity. With this model, it is
possible to capture the dynamics of the solid and solution state diffusion processes mentioned
above. Further, it is also possible to incorporate the Butler-Volmer equation (which models the
voltage necessary for the ions to enter the particle and proceed to diffuse into the particle) in the
electrodes. This work seeks to accomplish the creation of a simplified single-particle battery
model that includes solid state diffusion, but neglects solution state diffusion and replaces the
Butler-Volmer equation with a linear resistive term: an approximation that is better-justified at
lower currents.

Figure 2: Simplified battery representation

The remainder of this chapter is organized as follows. The chapter begins by presenting
Fick’s law of diffusion in a spherical medium. It then presents a finite-difference approach for
discretizing this PDE in time and space in order to represent solid state battery diffusion
dynamics. The solution of Fick’s law is analyzed for different diffusivities, particle radii, input
currents, and spatial/temporal discretizations. The chapter then presents the full single-particle
battery model, incorporating diffusion sub-models for the two electrodes as well as a
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representation of internal battery resistance. The need to scale the effective active surface areas
of the two electrodes for different battery sizes is discussed briefly, and the chapter concludes
with a simulation study of the single-particle model.

Spherical Diffusion
With the electrodes represented as single particles, the solid state diffusion process
becomes a spherical diffusion problem. Under the assumption that the particle is a perfect sphere,
and the concentration of ions in the particle varies with both radius and time, Fick’s Law of
Diffusion over a spherical domain is governed by the following partial differential equation:
𝜕𝑐
1
𝜕 2𝑐
𝜕𝑐
2
= 2 𝐷 (𝑟
+
2𝑟
)
𝜕𝑡 𝑟
𝜕𝑟 2
𝜕𝑟
𝑤ℎ𝑒𝑟𝑒:

𝜕𝑐
|
=0
𝜕𝑟 𝑟=0

𝜕𝑐
𝐽
|𝑟=𝑅 =
𝜕𝑟
𝐹 ∗ 𝐷 ∗ 4𝜋𝑅 2
where r represents a value along the radius of the particle, D is the diffusivity of the particle, c is
the ion concentration, J is the intercalation current value per unit surface area, F is Faraday’s
number, and t is time. The derivation of Fick’s Law involves a mass balance of the ion flux into
and out of shells progressing radially outward from the center of the sphere (see Figure 3). The
boundary conditions for this problem are determined by the concentration gradients at the center
(r = 0) and outer surface of the spherical particle (r = R). Given the number of particles in an
electrode, the collective surface area of the particles, and the radius of the particles, the ion flux
is scaled for the anode and cathode particles. This scaled value is represented in the definitions
of the boundary conditions to be the representative flux into one particle.
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Figure 3: Spherical diffusion model

Finite-Difference Discretization
In order to simulate the single-particle model, Fick’s Law was implemented using finite
differences in Matlab. The source code for this implementation is included in Appendix A.
Discretization in both space and time allows for the calculation of the concentration at various
nodes along the radius of the particle at different instants in time. This is necessary to determine
the concentration at the particle’s outer surface accurately.
Suppose the spherical particle is discretized spatially into a finite number of layers,
separated by a fixed radial discretization distance, Δ𝑟. Furthermore, suppose that the time axis is
discretized using a time step Δ𝑡. Finally, let 𝑐𝑖,𝑗 represent the concentration of ions at spatial
location 𝑖 and instant of time 𝑗. Then the spatial derivatives in Fick’s Law can be approximated
using central differences as follows:
𝑐𝑖+1,𝑗 − 𝑐𝑖−1,𝑗
𝜕𝑐
] =
𝜕𝑟 𝑖,𝑗
2Δ𝑟
𝑐𝑖+1,𝑗 − 2𝑐𝑖,𝑗 + 𝑐𝑖−1,𝑗
𝜕 2𝑐
]
=
𝜕𝑟 2 𝑖,𝑗
(Δ𝑟)2
Moreover, the temporal derivative in Fick’s Law can be approximated using a forward difference
in time as follows:
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𝑐𝑖,𝑗+1 − 𝑐𝑖,𝑗
𝜕𝑐
] =
𝜕𝑡 𝑖,𝑗
Δ𝑡

Plugging the above approximations furnishes a set of algebraic equations for propagating
the concentrations at all spatial nodes except the boundary nodes forward in time. For the
boundary nodes, the boundary conditions for Fick’s Law are applied, giving the following
additional algebraic relationships:
𝑐2,𝑗 − 𝑐𝑖,𝑗
=0
2Δ𝑟
𝑐𝑁+1,𝑗 − 𝑐𝑁,𝑗
𝐽
=
2Δ𝑟
𝐹 ∗ 𝐷 ∗ 4𝜋𝑅 2
where the number of spatial discretization nodes is 𝑁.

