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ABSTRACT
Hydrodynamic instability exists in turbulent shear flows. The presence of large-scale
vortices (coherent structures) in these shear flows is due to the hydrodynamic instability that
persists in these flows. It is considerably important to understand the development of these
coherent structures in these flows and the effect that flames have on them because vortices can
lead to flame wrinkling. For low vortex strengths, the flame wrinkles decrease the amplitude of
the vortices through the flame due to expansion of the gases through the flame. For high vortex
strengths, the amplitude of the vortices increase causing the flame to wrinkle and distort highly
to the point where the flame itself can create/destroy coherent structures [1]. Interaction of
flames with vortices also causes the heat release rate from the flame to fluctuate. This has
implications on engine emissions based on the completeness of combustion in, for example, an
internal combustion engine, and the heat loading to the structural components of the combustor.
Consequently, the goal of this research is to identify and track vortices in flows with
hydrodynamic instability, and understand the impact of flames on vortex generation,
development, and dissipation downstream. To achieve a better understanding of this, a suite of
analysis tools that use formulations depicting an accurate definition of a vortex core, or the
negative λ2 eigenvalue requirement of the velocity gradient tensor, was created. These codes
were then tested for accuracy using shear flows with known existence or absence of vorticities.
This suite of tools was used on velocity vector data gathered from a simple bluff-body flow field
at conditions with and without a flame.
The implications of these results are discussed and future work proposed.
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Chapter 1
Introduction
Fluid flows are all around us in predictable and unpredictable ways. From steam flowing
through a pipeline to air flow over an aircraft wing, engineers have made considerable
breakthroughs in the analysis of flows. One fundamental type of flow that has been extensively
analyzed are shear flows because of its occurrence in many applications such as boundary layers,
mixing layers, wakes, and jets. Shear flows, simply speaking, are flows that contain adjacent
layers of fluids, often viscous, that move parallel to each other with varying velocities. Said
another way, shear flows are flows with velocity gradients. The viscous fluid exerts a stress in
resistance to the shearing motion. In a boundary layer, the layer of fluid at the wall is retarded by
a bounding surface where the effects of viscosity are significant and the layers of fluids within
the boundary layer move at different speeds. Likewise, in mixing layers, the interaction of two
different fluids that have disparate velocities and, in some cases, different densities cause the
shear in the flow. Figure 1 shows an example of a mixing layer from Brown and Roshko [3]. In
this flow, the velocity of the flow above the splitter plate is faster than the flow below the splitter
plate. As a result, the vortices roll up clockwise as the flow travels from the left to right.
Vortices are readily identifiable in this flow field as the large, coherent, circular structures within
the mixing layer. They grow as they convect downstream because of entrainment of surrounding
fluid.
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Figure 1. Example of a mixing layer from Brown and Roshko [3]

The focus of this study is wake flows, which are also shear flows. A wake is a flow past a
solid body, where the shear in the flow is caused by the boundary layer separating from the solid
surface of the body. The viscous shear past the solid surface acts as the source of shear in the
flow. Additionally, wakes typically have recirculating flow downstream of the body. Imaging by
Prasad and Williamson [4] shows the features of the flow past a wake, as shown in Figure 1.
Using a cylinder as a bluff body, the instabilities intensify as Reynolds number increases. These
shear-layer vortices, as illustrated in Figure 1, appear earlier in the wake flow shown in Figure 2
as the Reynolds number increases. As the shear-layer instability intensifies downstream and the
boundary layer separates, at higher Reynolds numbers, wake vortices, also larger, circular, and
coherent in nature, begin to appear. In the following sections, the meaning of hydrodynamic
instability is explained, its presence in wakes is analyzed, and the dynamics of vortices and
coherent structures in conjunction with previous debates on the existence and impact of the two
in turbulent flow fields is discussed.
1.1 Hydrodynamic Instability
Hydrodynamic instability, which is the source of unstable flows that cause vortical
structures, or coherent structures, is present in the unsteady flow fields in combustors. Lieuwen
[5] classifies hydrodynamic instability into two types of flow instabilities, flow instabilities with
a small number of degrees of freedom, and flow instabilities that are
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Figure 2. Example of a near wake at various Reynolds numbers from Prasad and
Williamson [4]
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characterized by multiple degrees of freedom, as in the transition to turbulence. The focus of this
work is flow instability with a small number of degrees of freedom, as large coherent structures
like vortices arise from these instabilities.
There are certain necessary conditions for instability to occur in a flow field. One of the
most important conditions for instability in inviscid flows, is that “the mean velocity profile,
ux,0(y), has an inflection point, d2ux,0/dy2 = 0, somewhere in the flow domain” [5]. Inviscid,
inertial mechanisms tend to destabilize mixing layers, jets, and wake flow configurations. In
these types of flows, there are two spatially separated sheets of vorticity, which induce motion on
the vortex sheet. As time increases, these vortex sheets display large rotating motions as a result
of the hydrodynamic instability. This concept known as vortex mutual induction controls the
stability of inviscid flows. To conclude, hydrodynamic instabilities are controlled by the
distribution of vorticity and these inflection points characterized by the instability in flows is
where the occurrence of vortex cores appear.
1.2 Hydrodynamic Instability in Wakes
The evolution of vorticity in specific flow configurations such as wakes and jets are
particularly important in practical systems, particularly in combustors for aircraft and power
generation applications [6]. Wakes specifically are a set of free shear flows that occur when the
flow separates over a bluff body configuration. Free shear layers are regions of differing
velocities between two fluid streams [5]. In wakes, there exist two inflection points in the mean
flow velocity profile. These are identified in Figure 3 [7]. In this schematic, the boundary layer
surrounding the bluff body, the separated shear layer, and the wake are illustrated. The boundary
layer forms along the bluff body leading edge until it separates from the edges of the bluff body.
The separated shear layer forms from the trailing edges of the bluff body, and interact
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downstream. Last, the wake is subject to shear layer instabilities and vortex shedding instabilities
while developing into a jet further downstream in a reacting case. In wakes, there also exists two
interacting free shear layers, which represent the boundaries of the wake recirculating flow.
Continuing, two-dimensional wake flows are considered to be unstable at a Reynolds number of
ReD > 50 even though the transition to turbulence of the boundary layer does not occur until a
ReD = 200,000. At ReD < 200,000, the boundary layer is laminar, thus, the flow downstream is
driven largely by the shear layer and the wake process. At this range of Reynolds number,
absolute instabilities, and convective instabilities exist. The convective instability is the
separated shear layer instability, also known as the Kevin-Helmholtz (KH) instability. The
absolute instability is the asymmetric vortex shedding, which is referred to as the Benard-von
Karman (BVK) instability [5].

Figure 3. Features of a bluff body wake with a flame from Culler et al [7]

To end, now that the features of the wake flow fields are known, the effects that these
features have on combustion are discussed. According to Lieuwen [5], the BVK instabilities in
the bluff body near field is suppressed in the presence of combustion if there exist a sufficiently
high-density ratio across the flame. The time-averaged density ratio causes key flow feature
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differences in the reacting and non-reacting flow fields. Figure 4 shows that the BVK instability
magnitude becomes more evident as the as the density ratio σρ is less than 2. As a result, the
instabilities that dominate in a higher density ratio flow field, as seen in reacting flow fields, are
KH instabilities. In contrast, the instabilities that dominate in a lower density ratio flow field, or
non-reacting flow fields, are BVK instabilities ([4], [5], and [7]).