Implementation and Analysis of Finite Difference Solution
The finite difference discretization of Fick’s Law was implemented for both the anode
and cathode of a lithium-ion battery. Parameters representing anode- and cathode-side diffusion
dynamics were obtained from Forman et al. [9], and are listed in Table 1 below. Note that these
parameters represent a lithium-iron-phosphate (LFP) cell, rather than the LCO cell considered in
this thesis. Additional research would be necessary to modify the parameter values to represent
LCO diffusion dynamics, but the underlying model and Matlab code would remain the same.
Table 1: Diffusion parameters for SPM

Electrode
Cathode

Anode

Parameter Name and Symbol
Diffusivity, d
Particle radius, r
Max. ion concentration, Cmax
Diffusivity, d
Particle radius, r
Max. ion concentration, Cmax

Parameter Value
1.736e-14
1.637e-7
1.035e4
8.275e-14
3.600e-6
2.948e4

Units
m2s-1
m
mol/m3
m2s-1
m
mol/m3
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Figures 4 and 5 show how the concentration of lithium ions progresses in time for
different discretization points inside the anode and cathode of an LFP battery cell, assuming a
charging current of 0.5 Amperes. As expected:
1. Anode concentration increases with time, and cathode concentration decreases, reflecting
the face that the battery is being charged.
2. For both electrodes, there is an instant jump in the surface concentration, reflecting the
algebraic constraint relating surface concentration to input current (i.e., the surface
boundary condition from Fick’s law).
3. For both electrodes, the separation between the concentration at the surface node and the
node immediately underneath it remains constant with time, reflecting the fact that input
current is constant with time.

Again, this is consistent with the surface boundary

condition from Fick’s law.
4. Concentration changes are rapid on the surfaces of the two electrode particles, while the
concentrations deeper inside the particles lag behind.
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Figure 4: Ion concentration v. time for the anode

Figure 5: Ion concentration v. time for the cathode
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To further verify the correctness of the numerical simulation of Fick’s Law, Figures 6-8
examine the evolution of the centermost concentration in the anode as a function of time for
different anode diffusivities, anode particle radii, and input current magnitudes. As expected,
diffusion occurs faster for larger values of diffusivity and smaller particle radii. Furthermore,
larger input current produce more substantial swings in concentration at the center of the anode
particle. While the results of these tests do not provide an absolute guarantee of the correctness
of the Matlab diffusion model, they do serve as important “sanity checks” against coding and
implementation errors.

Figure 6: Effect of increasing diffusivity on ion concentration
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Figure 7: Effect of increasing radius on ion concentration

Figure 8: Effect of increasing current on ion concentration
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In building finite-difference simulations of diffusion processes, one must pay attention to
the tradeoff between model accuracy and complexity, and the degree to which this tradeoff is
affected by spatial and temporal discretization. Figure 9 examines the impact of spatial and
temporal discretization lengths on the accuracy of the diffusion model developed in this thesis.
Specifically, the figure examines diffusion in the anode. It divides the anode spherical particle
into 2, 3, 4, 5, 6, 7, and 8 discretization segments. For each of these spatial discretizations, the
figure examines time steps of 0.1ms, 0.5ms, 1ms, 5ms, and 10ms. In the absence of a “perfect”
spatio-temporal discretization, simulation results for the finest spatial and temporal mesh
densities among the above set were treated as the “truth”. Simulation errors for center point
concentration obtained using other mesh densities were compared to this “truth”. As the figure
shows, simulation accuracy depends very strongly on spatial discretization: a finer spatial mesh
leads to higher levels of accuracy.

Figure 9: Effect of spatial and temporal discretization on ion concentration accuracy
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Increasing spatial discretization density improves diffusion simulation accuracy, but how
does it affect computation cost? Figure 10 shows the simulation time for the anode diffusion
model for different spatial and temporal discretization densities. The impact of temporal mesh
density on simulation accuracy is quite pronounced. However, one must note that dictating a
finer spatial mesh automatically creates a need for a finer temporal mesh; otherwise, numerical
instability may ensue.

Thus, increasing the spatial mesh density does create additional

computational complexity, and balancing the need for model fidelity vs. computational cost is
important.