Figure 4. Plots of Asymmetric Vortex Shedding (BVK) with Density Ratios less than 2 from
Lieuwen [5]

1.3 Vortical Structures vs Coherent Structures
The vortex instabilities described above as the BVK instabilities have dynamics of their
own, independent of turbulence levels in the flow field. These vortex instabilities or coherent
structures are dominant in turbulent shear flows. However, turbulence is characterized by high
levels of fluctuating vorticity and can often be misunderstood as a coherent structure. As a result,

7

a re-clarification on vortical structures and coherent structures is needed to determine the scope
of the topics in this paper.
To begin, turbulence is often characterized by high levels of fluctuating vorticity and a
rotational and three dimensional phenomena [8]. Turbulent flows could simply not be described
without considering vorticity dynamics. Turbulent flows could also not be characterized without
3D dimensionality because the velocity fluctuations that characterize vorticity fluctuations could
not maintain themselves in two-dimensional flows since vortex-stretching is non-existent. This is
the reason why cyclones in the atmosphere, ocean waves, and atmospheric gravity waves are not
turbulent. In addition to the three-dimensional criteria, vortical structures are also associated with
transport and stretching of vorticity. To describe this concept, consider the relation between
Reynold stresses and eddies. The existence of Reynolds stress requires that the velocity
fluctuations u1 and u2 be correlated [8]. According to Tennekes and Lumley, evidence suggests
that eddies that effectively maintain the desired correlation between u1 and u2, and effective in
extracting energy from the mean flow are vortices that are aligned with the mean strain rate [8].
Thus, in order for a Reynolds stress to exist, vortical structures or eddies with these
characteristics must exist. The energy transfer mechanism for vortical structures described as
such is to be associated with vortex stretching. Vortex stretching is the conservation of angular
momentum that maintains the good correlation between velocity fluctuations as the vortical
structures are being strained by the shear. Vortex stretching allows vortices to extract energy
from the mean flow and for efficient energy transfer between eddies. In conclusion, vortical
structures are eddies that whose vorticity is roughly aligned with the mean strain rate and
characterized by the concept of vortex stretching.
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Turbulent fields are not only characterized by vortical structures. In fact, Hussain [9]
argues that coherent structures a “highly interesting characteristic feature of (perhaps all)
turbulent shear flows.” An official definition provided by Hussain for a coherent structure is a
connected, large-scale turbulent fluid mass with a phase-correlated vorticity over is spatial extent
[9]. In a later paper, Jeong and Hussain define coherent structures as spatially coherent,
temporally evolving vortical motions that dominate turbulent shear flows [2]. Turbulence is
characterized by three-dimensional random vorticity fluctuations. Coherent structures,
underlying the phenomena of vortical structures, is an organized component of the vorticity that
is coherent or phase correlated over the extent of the structure. In order to characterize coherent
structure, the best way is by characterizing the boundary of coherent vorticity, or spatially phasecorrelated vorticity. First, coherent structures are at a large scale comparable to the transverse
extent of the shear flow, or the random vortical structures. These structures transport a significant
amount of mass, heat, and momentum without needing to be highly energetic. Additionally,
coherent structures are mutually exclusive, or they cannot overlap with other coherent structures.
As a result, their interactions involve tearing and pairing of coherent substructures in a nonlinear
fashion. To end, coherent structures are repetitive, but do not need to have survival distances
much larger than the structure size, and do not need to contribute significantly to the kinetic
energy [9].
With the characteristics of both turbulence and coherent structures, both highlighted
previously, the relative importance of each and the identification of these structured in common
turbulent shear flows is often debated. According to Hussain, turbulence consists of both
coherent and phase-random (incoherent motions or in the context of this paper, vortical
structures) motions the latter is superimposed on the former and typically extends beyond the
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boundary of a coherent structure [9]. Although both are significantly important in different
aspects, the idea behind coherent structure research is the concept of repeatability. Coherent
structures are not only accurate in defining turbulent flow fields in the early stages in the shear
flow, but they are also mathematically representable. This allows for repeatability in similar
experiments, and provides an easier means of comparison in dissimilar research areas that deal
with turbulent flow fields. However, coherent structures have a decreasing lifetime with
increasing Reynolds number. As a result, it is not ideal to characterize turbulent flows in its
entirety only with coherent structure because coherent structures cannot account for most of the
turbulence transport in fully developed flows, which is particularly where vortical structures are
comparably significant to coherent structures.
The goal of this work is to identify and track vortices (coherent structures) in flows with
hydrodynamic instability, understand the impact of flames on vortex development, and
understand the difference in vortex shedding between reacting and non-reacting cases.
Hopefully, throughout the contents of this paper, the clarity of what a coherent structure really is
will come about and the applications of the suite of tools that will identify and track these
vortices clarifies this even further.
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Chapter 2
Mathematical Formulation
In order to track a vortex with any certainty, a vortex must be both qualitatively and
quantitatively defined so as to be found in an arbitrary flow field. Jeong and Hussain [2] tackle
this definition and propose an accurate theoretical definition of what a vortex core is. Their
definition is based on eigenvalue calculations of the symmetric tensor S2 + Ω2. Here S is the
symmetric components of the velocity gradient tensor, 𝛁𝐮 and Ω the antisymmetric components
of 𝛁𝐮. In this analysis, the second eigenvalue λ2, in which λ1 ≥ λ2 ≥ λ3, must be negative within
every vortex core. Simply stated, in order to identify a vortex core within a flow field, there must
be a connected region with a negative eigenvalue associated with a local pressure minimum in a
flow.
This mathematical concept correctly captures the inconsistency between the existence of
a pressure minimum, which occurs at the center of a vortex but does not necessarily indicate that
a vortex is present, and a vortex core. Other methodologies, including complex eigenvalue
calculations of velocity gradient 𝛁𝐮 to classify the local streamline pattern around any point in a
flow, and the positive second invariant of 𝛁𝐮 and kinematic vorticity Nk with the condition that
pressure be lower than the ambient value, do not capture this important difference for all types of
flows. The existence of a pressure minimum alone cannot accurately define a vortex in all
applications. From Jeong and Hussain, within a vortex core, pressure tends to have a local
minimum on the axis of a swirling motion when the pressure force balances the centrifugal force.
However, a pressure minimum condition can result from consequences from the unsteady strain
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rate in an unsteady axisymmetric flow that has no swirl or vorticity. Additionally, in planar
stokes flow were viscous vortex cores exist, the pressure gradient is balanced by the viscous term
in the Navier Stokes equation and thus a pressure minimum does not exist. These two examples
illustrate the failure of a pressure minimum condition to define a vortex core within
axisymmetric flows as well as planar stokes flow. Thus, to define a vortex core these
inconsistencies need to be corrected.
Vortex identification can be described mathematically from the Navier Stokes equations,
which describe conservation of mass and momentum in fluid flow assuming the following: the
fluid is a continuum, or a continuous substance, with constant properties (i.e. density, kinematic
viscosity), and taking into consideration that the flow is unsteady, irrotational, and axisymmetric.
In mathematical terms, taking the gradient of the Navier Stokes equation allows us to derive the
acceleration gradient, which identifies a correlation between a local pressure extrema and the
fluid flow considerations. This in turn, will help us account for the two inconsistencies in the
pressure minimum definition and the methodologies above.
The acceleration gradient contains a symmetric and antisymmetric component. The
symmetric component of this gradient yields:
𝑫𝑺𝒊𝒋
𝑫𝒕

𝟏

− 𝝂𝑺𝒊𝒋,𝒌𝒌 + 𝜴𝟐 + 𝑺𝟐 = − 𝝆 𝒑𝒊𝒋

(1)

To account for the two inconsistencies in the pressure definition, the unsteady irrotational
straining,

𝐷𝑆𝑖𝑗
𝐷𝑡

, and the viscous effects, 𝜈𝑆𝑖𝑗,𝑘𝑘 , were not taken into account. As a result,

calculating the negative eigenvalues of S2 + Ω2, determines the local pressure minimum between
two connected regions. The following mathematical formulation will lay the groundwork for the
code that will identify vortex cores inputting velocity field data using the understanding
described above.
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To start, let us define all variables of interest and their relative importance in the vortex
definition. The coordinate system used throughout the initial analysis is defined in two
dimensions. The y-direction is defined as the flow direction in the three bluff body rig and thus
the x-direction is defined as the axial direction, the axis that positions the three bluff bodies as
seen in Figure 5.