Figure 10: Effect of spatial and temporal discretization on simulation time
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Building the Single-Particle Battery Model
The single-particle battery model developed in this thesis consists of: i) spherical diffusion submodels for the anode and cathode, ii) tables relating surface concentration to open-circuit potentials for
each of these electrodes, plus iii) an overall resistor representing linearized Butler-Volmer chemical
kinetics, Ohmic resistances in the solid and solution states, and contact resistances in the cell. The
relationship between the surface concentration of an electrode particle and the open-circuit electrode
potential is typically determined experimentally. Therefore, a look-up table or curve-fit equation is
commonly employed in battery models to obtain the open-circuit electrode potential value from a
calculated surface concentration. Figures 11-12 show the relationships between surface concentrations
and open-circuit potentials for an LFP cell, as estimated from experimental cycling tests by Forman et al.
[9].

Figure 11: Equilibrium potential v. ion concentration for the anode
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Figure 12: Equilibrium potential v. ion concentration for the cathode

To compute the correct open-circuit potentials for each electrode, the model first
calculates the surface concentration for each electrode using Fick’s Law. The ion concentration
is determined for each node along the particle radius (starting from its center and proceeding to
the surface) at each step in time based on the governing equation and boundary conditions. As
previously stated, the current is used as the input to the model to simulate charging or
discharging of each electrode in the cell. The model considers a positive current applied to the
anode, corresponding to charging the battery. At each time step, the concentration is computed
at each point along the radius of the cell, but the surface concentration is the only value that is
used to determine the surface potential of the electrode. Cubic spline interpolation is performed
between the reference potentials taken from Ref. [9]. The calculated surface ion concentration
becomes the argument for this interpolation and the corresponding reference potential is
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determined. This process is completed for the cathode and the anode independently. The
difference in the electrode potentials results in a portion of the overall battery voltage. An
additional voltage term is added to the result that represents the voltage necessary to overcome
the internal resistance inherent to the battery.
In performing the above computations, one must scale the input battery current so that it
corresponds to surface current densities for the anode and cathode particles. To perform this
scaling, one needs to know the active material surface areas for both of these electrodes. Active
material surface areas change with battery cell size: a larger battery cell will have larger active
material surface areas. For that reasons, this thesis computes an estimate of active material
surface area given the size of a battery cell. Specifically, The following calculations were
performed in order to calculate the collective area of the particles in the electrodes of the cell.
First, using the known nominal capacity of a 26650 battery cell (2.3 Amp hours), and the number
of Coulombs in an Amp hour, the number of coulombs an electrode can be determined.

𝑄 = 2.3𝐴ℎ𝑟 ∗ 3600

𝑐𝑜𝑢𝑙𝑜𝑚𝑏𝑠
= 8280 𝑐𝑜𝑢𝑙𝑜𝑚𝑏𝑠
𝐴ℎ𝑟

Using Faraday’s number, the number of moles in an electrode is calculated next.
Faraday’s number has units of Coulombs per mol.

𝑋=

𝑄
8280 𝑐𝑜𝑢𝑙𝑜𝑚𝑏𝑠
=
= 0.0858 𝑚𝑜𝑙
𝐹 9.64853399𝑥104 𝑐𝑜𝑢𝑙𝑜𝑚𝑏𝑠
𝑚𝑜𝑙
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Total volume of the electrode can be determined from the number of moles present and
its maximum capacity. While the previous calculations apply to both electrodes, the specific
properties of the anode and cathode begin to affect the calculations from this point forward.
Here, the calculations for the cathode are used as an example.

𝑉𝑜𝑙 =

𝑋
𝐶𝑚𝑎𝑥

=

0.0858 𝑚𝑜𝑙
= 8.2914𝑥10−6 𝑚3
𝑚𝑜𝑙
1.035𝑥104 3
𝑚

Given the particle radius in the anode and cathode, the volume of a particle in either
electrode is calculated.

𝑉𝑜𝑙𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 =
𝑉𝑜𝑙𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑐𝑎𝑡ℎ𝑜𝑑𝑒 =

4 3
𝜋𝑅
3 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

4
𝜋(1.637𝑥10−7 𝑚)3 = 2.8375𝑥10−20 𝑚3
3

The ratio of the electrode volume and the volume of a single particle in the electrode will
yield the number of particles in the electrode.