Bluff Body

Flow Direction

Figure 5. Schematic highlighting the x and y directions, the flow direction, and the bluff
body positioning

We define the velocity field u as a function of both x and y or u = f(x, y). The velocity
gradient tensors are given by the gradient of the x-component of the velocity, or 𝛁𝐮, and the ycomponent of the velocity, or 𝛁𝐯. These can be written as
𝝏𝒖

𝝏𝒖

𝝏𝒗

𝝏𝒗

𝛁𝐮 = 𝝏𝒙 𝒊 + 𝝏𝒚 𝒋 , 𝛁𝐯 = 𝝏𝒙 𝒊 + 𝝏𝒚 𝒋

(2)
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And drawn in matrix notation as such
𝒖𝒊,𝒊

𝛁𝐮 = [𝒖

𝒋,𝒊

𝒖𝒊,𝒋
𝒗𝒊,𝒊
]
𝛁
𝐯
=
[
𝒖𝒋,𝒋
𝒗𝒋,𝒊

𝒗𝒊,𝒋
𝒗𝒋,𝒋 ]

(3)

Per Jeong and Hussain’s definition, S is defined as the symmetric components of the
velocity gradient tensor, 𝛁𝐮 and Ω the antisymmetric components of 𝛁𝐮. Within our application
S and Ω can be written as 𝐒𝒊𝒋 =

1
2

(𝒖𝒊,𝒋 + 𝒖𝒋,𝒊 ) and 𝛀𝒊𝒋 =

1
2

(𝒖𝒊,𝒋 − 𝒖𝒋,𝒊 ), respectively. Expanding

the symmetric and antisymmetric components defined by the formulas above, S and Ω can be
written in matrix notation as
𝐒
𝐒𝒊𝒋 = [ 𝟏𝟏
𝐒𝟐𝟏
𝛀
𝛀𝒊𝒋 = [ 𝟏𝟏
𝛀𝟐𝟏

𝟏 𝝏𝒖

𝝏𝒖

( + 𝝏𝒙)
𝐒𝟏𝟐
𝟐 𝝏𝒙
] = [𝟏 𝝏𝒗 𝝏𝒖
𝐒𝟐𝟐
( + 𝝏𝒚)
𝟐 𝝏𝒙
𝟏 𝝏𝒖

𝝏𝒖

𝟏 𝝏𝒖
𝝏𝒗
( + 𝝏𝒙)
𝟐 𝝏𝒚
]
𝟏 𝝏𝒗
𝝏𝒗
(
+
)
𝟐 𝝏𝒚
𝝏𝒚

( − 𝝏𝒙)
𝛀𝟏𝟐
𝟐 𝝏𝒙
] = = [𝟏 𝝏𝒗 𝝏𝒖
𝛀𝟐𝟐
( − 𝝏𝒚)
𝟐 𝝏𝒙

𝟏 𝝏𝒖
𝝏𝒗
( − 𝝏𝒙)
𝟐 𝝏𝒚
]
𝟏 𝝏𝒗
𝝏𝒗
(
−
)
𝟐 𝝏𝒚
𝝏𝒚

(4)

(5)

Since the definition of a vortex core calls for the eigenvalues of S2 + Ω2, the expansion of S2 +
Ω2 is also needed and shown bellow
1 𝜕𝑢 𝜕𝑢 2
𝜕𝑢 𝜕𝑣 𝜕𝑣 𝜕𝑢
[( + ) + ( + ) ( + )]
4 𝜕𝑥 𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜕𝑥 𝜕𝑦
𝐒𝟐 =
1 𝜕𝑣 𝜕𝑢 𝜕𝑢 𝜕𝑢
𝜕𝑣 𝜕𝑣 𝜕𝑣 𝜕𝑢
[( + ) ( + ) + ( + ) ( + )]
[4 𝜕𝑥 𝜕𝑦 𝜕𝑥 𝜕𝑥
𝜕𝑦 𝜕𝑦 𝜕𝑥 𝜕𝑦

1 𝜕𝑢 𝜕𝑢 𝜕𝑢 𝜕𝑣
𝜕𝑢 𝜕𝑣 𝜕𝑣 𝜕𝑣
[( + ) ( + ) + ( + ) ( + )]
4 𝜕𝑥 𝜕𝑥 𝜕𝑦 𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜕𝑦 𝜕𝑦
1 𝜕𝑣 𝜕𝑣 2
𝜕𝑣 𝜕𝑢 𝜕𝑢 𝜕𝑣
[( + ) + ( + ) ( + )]
4 𝜕𝑦 𝜕𝑦
𝜕𝑥 𝜕𝑦 𝜕𝑦 𝜕𝑥
]

and
1 𝜕𝑢 𝜕𝑢 2
𝜕𝑢 𝜕𝑣 𝜕𝑣 𝜕𝑢
[( − ) + ( − ) ( − )]
4
𝜕𝑥
𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜕𝑥 𝜕𝑦
𝛀𝟐 =
1 𝜕𝑣 𝜕𝑢 𝜕𝑢 𝜕𝑢
𝜕𝑣 𝜕𝑣 𝜕𝑣 𝜕𝑢
[( − ) ( − ) + ( − ) ( − )]
[4 𝜕𝑥 𝜕𝑦 𝜕𝑥 𝜕𝑥
𝜕𝑦 𝜕𝑦 𝜕𝑥 𝜕𝑦

1 𝜕𝑢 𝜕𝑢 𝜕𝑢 𝜕𝑣
𝜕𝑢 𝜕𝑣 𝜕𝑣 𝜕𝑣
[( − ) ( − ) + ( − ) ( − )]
4 𝜕𝑥 𝜕𝑥 𝜕𝑦 𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜕𝑦 𝜕𝑦
2
1 𝜕𝑣 𝜕𝑣
𝜕𝑣 𝜕𝑢 𝜕𝑢 𝜕𝑣
[( − ) + ( − ) ( − )]
4 𝜕𝑦 𝜕𝑦
𝜕𝑥 𝜕𝑦 𝜕𝑦 𝜕𝑥
]

The code itself follows the mathematical formulation discussed above to its last detail.
The velocity data inputted corresponds to a file that is 16000 by 128 by 128, 8000 data images
corresponding to the x-component of the velocity, and 8000 data images corresponding to the ycomponent of the velocity with a resolution of 128 pixels per image. Some of the coding
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requirements that were encountered in trying to reduce the dimensions of the variables to their
required dimension size to carry out the math correctly. Varieties of methods were used to
achieve this such as the use of for loops and the squeeze function. For example, one of the key
variables described above was S, the symmetric components of the velocity gradient tensor. To
create S, a five-dimensional double consisting of velocity image number, 128 pixel data in the x
direction, 128 pixel data in the y direction, the x components of S, and the y components of S, a
for loop was used in an iterative manner as shown in the piece of code shown in Figure 6.