𝑁𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠,𝑐𝑎𝑡ℎ𝑜𝑑𝑒 =

𝑉𝑜𝑙
𝑉𝑜𝑙𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑐𝑎𝑡ℎ𝑜𝑑𝑒

8.2914𝑥10−6 𝑚3
=
= 4.5123𝑥1014 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠
−20
3
2.8375𝑥10
𝑚

The effective area of the electrode then becomes the surface area of a particle times the
number of particles in the electrode.
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2
𝐴 = 𝑁 ∗ 4𝜋𝑅𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒,𝑐𝑎𝑡ℎ𝑜𝑑𝑒
= 4.5123𝑥1014 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 ∗ 4𝜋(1.637𝑥10−7 𝑚)2 = 151.9502 𝑚2

Following the same process for the anode results in an area of 2.4258 m2. The
determination of the total surface area of the particles in each electrode allows for the accurate
scaling of input current into a single, representative particle for each electrode.

Simulating the Single-Particle Battery Model
A simple charging scheme is applied to the model to simulate the increase in battery
voltage. For this simulation, a 0.5 Amp constant current is applied for 30 minutes. The initial
ion concentration for the anode is chosen to be close to zero (for simulation of charging), and the
concentration for the cathode is chosen to result in a voltage near 2.5 volts. These values
represent the understood definition of an empty battery used in application (which does not
typically correspond to the electrochemical definitions of a full or empty cathode/anode). This
simulation represents 30 minutes of battery charging, which is not long enough for the battery to
reach either 100% SOC or its maximum voltage. However, it provides enough information to
validate that the simulation is proceeding properly. As seen in Figure 13, the voltage increases
quickly at the beginning of the charging time, and then increases gradually and steadily as time
passes. It will continue to rise as the battery reaches full capacity. Additionally, Figures 4 and 5
illustrate that the model is functioning properly. Each line on the plots represents a node along
the radius of the particle. As current is applied to the particles, whether it is positive or negative,
the surface node experiences a nearly instantaneous increase or decrease in concentration. This
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makes sense, physically, since the ions at that location can be immediately added or removed
from the particle, whereas the ion concentration at the other nodes takes time to increase or
decrease due to the diffusion process. These figures only represent a short portion of the
simulation time. The source code for this model can be found in Appendix A.

Figure 13: Simulated overall battery voltage

It is interesting to examine the different components of the above overall battery cell
voltage.

As shown in Figure 14-16, charging the battery cell causes open-circuit cathode

potential to increase and open-circuit anode potential to decrease with time. The overall result is
an increase in open-circuit battery voltage, defined as the difference between the two opencircuit electrode voltages. Additional overpotential is required to overcome the cell’s Ohmic
resistance, but as Figure 16 shows, that overpotential is small compared to open-circuit cell
voltage. This implies that the battery cell operates with good thermodynamic efficiency, because
little energy is wasted to overcome Ohmic effects.
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Figure 14: Anode open-circuit potential v. time

Figure 15: Cathode open-circuit potential v. time
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Figure 16: Open-circuit potential and Ohmic potential for the cell

In summary, this chapter presents a single-particle model of lithium-ion battery
dynamics. The model is simulated using parameters published in the literature for an LFP cell.
The next chapter of this thesis examines the related problem of determining the parameters of an
LCO cell from experimental cycling data.

Chapter 3
Experimentation for Parameter Identification
This chapter describes an experimental study used for obtaining the parameters of a
commercial 18650 lithium-cobalt-oxide battery cell. The experiments were conducted using 10
battery cells to increase statistical confidence in the parameterization results. Cycling was
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performed using a 32-channel Arbin BT-2000 cycler. Figure 17 provides a snapshot of the
cycler, and Figure 18 shows the battery cell holder built in-house to connect the cells to the
cycler.

Figure 17: Arbin BT-2000 cycler
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Figure 18: Battery cell holder

In order to obtain experimental parameters and improve the model accuracy, the ten LCO
cells underwent constant current-constant voltage (CCCV) cycling. The experimental protocol
for this cycling can be described as follows:
Step 1. The cycle begins with constant current discharge of the batteries at 1.65 Amperes
until they reach 2.5 Volts, the value of open-circuit voltage at which the cells are
considered “empty”.
Step 2. The cells are then held at that minimum voltage during a constant voltage discharge
stage until discharge current drops to a preset “negligible” value.
Step 3. The cells then enter a 2-hour relaxation period.
Step 4. After two hours of voltage relaxation, the cells are CCCV charged and then CCCV
discharged, again using a 1.65 Ampere current (for both charging and discharging)
and designating 2.5V and 4.2V as the minimum and maximum voltages for cycling,
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respectively. The last charging and discharging portions of the cycle are used to
determine the voltage (V)-state of charge (SOC) curves and subsequently the open
circuit voltage (OCV)-state of charge (SOC) curves.
Figure 19 shows the current cycles applied to the cells and Figure 20 shows the
corresponding plot for cell voltage during each of the cycle steps. This cycling is performed
fairly slowly, at a nominate C-rate of 0.5, so as to minimize the effect of transient dynamics on
the voltage measurements. It is still possible to calculate diffusion time constants from the
relaxation and charging portions of the cycle. However, the determination of those constants is
beyond the scope of this work.

Figure 19: Current trajectory for experimental cycling
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Figure 20: Voltage data from experimental cycling

The above data sets were used for determining three key battery properties: i) charge
capacity, ii) internal resistance, and iii) open-circuit cell voltage as a function of state of charge.
Charge capacity was computed for each cell by integrating current as a function of time from the
beginning to the end of a given CCCV cycle. This computation was performed independently
for CCCV charging and CCCV discharging. Averaging the resulting “charging capacities” and
“discharging capacities” for all 10 cells furnished an estimate of battery charge capacity, namely,
3.373Ah.
Once battery charge capacity is known, state of charge (SOC) can be computed as a
function of time by integrating current with respect to time, starting from an “empty” state, and
dividing by charge capacity. This makes it possible to plot battery terminal voltage as a function
of SOC rather than time, as shown in Figure 21 for both charging and discharging. The terminal

29

voltage in this figure is not open-circuit voltage: it contains an Ohmic component that must be
removed to estimate open-circuit battery voltage.

Figure 21: Voltage v. State of Charge curves for test cells

To compute Ohmic cell resistance, instantaneous changes in cell voltage corresponding to
transitions into constant-current charging/discharging were examined. The magnitude of each
voltage jump was divided by the corresponding current jump to provide an estimate of cell
resistance.

Repeating this process for all 10 cells resulted in the histogram of resistance

estimates shown in Figure 22. With the exception of one outlier, all cells exhibited very similar
resistance estimates: a fact that lends statistical confidence to these estimates. Table 2 provides
the mean resistance estimate for all 10 cells, in addition to the standard deviation around this
mean estimate.
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Figure 22: Histogram of resistance estimates

Table 2: Calculated internal resistance values

Ohmic Resistance
Average
Standard Deviation
Maximum
Minimum

Value (ohms)
0.1272
0.0463
0.2563
0.1053

Once the internal resistance term has been calculated, the open circuit voltage can be
determined for the entire charging and discharging range. The product of the calculated Ohmic
resistance of each cell and the input current value at each point in time provides the voltage drop
at each point due to the battery resistance. Subtracting the calculated Ohmic voltage drop from
the measured cycle voltage results in a better estimate of battery open circuit voltage. The end
result is a plot, for each battery cell, of open-circuit voltage versus state of charge during both
charging and discharging (Figure 23).
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Figure 23: Open circuit voltage v. State of charge for test cells

To quantify how closely the above curves do follow the same path, the mean open circuit
voltage and the standard deviation were calculated from the ten data sets for each state of charge.
The plots below (Figure 24) show the OCV-SOC curves for the calculated mean and the two
bounds, each at three standard deviations from the average. The standard deviation curves,
especially for the charging curve, are not as smooth as would be expected with a typical OCVSOC curve. The maximum standard deviation occurs at 64.8% SOC and has a value of 30.9 mV.
At this state of charge, there are also irregularities observed in the OCV-SOC curves for the
individual cells. In a true lithium-ion battery, transients exist for the dynamics occurring in the
cell, not only during charging and discharging, but during rest periods as well. These effects
were not considered in the data analysis for this cycling experiment. Removing the voltage
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corresponding to the transient dynamics will further improve the OCV-SOC curves for each cell.
Appendix B includes the source code for the data analysis performed to obtain experimental
statistics.