Figure 6. Code that illustrates how S, S2, Ω, and Ω2 are created

Ω, is created in the same iterative manner. Once this portion was created through the loop, the
squeeze function eliminated all singular dimensions for plotting contours, and to reduce
dimension sizes for several functions such as the eig function or the curl function. Once S and Ω
were created, the eigenvalue calculations were relatively straightforward to carry out. Another
for loop was used to solve for each eigenvector (although the eigenvectors in this calculation do
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not provide pertinent information) and eigenvalue of S2 + Ω2, which is specified as A in Figure 7.
To determine if these eigenvalues form a vortex core, one needs to identify which of these
eigenvalues are negative. The way this was achieved was through the creating of a colormap.
The colormap was created to make all positive eigenvalues that resulted from the loop as white,
and all the negative eigenvalues that resulted as different shades of blue. When using this
colormap in various contours, one can identify were vortex cores are forming by easily
distinguished between the blue colored parts to the white colored parts. Figure 7 shows the
colormap matrix used in the code and Figure 8 shows an example of the use of this colormap in a
sample data set.

Figure 7. Description of the eigenvalue calculations and colormap
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Figure 8. Colorbar depicting the colormap used to identify vortex cores

The mathematical formulation behind the code lays the proper framework that helps
identify the formations of these vortices. In the following sections, the code will be tested for
accuracy and correctness by applying it to a number of cases of synthetic data in which the
existence or the lack there of vortex cores are known. Velocity test cases were created with
similar syntax as the code to simulate velocity profiles that are well known.
2.1 Test Case I – Uniform Velocity Field
The first test case comprised of a uniform velocity field in which all components were
constant; this flow field contains no vorticity and no vortices. The x-component of the velocity,
defined in the test case 1 file as vx and then loaded into the variable ux in the code, is taken to be
as zero throughout. The y-component of the velocity, defined in the test case 1 as vy and then
loaded into the variable uy in the code, is defined as 1 uniformly at every (x, y) location. This
corresponds to a uniform velocity that should not generate any sort of vorticity, as there is only
flow in one direction and thus no spinning motion results from it. The output results from the
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code should thus be an empty contour plot with the referenced velocity vectors in a quiver plot
shown above the contour for reference. Additionally, the symmetric and antisymmetric
components of the velocity gradient tensor should also produce an empty contour plot, as there is
no shear in the flow field. Consequently, because S and Ω are both constant zero contours, the
eigenvalue plot would also be an empty contour.
The following plots illustrate the results of the first test case. A contour and quiver plot
were used to show the empty contour of the y-component of the velocity (Figure 9a). A surface
plot was used for the S, Ω, and λ plots in order to clearly show that the contour is zero
throughout (Figure 9b, c, and d respectively). Again, the quiver plots show the magnitude and
direction of the velocity components at every x and y location that are 128 by 128 pixels in size.
From the results, one can infer that the code indeed works for a constant data set with no
vorticity.

(a)

(b)
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(c)

(d)

Figure 9. Test Case I Plots of (a) u, (b) S, (c) Ω, and (d) λ

2.2 Test Case II – Constant Velocity Gradient
Test case number 2 is a field with a constant velocity gradient. The x-component
of the velocity, defined in the test case 2 file is also taken as zero throughout. The y-component
of the velocity is defined as uniformly increasing with x or
𝒖𝒚 = 𝒙

(6)

Again, although this velocity field is increasing particularly in the y-direction, this field should
not generate any vortex cores, since the flow is in only one direction, although it does contain
shear and so should have non-zero, and constant, vorticity. To show this,
𝝏𝒖

𝝎 = 𝜵 𝒙 𝒖𝒚 = ( 𝝏𝒚𝒛 −

𝝏𝒖𝒚 𝝏𝒖𝒙
,
𝝏𝒛 𝝏𝒛

−

𝝏𝒖𝒛 𝝏𝒖𝒚
,
𝝏𝒙 𝝏𝒙

−

𝝏𝒖𝒙
)
𝝏𝒚

𝝏𝒖

= ( 𝝏𝒙𝒚 −

𝝏𝒖𝒙
)
𝝏𝒚

(7)

shows the definition of vorticity in a flow independent of the z coordinate. When the curl of uy is
taken, the term

𝜕𝑢𝑦
𝜕𝑥

, results in unity vorticity for the velocity field in Case II. Figure 10 shows the

constant unity vorticity field for Case II.
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Figure 10. Unity Vorticity Field

The following plots illustrate the results of this test case. Similar, to test case I, a contour
and quiver plot were used to show the empty contour of the y-component of the velocity (Figure
11a). A surface plot was used for the S, Ω, and λ plots in order to clearly show that the contour is
zero throughout (Figure 11b, c, and d respectively). The quiver plot shows the steady increase in
velocity vectors, showing a gradual shading as the vectors increase. From the results, one can
infer that the code indeed works for all uniform data sets with no vorticity.

(a)

(b)
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(c)

(d)

Figure 11. Test Case II Plots of (a) u, (b) S, (c) Ω, and (d) λ

2.3 Test Case III – Potential Vortex
The third test case describes a velocity field that has a vortex embedded within it. The
flow, known as Potential Flow or Potential Vortex, is defined in a polar coordinate system. In
this case, the radial velocity, vr or ur, component is taken as zero. The angular velocity, vθ or uθ,
component is defined as
vθ =

𝒄
𝒓

(8)

Where c is a scalar constant taken as two. Converting these velocities from polar coordinates to
Cartesian coordinates, the following equations are derived:
vx = -c*sin(θ)

(9)

vy = c*cos(θ)

( 10 )

Where θ = tan-1(y/x) with both y and x ranging from –π to π. Because there are both x and y
velocity components in this velocity field, there should be vortex core formation, as we expect.
The following plots illustrate the results of Case III. A contour and quiver plot were used
to show the contour of the theta-component of the velocity (Figure 12a). Notice how there is a
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swirling motion in the center of the quiver and the center of the contour (Figure 12a, and b). This
is the location were the vortex is forming for the velocity contour. The symmetric and
antisymmetric components are very similar in shape yet inversed (Figure 12c, and d). This
explains the shape of the contour and vortex cores for the λ contour plot (Figure 12e). The quiver
plots shows the rotational motion of the potential vortex, were the vectors gravitate towards a
mid-point. From the results, one can infer that the code indeed works for test cases that contain
vortical motions and thus contain vortex cores.

(a)

(b)
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(c)

(d)
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(e)
Figure 12. Test Case III Plots of (a) u, (b) u zoomed in, (c) S, (d) Ω, and (e) λ

2.4 Test Case IV – Q-Vortex
Last, the fourth test case depicts what is known as a Q-Vortex, which is also defined in
polar coordinates [10] and is a common model vortex in the literature. In this case, the radial
velocity, vr or ur, component is taken as 0. The angular velocity, vθ or uθ, component is defined
as
vθ =

𝝎
(𝟏 −
𝒓

𝟐

𝒆−𝜷𝒓 )

( 11 )
1

Where ω is the ratio of angular velocity to the change in axial velocity and β is 4𝜈 [10].
Converting these velocities from polar coordinates to Cartesian coordinates, the following
equations are derived:
𝒚

vx = −𝝎 ∗ 𝐬𝐢𝐧(𝐭𝐚𝐧−𝟏(𝒙))(𝟏 − 𝒆−𝜷(𝒙
𝒚

vy = 𝝎 ∗ 𝐜𝐨𝐬(𝐭𝐚𝐧−𝟏(𝒙))(𝟏 − 𝒆−𝜷(𝒙

𝟐 +𝒚𝟐 )

𝟐 +𝒚𝟐 )

)

( 12 )

)

( 13 )
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Where both y and x ranging from –π to π. Again, because there are both x and y velocity
components in this velocity field, there should be vortex core formation.
The following plots show the results of Case IV. A contour and quiver plot were used to
show the contour of the theta-component of the velocity (Figure 13a). There is a similar swirling
motion in the center of the quiver and the center of the contour with a smaller magnitude as
compared to Test Case III (Figure 13a, and b). The symmetric and antisymmetric components
are very similar in shape and are inversed as in Test Case III (Figure 13c, and d). Test Case IV
does differ in the magnitude of u, S, Ω, and λ that which is smaller than Test Case III.
Additionally, the quiver plots shows the rotational motion of the Q-vortex, were the vectors
gravitate towards a mid-point. The vectors differentiate themselves from the potential vortex by
the spike generated in the bottom-center of the quiver plots. From the results of all test cases, one
can infer that the code is verified to work with all synthetic data inputs.

(a)

(b)
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(c)
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(d)

(e)
Figure 13. Test Case IV Plots of (a) u, (b) u zoomed in, (c) S, (d) Ω, and (e) λ
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Chapter 3
Experimental Setup
Inspiration for this experimental setup came from the experiment carried out by Santosh
K. Shanbhogue, Michael Seelhorst, and Tim Lieuwen in their work on acoustically excited bluff
body flames [1]. Shanbhogue et al. created a bluff body rig with one bluff body centered at the
end of a long square tube. The experiment was used to study the effects of acoustic excitation on
bluff body stabilized flames.
The experimental setup used for the analysis throughout this paper is very similar to
Shanbhogue’s described above, and is shown in Figure 14.

(a)

(b)

Figure 14. (a) Schematic of experimental setup (red arrow shows flow direction), and (b)
illustration of bluff-bodies with time-averaged flame image.

The measurements used as inputs for the code are obtained in a 12 inch by 4 inch
rectangular combustor. In order to ensure that the flow of interest is uniform at the exit chamber
of the apparatus, 2, 4 inch thick, 1/8” cell diameter plastic honeycombs and a metal perforated
plate six inches below the exit are used. The combustor includes three triangular prismatic bluff-
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bodies that are 0.75 inch wide each instead of the one bluff body used by Shanbhogue. The
triangular bluff-body shape ensures that the flow field and flame structure that curls off the bluff
bodies remain symmetric and two-dimensional. The desire for a 2D flow field enables the use of
planar diagnostics to capture the flame and flow dynamics.
The flame and flow dynamics data are captured with a time-resolved, planar Particle
Image Velocimetry (PIV) measurement technique. The technique requires a high speed laser
(Quantronix Hawk-Duo 532 nm Nd:YAG dual cavity laser) and laser plane to be located along
the center plane of the testing apparatus. This laser plane is where velocities in the axial and
cross-stream directions are captured, with the use of a high-speed camera (Photron Fastcam SA 5
fitted with a Makro-Planar 100 mm lens), a particle seeder, and a 532 nm band pass filter used on
the camera to remove flame luminescence from the image. Velocity is calculated using PIV
calculations in DaVis 8.2.0 from LaVision. At each necessary condition, 8001 images were
obtained using a data acquisition rate of 4 kHz. Then the images were processed into 8000
velocity fields with each field containing 11,000 vectors with a spatial resolution of 1.3 mm. This
velocity field data is then inputted into the code for further analysis.
In order to create the flame propagation to capture the necessary velocity data, a
combustion reaction must occur in the combustor. A premixed fuel and air at an equivalence
ratio of 0.8 is used; the natural gas fuel contains 97.9% of methane. The necessary air is supplied
to the apparatus by an air compressor system capable of providing air at 340 psig. The airflow
rate is controlled using a combination of a gate and a needle valve. The necessary natural gas is
supplied to the apparatus with the use of two compressed natural gas fuel bottles and then
reduced to an operating pressure of 170 psig. Both the pressure of the air and fuel are reduced to
their respective operating pressures and flow rate with the use of separate Belgas pressure
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regulators and Thermal Instrument flow meters; the air uses a Belgas model P627 pressure
regulator and Thermal Instrument Model 600-9/9500P flow meter, and the fuel uses a Belgas
P39 pressure regulator.
The time-averaged flow profile from this experiment is shown in Figure 15, which plots
the time-averaged axial velocity at three downstream distances for both a flow field with a single
bluff body, as in Shanbhogue et al., and three bluff bodies, as in the current study. These results
are provided a two Reynolds numbers, or bulk flow velocities. It is evident from these profiles
that a wake structure is present; recirculating flow occurs at x/D=1 in all cases, where the axial
flow is negative behind the bluff body (from approximately y/D= -0.5 to y/D=0.5). Additionally,
inflection points are present in all the flow profiles, indicating the potential for hydrodynamic
instability and vortex formation.

Re=4000

Re=6000

Figure 15. Comparison of mean velocity profiles for various downstream locations
between the single flame and interacting flame cases [7]
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Chapter 4
Effect of Flame on Vortex Development – 2D Bluff Body Rig
Reacting and non-reacting flow cases were studied to analyze the different aspects that
directly affect vortex development. In particular, the analysis focuses on vortex formation and
initial motion at the separation point of the bluff body. This is the region where the vortices will
be the most coherent, as turbulent fluctuations have not acted upon them and reduced their
coherency. As such, only a small portion of the overall flow field is analyzed, and is referred to
as the “sub-image.” Initially, a sensitivity study is performed in which different sub-image sizes
and vortex size thresholds were analyzed to understand the sensitivity of the vortex tracking and
quantification methods to the imposed parameter space. In chapter two, the identification of
vortices was achieved by creating contour plots with a specific colormap that highlighted only
the negative eigenvalues of the velocity gradient tensor by blue. In this chapter, a new sub-image
is created with the negative eigenvalues. These negative eigenvalues form connected regions that
represent vortices. These vortices are then tracked as they move downstream through this subimage. The number of vortices that form and pass through the sub-image, and the size and
trajectory of these vortices, are eventually analyzed in the next sections.
4.1 Vortex Imaging and Code Breakdown
To begin, vortex tracking was targeted at a sub-image of the eigenvalues extracted from
the previous analysis. The location of interest for the placement of this bluff body was at the
zone of vortex shedding, which is the corner edge of the bluff bodies. For our analysis, the
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middle bluff body was chosen because of the symmetric boundary conditions on either side;
there is another bluff body flow and flame on either side of the center bluff body, providing
consistent boundary conditions for both sides of the bluff body. However, only one side of the
bluff body is considered in this analysis as previous studies have shown that the flow field is
symmetric about the bluff body axis [1]. Figure 16 illustrates the central bluff body and where
the sub-image is located in reference to the center of the bluff body. Throughout the analyses in
this chapter, the location for the bluff body edge is constant and is taken to be at the point (72,
25) in units of pixels. The image box size was changed for the purposes of this study from 10 by
10 pixels, to 15 by 15, 20 by 20, and 25 by 25 pixels. This range of sub-image was determined
based on the vortex size that was of concern, which are given by the vortex cut-off threshold.
The vortex size cut-off threshold was determined to range from 3 pixels to 15 pixels. The wide
range of vortex size cut-off threshold would help determine a significant vortex size that yields
identifiable and trackable vortices throughout the flow. Setting a vortex size minimum avoids the
issue of tracking spurious data as actual vortices.