Figure 24: Average open circuit voltage v. State of charge for test cells

In summary, this chapter presents the cycling data for ten 18650 LCO cells, and uses
these data for estimating the charge capacities, internal resistances, and OCV-SOC curves for
these cells. The use of a batch of 10 cells provides statistical confidence in the parameter
estimates, showing that they do fall in a relatively narrow range. This statistical confidence is
partly a product of consistency in the manufacturing of these cells, and partly an indication of the
success of this experimental study.
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Chapter 4
Discussion and Conclusions
This work first details the development of a single-particle model for a lithium-ion cell.
This model, even in the simplified form presented here, maintains a level of sophistication
suitable for model-based battery simulation and optimization studies. It is well known that the
dynamics of a lithium-ion battery are dominated by diffusion processes. Therefore, creating a
model that is governed by solid state diffusion in the electrodes provides a strong foundation for
further model development. The Butler-Volmer effects present at the outer boundary of the
particles can be incorporated to improve the accuracy of the voltage calculations. The addition
of these equations allows for the calculation of the electrode over-potential, which is the voltage
necessary for the ions to cross the particle boundary and begin diffusing. The last dynamics that
have been linearized in this thesis, and the thesis furthermore neglects the dynamics associated
with diffusion through the electrolyte solution. Both of these simplifications can be rectified in
future work.
Next, the experimentation and parameter identification are discussed. The experimental
testing protocol performed on the 18650 lithium-ion cells was a cycle used specifically to obtain
the OCV-SOC curves for the batteries. Conveniently, the test also provides the information
necessary to calculate the internal resistance values, as detailed in Chapter 3. From this chargedischarge cycle, it is also possible to determine the diffusion time constants for the batteries.
There are other cycling schemes that will provide insight into different parameters in the cells.
For example, a quick current pulse that is either positive or negative, will divulge time constants
for higher order dynamics occurring during charging or discharging, respectively.
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These two parts of the work completed for this project create the foundation and a
framework for future research on battery modeling and parameter identification from
experimental data. Specifically, the parameters determined from the cycling experiment can be
incorporated into the battery model so that the model behaves similar to real batteries under
charging and discharging conditions. This is referred to as parameter fitting. To complete this
process, an optimization technique can be implemented to minimize the error between the
experimental voltage measurements and the simulated voltage trajectory for a given chargingdischarging cycle (see Ref.[9]).
The simplicity of the current state of the model also easily lends itself to the addition of
thermal effects. The electrochemical processes in lithium-ion batteries are highly temperaturedependent, and variations in the voltage and state of charge occur naturally in the battery during
use in a vehicle. These effects can be modeled by lumped thermal models or two-state thermal
models. The lumped model considers the bulk battery temperature as the state for the thermal
calculations and the two-state model separates the core and surface temperatures of the cell.
These physical processes can be included in the model with discretized differential equations if
the temperature dependence of the voltage and state of charge are known from experimentation.
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Appendix A
Single-Particle Model Source Code
%% singleParticle.m
% This code simulates a single particle battery model
% Last edit: AEH 2_24_15
clear all
close all
clc
% The input current is chosen as the input to the model
inputCurrent = 0.5; % Amperes
F = 9.64853399e4; % C/mol
% Reference potentials for each electrode at a concentration value
ranging
% from no ions to a maximum value
Cmax_cath = 1.035e4; % mol/m^3
Uref_cath = [5.502 4.353 3.683 3.554 3.493 3.4 3.377 3.364 3.363 3.326
3.324 3.322 3.321 3.316 3.313 3.304 3.295 3.293 3.290 3.279 3.264
3.261
3.253 3.245 3.238 3.225 3.207 2.937 2.855 2.852 1.026, -1.12, 1.742];
c = linspace(0,Cmax_cath,33);
Cmax_an = 2.948e4; % mol/m^3
Uref_an = [3.959 3.4 1.874 9.233e-1 9.074e-1 6.693e-1 2.481e-3 1.050e-3
1.025e-3 8.051e-4 5.813e-4 2.567e-4 2.196e-4 1.104e-4 3.133e-6
1.662e-6
9.867e-7 3.307e-7 1.57e-7 9.715e-8 5.274e-9 2.459e-9 7.563e-11
2.165e-12
1.609e-12 1.594e-12 1.109e-12 4.499e-13 2.25e-14 1.335e-14 1.019e14
2.548e-16 1.654e-16];
a = linspace(0,Cmax_an,33);
t = 10; % simulation time. s
dt = 0.001; % change in time
timehis = 0:dt:t;

%% The following portion of the code will solve for the electrode
potential
% of the CATHODE
D_cath = 1.736e-14; % Solid diffusivity of the cathode, m^2*s^-1
R_cath = 1.637e-7; % Particle radius in the cathode, m
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N = 10; % number of radial segments
dr_cath = R_cath/N; % radial segment length, m
% Area calculation for the CATHODE
coul_cath = 2.3*3600;
mol_cath = coul_cath/F;
vol_cath = mol_cath/Cmax_cath;
partvol_cath = (4/3)*pi*(R_cath^3);
numpart_cath = vol_cath/partvol_cath;
A_cath = numpart_cath*4*pi*(R_cath^2);
for k = 1:N
r_cath(k) = k*dr_cath;
end
C_cath = zeros(N+1,length(timehis)); % Initialize the concentration
matrix
C_cath(1:N+1,1) = c(29); % Set the initial concentration for all nodes
% For each step in time, the following loop determines the ion
conentration
% at each node along the radius by use of the governing equation and
the
% boundary conditions
% Note: negative input current signifies the removal of ions from the
% cathode which occurs during battery charging
for j = 1:(length(timehis)-1)
for i = 2:N
rSquared = (r_cath(i)^2);
secondDer = (C_cath(i+1,j)-(2*C_cath(i,j))+C_cath(i1,j))/(dr_cath^2);
firstDer = (C_cath(i+1,j)-C_cath(i-1,j))/dr_cath;
changeRate =
((rSquared*secondDer)+(r_cath(i)*firstDer))*D_cath/rSquared;
C_cath(i,j+1) = C_cath(i,j)+(dt*changeRate);
end
C_cath(1,j+1) = C_cath(2,j+1);
C_cath(N+1,j+1) = (dr_cath*(-inputCurrent)/(D_cath*A_cath*F)) +
C_cath(N,j+1);
end
% Interpolation between the reference potential values to find the
% reference potential at a specific, calculated surface concentration
for j = 1:(length(timehis))
U_cath(j) = pchip(c,Uref_cath,C_cath(N+1,j));
end

%% The following portion of the code will solve for the electrode
potential
% of the ANODE
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D_an = 8.275e-14; % Solid diffusivity of the anode, m^2*s^-1
R_an = 3.600e-6; % Particle radius in the anode, m
N = 10; % number of segments
dr_an = R_an/N; % segment length, m
% Area calculation for the ANODE
coul_an = 2.3*3600;
mol_an = coul_an/F;
vol_an = mol_an/Cmax_an;
partvol_an = (4/3)*pi*(R_an^3);
numpart_an = vol_an/partvol_an;
A_an = numpart_an*4*pi*(R_an^2);
for k = 1:N
r_an(k) = k*dr_an;
end
C_an = zeros(N+1,length(timehis)); % Initialize the concentration
matrix
C_an(1:N+1,1) = a(7); % Set the initial concentration for all nodes
% For each step in time, the following loop determines the ion
conentration
% at each node along the radius by use of the governing equation and
the
% boundary conditions
% Note: positive input current signifies the addition of ions to the
% anode which occurs during battery charging
for j = 1:(length(timehis)-1)
for i = 2:N
rSquared = (r_an(i)^2);
secondDer = (C_an(i+1,j)-(2*C_an(i,j))+C_an(i-1,j))/(dr_an^2);
firstDer = (C_an(i+1,j)-C_an(i-1,j))/dr_an;
changeRate =
((rSquared*secondDer)+(r_an(i)*firstDer))*D_an/rSquared;
C_an(i,j+1) = C_an(i,j)+(dt*changeRate);
end
C_an(1,j+1) = C_an(2,j+1);
C_an(N+1,j+1) = (dr_an*(inputCurrent)/(D_an*A_an*F)) + C_an(N,j+1);
end
% Interpolation between the reference potential values to find the
% reference potential at a specific, calculated surface concentration
for j = 1:(length(timehis))
U_an(j) = pchip(a,Uref_an,C_an(N+1,j));
end
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%% Find the difference between electrode potentials and add the
internal
% battery resistance term
U_diff = U_cath - U_an;
R_internal = 0.150; % ohms
U_internal = inputCurrent*R_internal;
batteryVoltage = U_diff + U_internal;
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Appendix B
Data Analysis Source Code
% This file determines the internal resistance for each of the cells
used
% in the room temperature capacity test.

It then calculates and plots

the
% OCV-SOC curve for each cell for charging.
% Last edit: AEH 4/1/15

% For every moment in time, k, look at the current for k and k+1. If a
% jump in current is observed that exceeds 1.63 A, record the acutal
jump in
% current and voltage

jumps = zeros(10,2);
for channel = 1:length(channels)
voltage{channel} =
[StepData{4,channel}(:,8);StepData{5,channel}(:,8);
StepData{6,channel}(:,8)];
current{channel} =
[StepData{4,channel}(:,7);StepData{5,channel}(:,7);
StepData{6,channel}(:,7)];
test_time{channel} =
[StepData{4,channel}(:,2);StepData{5,channel}(:,2);
StepData{6,channel}(:,2)];
for k = 2:length(test_time{channel})
currentJump = current{channel}(k)-current{channel}(k-1);
if currentJump > 1.63
voltageJump = voltage{channel}(k)-voltage{channel}(k-1);
jumps(channel,:) = [currentJump,voltageJump];
k = k+1;
end
end
end
for i = 1:length(channels);
ohmicR(i) = jumps(i,2)/jumps(i,1);
end
% Calculate the mean and standard deviation of the ohmic resistance
ohmicRavg = mean(ohmicR);
ohmicRdiff = ohmicR - ohmicRavg;
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ohmicRsq = ohmicRdiff.^2;
ohmicRsum = sum(ohmicRsq);
ohmicRdiv = ohmicRsum/(length(ohmicR)-1);
ohmicRstdDev = sqrt(ohmicRdiv);