(a)
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(b)
Figure 16. Plot of Velocity Showing the location of the bluff body in reference with the midpoint of the bluff body (a), the bluff body edge (b), and the sub-image (a and b)

To extract the sub-image, a simple for loop was used (see Appendix A for the actual
code). The for loop would run for the amount of images selected, which in this case was 100
images, storing each pixel element in an equal size matrix called sub_im. This sub_im contains
both positive eigenvalues as well as negative eigenvalues. Thus in order to identify vortices
properly, within the loop, an if statement is used to determine which values are negative in each
iteration and stores these values in a new sub image called new_sub_im, while storing each nonnegative value as zero. Now that a new sub image containing only the negative λ2 values was
determined, tracking the vortices that pass through each sub image was feasible. To achieve this,
first the find command was used to find each non-zero value in this new_sub_im. The find
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command outputted the x and y element locations where a negative value was found into a
matrix. From this matrix, data filtering was conducted.
In order to identify these negative values as a vortex, recall the definition agreed upon
earlier, there must be a connected region with a negative eigenvalue associated with a vortex in
a flow (see chapter 2). Thus, an important criterion to determine if a vortex is present in the subimage is that there must be a connected region of negative eigenvalues, which is why the cut-off
threshold is needed. The cut-off threshold is the criteria for the amount of negative eigenvalues
that have to be connected to identify that region as a vortex. Another for loop coupled with
several if statements were used to count how many negative eigenvalues were connected per
image, thus determining if a vortex exist in this sub-image. If a vortex exists in this sub image, a
count was started and stored in the variable g. The variable g represents a matrix of zeros and
ones. A value of one means that the image corresponding to that iteration has a vortex at the
given threshold and thus a value of zero represents an image in that iteration that does not
contain a vortex at that threshold. In this analysis, the code goes through 100 images for a
reacting and a non-reacting case. Each of these 100 images that contains a vortex of this image
will be stored in g. This process gives us a method to study how many vortices pass through this
sub-image, the frequency to which vortices shed off the bluff body edge, the size of these
vortices, and how vortices change downstream. Last, the qualitative difference between these
metrics in reacting and non-reacting flows was also studied to understand the impact of a flame
on vortex development.
4.2 Non-Reacting vs Reacting: Vortex Shedding Frequency
To begin, a sensitivity analysis on the sub-image window size was done on non-reacting
and reacting cases. The non-reacting cases are identified in red. The reacting cases are identified
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in blue. The smallest sub image window size studied was a 10 pixel by 10 pixel sub-image box.
Figure 17 depicts the 10 by 10 sub image of the non-reacting vortices that form in relation to the
whole frame.

Figure 17. Non-reacting: 10x10 Sub Image

Within this frame, an analysis of different vortex cut-off sizes was executed. The first
cut-off size analyzed was 3 pixels. Figure 18 shows the amount of images that contain a vortex.
In Figure 18, 75 of the 100 images passed the vortex-threshold and thus have a vortex that is 3
pixels long or 3 pixels wide. In Figure 18. Non-React. 10x10: Cut-off 3 Pix

Figure 19.

Non-React. 10x10: Cut-off 5 Pix the cut-off threshold was increased to 5 pixels. After the cut-off
threshold was changed, only 48 of the 100 images contained a vortex of this size. As the cut-off
threshold was increased to 7, 10, 12 and to 15, the number of images that did have a vortex
corresponding to these cut-off thresholds decreased rapidly from 48 to 22, 2, 1, and to 0. As
compared to the reacting cases seen in Figure 21-23, the number of images that passed were by
far greater than the non-reacting case, decreasing from 87 to 75, 54, 34, 27, and to 15 images at a
cut-off threshold of 3, 5, 7, 10, 12, and 15 respectively. In Figure 45 a plot g vs cut-off threshold
was plotted as a comparison tool for convergence between the non-reacting and reacting cases.
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From this figure, one can infer that vortices are larger in all reacting cases than in the nonreacting cases and as a result, a 10 by 10 pixel sub image box size is not ideal for this analysis.

Figure 18. Non-React. 10x10: Cut-off 3 Pix

Figure 20. Non-React. 10x10: Cut-off 7 Pix

Figure 19. Non-React. 10x10: Cut-off 5 Pix

Figure 21. React. 10x10: Cut-off 3 Pix

36

Figure 22. React. 10x10: Cut-off 5 Pix

Figure 23. React. 10x10: Cut-off 7 Pix

The next sub-image size that was analyzed was a 15 pixel by 15 pixel sub-image box. A
similar sensitivity analysis on this sub-image window size considering six cut-off thresholds of 3,
5, 7, 10, 12, and 15 was also conducted. Figure 24 depicts the 15 by 15 sub image of the nonreacting vortices that form in relation to the whole frame.

Figure 24. Non-reacting: 15x15 Sub Image

As before, the first cut-off size analyzed was 3 pixels. Figures 25-27 show the 3 plots of g
corresponding to cut-off sizes of 3, 5 and 7. As the cut-off threshold was increased for the nonreacting case from 3 to 5, 7, 10, 12, and to 15 with a window size of 15 by 15 pixels, the count of
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vortices that existed in this window reduced from 99 to 94, 81, 61, 48, to 27. As compared to the
reacting cases seen in Figures 28-30, the count of vortices that existed in this window reduced
from 99 to 97, 95, 79, 65, and to 48. As noted, with a slightly larger window size larger vortices
can be captured. As a result, more and more vortices are identifiable for the different thresholds
for both the non-reacting and the reacting cases, which in turn makes the 15x15 pixel image box
one of the more viable options for analysis. Interestingly enough, for both cases, the cut-off
threshold seems to begin with a similar trend for the first three cut-off thresholds. However, there
seems to be a bigger disparity between the larger cut-off thresholds in the reacting and nonreacting cases. This suggests that larger vortices are correlated with reacting cases and smaller
vortices are formed at a greater frequency in the non-reacting cases. A possible reason to why
there is this correlation is because of dilatation. Dilatation is the action of gas expansion by the
presence of the flame ([1] and [11]). When a vortex crosses the flame, the density of the fluid
inside goes down and so the vortex will be larger.

Figure 25. Non-React. 15x15: Cut-off 3 Pix

Figure 26. Non-React. 15x15: Cut-off 5 Pix
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Figure 27. Non-React. 15x15: Cut-off 7 Pix

Figure 28. React. 15x15: Cut-off 3 Pix

Figure 29. React. 15x15: Cut-off 5 Pix

Figure 30. React. 15x15: Cut-off 7 Pix
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The third sub-image size that was analyzed was a 20 by 20 pixel sub-image box. A
similar sensitivity analysis was conducted on this sub-image window size considering six cut-off
thresholds of 3, 5, 7, 10, 12, and 15. Figure 31 depicts the 20 by 20 sub image of the non-reacting
vortices that form in relation to the whole frame.

Figure 31. Non-reacting: 20x20 Sub Image

The first cut-off size analyzed was 3 pixels. Figures 32-34 show the 3 plots of g
corresponding to cut-off sizes of 3, 5 and 7 for the non-reacting case. As the cut-off threshold
was increased for the from 3 to 5, 7, 10, 12, and to 15 with a window size of 20 by 20 pixels, the
count of vortices that existed in this window reduced from 100 to 99, 99, 89, 79, and to 61. As
compared to the reacting cases seen in Figure 35-37, the count of vortices that existed in this
window reduced from 100 to 99, 99, 94, 90, and to 81. The drop off between the first few vortex
cut-off thresholds is very minimal if none at all. This suggests that at larger window sizes, larger
vortices should be tracked even for non-reacting cases.
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Figure 32. Non-React. 20x20: Cut-off 3 Pix

Figure 33. Non-React. 20x20: Cut-off 5 Pix

Figure 34. Non-React. 20x20: Cut-off 7 Pix

Figure 35. React. 20x20: Cut-off 3 Pix

Figure 36. React. 20x20: Cut-off 5 Pix

Figure 37. React. 20x20: Cut-off 7 Pix
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The last sub-image size that was analyzed was a 20 by 20 pixel sub-image box. A similar
sensitivity analysis was conducted on this sub-image window size considering six cut-off
thresholds of 3, 5, 7, 10, 12, and 15. Figure 38, depicts the 25 by 25 pixel sub image of the nonreacting vortices that form in relation to the whole frame.

Figure 38. Non-reacting: 25x25 Sub Image

Figures 39-41 show the 3 plots of g corresponding to cut-off sizes of 3, 5 and 7 for the nonreacting case. As the cut-off threshold was increased for the from 3 to 5, 7, 10, 12, and to 15 with
a window size of 25 by 25 pixels, the count of vortices that existed in this window reduced from
100 to 100, 100, 100, 99, and to 92. As compared to the reacting cases seen in Figure 42-44, the
count of vortices that existed in this window reduced from 100 to 100, 100, 100, 99, and to 94. A
highlight of this sensitivity analysis is shown in Table 1.
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Table 1. Number of Images that contain a vortex at the given threshold and sub-image size

Non-Reacting

10x10 [pix]

15x15 [pix]

20x20 [pix]

25x25 [pix]

3

75

99

100

100

5

48

94

99

100

7

22

81

99

100

10

2

61

89

100

12

1

48

79

99

15

0

27

61

92

Reacting

10x10 [pix]

15x15 [pix]

20x20 [pix]

25x25 [pix]

3

87

99

100

100

5

75

97

99

100

7

54

95

99

100

10

34

79

94

100

12

27

65

90

99

15

15

48

81

94

Cut-Off Threshold

Cut-Off Threshold
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Figure 39. Non-React. 25x25: Cut-off 3 Pix

Figure 41. Non-React. 25x25: Cut-off 7 Pix

Figure 43. React. 25x25: Cut-off 5 Pix

Figure 40. Non-React. 25x25: Cut-off 5 Pix

Figure 42. React. 25x25: Cut-off 3 Pix

Figure 44. React. 25x25: Cut-off 7 Pix
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Figure 45. Convergence Analysis of g vs cut-off threshold

The plots shown in Figure 45 and Table 1 summarizes the sensitivity analysis conducted
throughout this section. There is a steady increase in the vortices that are identified with increase
in window-size. With lower window size, there is a larger disparity between the identifiable and
trackable vortices in reacting and non-reacting cases. As the window sized increase, the nonreacting and reacting cases converge with each other. Ideally, the optimal sub-image size that I
would recommend that would allow for tracking adequate sized vortices while still capturing the
differences between reacting and non-reacting cases would be a 20 by 20 pixel window size at a
cut-off threshold size of 12 pixels. With these conditions, different sized vortices ranging from 3
pixels to 15 pixels could be identified, vortices are easier to track downstream at a larger cut-off
threshold because they are larger and more identifiable in a flow, and one can explain the impact
between reacting and non-reacting flows more accurately.
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4.3 Non-Reacting vs Reacting: Vortex Image Tracking
From the sensitivity analysis discussed in the last section, the image size that was used
for the purposes of vortex tracking for both non-reacting and reacting flows was 20 pixels by 20
pixels. For both the reacting and the non-reacting cases, a time series of 10 images was plotted
and can be seen in Figure 46 for the non-reacting case and Figure 47 for the reacting case.
To begin, the non-reacting case displayed a larger number of smaller vortices in all the
sub-images. Many of these smaller vortices as they moved downstream merged with other small
vortices on the order of 2 pixels long creating bigger vortices on the scale of 4 to 5 pixels long.
However, the larger scaled vortices on the order of 13 pixels are not be affected by these medium
sized vortical structures. In fact the larger vortical structures, as noted in the earlier plots in
Figure 46 broke down to smaller vortical structures. This suggests that in non-reacting flows, the
larger vortices are more easily diffused by turbulent motion than in the non-reacting flow. The
opposite is suggested for smaller vortices, which survive the movement downstream and gain
size as they move downstream. Additionally, the vortices in the non-reacting case move about a
quarter of a diameter scale of the bluff body, which is about 5 to 6 pixels, by the time the tenth
sub-image is taken or the vortices in the non-reacting case move about 0.6 pixels per image.
Knowing that the spatial resolution of the velocity vectors are 1.3 mm/pix [7], and the frame rate
after processing is 4 kHz, the velocity of these vortices in the non-reacting case is 3.12 meters
per second by using the following equation.
𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝐹𝑟𝑎𝑚𝑒 𝑅𝑎𝑡𝑒 ∗ 𝑆𝑝𝑎𝑡𝑖𝑎𝑙 𝑅𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∗ 0.6 (

𝑝𝑖𝑥
)
𝑖𝑚𝑎𝑔𝑒

In contrast, the reacting case showed a reduced amount of smaller vortices in all the subimages. This suggests, that in the reacting case there is larger vortices that shed off the bluff
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bodies, and that there is more breakdown instead of merging of vortices. One of the major
differences in the reacting case is the merger of medium sized vortices on the order of 6 pixels to
create larger vortices. The largest vortex structure that exists within these 10 frames as a result of
these medium size vortical mergers is on the order of 14 to 16 pixels, which as compared to the
largest vortical structure in the non-reacting case is larger. Additionally, these larger vortical
structures, again within this 10 frame analysis, moved downstream about four fifths of a diameter
scale of a bluff body downstream while maintaining its size in only 7 frames. Using the
following equation, the velocity of these vortices for the reacting case yields 4.16 meters per
second.
𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝐹𝑟𝑎𝑚𝑒 𝑅𝑎𝑡𝑒 ∗ 𝑆𝑝𝑎𝑡𝑖𝑎𝑙 𝑅𝑒𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∗ 0.8 (