% Determine CHARGING OCV
for channel = 1:length(channels)
voltageCH{channel} =
[StepData{5,channel}(:,8);StepData{6,channel}(:,8)];
currentCH{channel} =
[StepData{5,channel}(:,7);StepData{6,channel}(:,7)];
ohmicV_CH{channel} = currentCH{channel}.*ohmicR(channel);
OCV_CH{channel} = voltageCH{channel} - ohmicV_CH{channel};
end
% Determine DISCHARGING OCV
for channel = 1:length(channels)
voltageDIS{channel} =
[StepData{8,channel}(:,8);StepData{9,channel}(:,8)];
currentDIS{channel} =
[StepData{8,channel}(:,7);StepData{9,channel}(:,7)];
ohmicV_DIS{channel} = currentDIS{channel}.*ohmicR(channel);
OCV_DIS{channel} = voltageDIS{channel} - ohmicV_DIS{channel};
end

figure(3)
subplot(2,1,1)
hold on
for channel = 1:length(channels)
plot(SOC_ch{channel},OCV_CH{channel},'Color',color(channel,:))
end
xlabel('SOC, Charging')
ylabel('OCV (V)')
legend('1','2','3','4','5','6','7','8','9','Location','EastOutside')
axis([0,1,1.9,4.3])
subplot(2,1,2)
hold on
for channel = 1:length(channels)
plot(SOC_dis{channel},OCV_DIS{channel},'Color',color(channel,:))
end
xlabel('SOC, Discharging')
ylabel('OCV (V)')
legend('1','2','3','4','5','6','7','8','9','Location','EastOutside')
axis([0,1,1.9,4.3])

% Calculate the mean and standard deviation for charging and
discharging
% OCV values

41
targetSOC = 0:0.0001:1;
for target = 1:length(targetSOC)
for i = 1:length(channels)
xCH = SOC_ch{i} - targetSOC(target);
yCH = abs(xCH);
[valCH,indexCH] = min(yCH);
OCVforavgCH(i) = OCV_CH{i}(indexCH);
avgOCVCH(target) = mean(OCVforavgCH);
stdDiffCH = OCVforavgCH - avgOCVCH(target);
stdSqCH = stdDiffCH.^2;
stdSumCH = sum(stdSqCH);
stdDivCH = stdSumCH/(length(OCVforavgCH)-1);
stdDevCH(target) = sqrt(stdDivCH);
end
for j = 1:length(channels)
xDIS = SOC_dis{j} - targetSOC(target);
yDIS = abs(xDIS);
[valDIS,indexDIS] = min(yDIS);
OCVforavgDIS(j) = OCV_DIS{j}(indexDIS);
avgOCVDIS(target) = mean(OCVforavgDIS);
stdDiffDIS = OCVforavgDIS - avgOCVDIS(target);
stdSqDIS = stdDiffDIS.^2;
stdSumDIS = sum(stdSqDIS);
stdDivDIS = stdSumDIS/(length(OCVforavgDIS)-1);
stdDevDIS(target) = sqrt(stdDivDIS);
end
end
upperBoundCH = avgOCVCH + (3.*stdDevCH);
lowerBoundCH = avgOCVCH - (3.*stdDevCH);
upperBoundDIS = avgOCVDIS + (3.*stdDevDIS);
lowerBoundDIS = avgOCVDIS - (3.*stdDevDIS);

figure(4)
subplot(2,1,1)
hold on
plot(targetSOC,avgOCVCH)
plot(targetSOC,upperBoundCH,'r')
plot(targetSOC,lowerBoundCH,'g')
xlabel('SOC, Charging')
ylabel('OCV (V)')
legend('Mean OCV','Upper Bound (3 Standard Deviations)','Lower Bound (3
Standard Deviations)')
axis([0,1,1.9,4.3])
subplot(2,1,2)
hold on
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plot(targetSOC,avgOCVDIS)
plot(targetSOC,upperBoundDIS,'r')
plot(targetSOC,lowerBoundDIS,'g')
xlabel('SOC, Discharging')
ylabel('OCV (V)')
legend('Mean OCV','Upper Bound (3 Standard Deviations)','Lower Bound (3
Standard Deviations)')
axis([0,1,1.9,4.3])
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