𝑝𝑖𝑥
)
𝑖𝑚𝑎𝑔𝑒

This method can be repeated over every 10 segments for all reacting and non-reacting
cases. It is thus reasonable to infer that the vortical structures in reacting flames are not only
stronger but move quicker downstream. This faster convection velocity is likely also a result of
gas expansion across the flame. As gases expand across the flame, the expansion causes an
increase in the flow velocity normal to the flame, which is the result of mass conservation. As
such, a faster local velocity would convect the vortices downstream at a higher velocity. The
opposite is suggested for smaller vortices, which either dissipate or gain size as they move
downstream.
To conclude, many different phenomena occurs depending on the size of the vortices and
whether these vortices exist in reacting or non-reacting flow fields. As a summary, the largest
vortical structures that shed off the bluff bodies in the non-reacting case are smaller as compared
to the reacting flow fields. However, vortices in the non-reacting flow fields tend to merge more
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frequently with smaller vortices, which occurs frequently because of the development of these
vortical structures. These vortical structures also moved downstream at a faster pace as they did
in the non-reacting flows because of the expansion of gases across the flame. Burnt gas velocity
in all cases, has a higher magnitude than unburnt gas velocity because of the excitement of subatomic particles in the gases [12]. All these differences are consequences of the reacting and nonreacting flow field characteristics and demonstrate how they affect vortex development.
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Figure 46. Non-Reacting Vortex Sub Image Time Series Described by Negative λ2 Values:
Images 1-10 Shown down Column: Image Size 20 by 20
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Figure 47. Reacting Vortex Sub-Image Time Series Described by Negative λ2 Values:
Images 1-10 Shown down Column: Image Size 20 by 20
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Chapter 5
Concluding Remarks and Future Work
Recent years have yielded immense steps in the understanding of turbulence and its
dynamics. One of the major driving forces in turbulent shear flows that contain hydrodynamic
instabilities are vortices. The presence of large-scale vortices (large-scale coherent structures) in
these shear flows are due to the hydrodynamic instability that persists in these flows. The
challenge that exists today is the idea of what a coherent structure really is, and whether or not it
can characterize turbulent flows. A coherent structure is a connected, large-scale turbulent fluid
mass with a phase-correlated vorticity over is spatial extent. The random nature of turbulence
makes it nearly impossible to develop a model to characterize turbulent shear flows. In contrast,
the concept of a coherent structure allows for an easy mathematical representation and
characterization of turbulent flow fields that is quantifiable and repeatable over a series of
different flow fields.
Recall that the mathematical representation of this definition is based on the λ2 criterion.
The λ2 criterion is based on eigenvalue calculations of the symmetric tensor S2 + Ω2, where S is
the symmetric components of the velocity gradient tensor, 𝛁𝐮 and Ω the antisymmetric
components of 𝛁𝐮. In this analysis, the second eigenvalue λ2, in which λ1 ≥ λ2 ≥ λ3, must be
negative within every vortex core. Simply stated, in order to identify a coherent structure (vortex
core) within a flow field, there must be a connected region with a negative eigenvalue associated
with a local pressure minimum in a flow.
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Using the definition as a basis for analysis, a window size of 20 by 20 pixels and a cut-off
threshold size of 12 pixels best helps in the identification of large-scale coherent structures. With
these conditions, different sized vortices (coherent structures and vortical structures) ranging
from 3 pixels to 15 pixels could be identified. The threshold size of 12 pixels shows one of the
criteria of coherent structure, the large scale connected region as compared to vortical structures,
which are at a smaller scale. In general, vortices are easier to track downstream at a larger cut-off
threshold and larger window size. Additionally, many different phenomena occurs depending on
the size of the vortices and whether these vortices exist in reacting or non-reacting flow fields.
As a summary, the largest vortical structures that shed off the bluff bodies in the non-reacting
case are smaller as compared to the reacting flow fields because when a vortex crosses the flame,
the density of the fluid inside goes down and so the vortex will be larger. Vortices in the nonreacting flow fields also tend to merge more frequently with smaller vortices, which occurs
frequently because of the development of these vortical structures. These vortical structures also
moved downstream at a faster pace as they did in the non-reacting flows because of the
expansion of gases across the flame. All these differences are consequences of the reacting and
non-reacting flow field characteristics and demonstrate how they affect vortex development.
The suite of analysis tools as seen in the appendix work for the purposes of analysis
conducted in this paper. Future work would definitively begin with the refinement of these
analysis tools to directly identify the effects of other factors on coherent structures such as
Reynolds number as the turbulence intensity is higher at higher Reynolds numbers. A final
definition for a coherent structure may be years away, but making considerable breakthrough in
analyzing what has been done and adding to it, will make a significant impact in our
understanding of the phenomena known as turbulence.
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Appendix A
MATLAB Code
%
%
%
%
%
%
%

Programmer:
Eros Linarez
Thesis Supervisor:
Jacqueline O'Connor
Honors Advisor:
Zoubeida Ounaies
Schreyer Honors College Research Work
Date:
09/12/15
Description: The goal of this program is to identify and track vortex
cores within different turbulent flow fields in practical applications.

clc, clear
tic
%% Part 1 - Defining Parameters
m = matfile('150321n_Vectors');
ux = m.vx;
uy = m.vy;
u = [ux ; uy];

%
%
%
%

TestCase_2 150321n_Vectors
[m/s] x-component of the velocity field
[m/s] y-component of the velocity field
[m/s] velocity field matrix

n_im = 1;
x_size = 128;
y_size = 128;
ux_temp = ux(1:n_im,:,:);
uy_temp = uy(1:n_im,:,:);

%
%
%
%

[ ] number of velocity files to process
[pix] size of image in x-direction
[pix] size of image in y-direction
[m/s] selecting limited data range

%% Part 2 - Initializing Derivatives and Stress Tensors
dudx = zeros(size(ux_temp));
dudy = zeros(size(ux_temp));
dvdx = zeros(size(ux_temp));
dvdy = zeros(size(ux_temp));
S = zeros(n_im,x_size,y_size,2,2);
S2 = zeros(size(S));
Omega = zeros(size(S));
Omega2 = zeros(size(S));

% initializing derivatives

% initializing symmetric stress tensor
% initializing asymmetric stress tensor

for count1 = 1:n_im;
[dudx(count1,:,:),dudy(count1,:,:)] =
gradient(squeeze(ux_temp(count1,:,:)));
[dvdx(count1,:,:),dvdy(count1,:,:)] =
gradient(squeeze(uy_temp(count1,:,:)));
S(count1,:,:,1,1)
S(count1,:,:,1,2)
S(count1,:,:,2,1)
S(count1,:,:,2,2)

=
=
=
=

0.5.*(dudx(count1,:,:)+dudx(count1,:,:));
0.5.*(dudy(count1,:,:)+dvdx(count1,:,:));
0.5.*(dvdx(count1,:,:)+dudy(count1,:,:));
0.5.*(dvdy(count1,:,:)+dvdy(count1,:,:));

S2(count1,:,:,1,1) =
(S(count1,:,:,1,1).*S(count1,:,:,1,1))+(S(count1,:,:,1,2).*S(count1,:,:,2,1))
;
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S2(count1,:,:,1,2) =
(S(count1,:,:,1,1).*S(count1,:,:,1,2))+(S(count1,:,:,1,2).*S(count1,:,:,2,2))
;
S2(count1,:,:,2,1) =
(S(count1,:,:,2,1).*S(count1,:,:,1,1))+(S(count1,:,:,2,2).*S(count1,:,:,2,1))
;
S2(count1,:,:,2,2) =
(S(count1,:,:,2,1).*S(count1,:,:,1,2))+(S(count1,:,:,2,2).*S(count1,:,:,2,2))
;
Omega(count1,:,:,1,1)
Omega(count1,:,:,1,2)
Omega(count1,:,:,2,1)
Omega(count1,:,:,2,2)

=
=
=
=

0.5.*(dudx(count1,:,:)-dudx(count1,:,:));
0.5.*(dudy(count1,:,:)-dvdx(count1,:,:));
0.5.*(dvdx(count1,:,:)-dudy(count1,:,:));
0.5.*(dvdy(count1,:,:)-dvdy(count1,:,:));

Omega2(count1,:,:,1,1) =
(Omega(count1,:,:,1,1).*Omega(count1,:,:,1,1))+(Omega(count1,:,:,1,2).*Omega(
count1,:,:,2,1));
Omega2(count1,:,:,1,2) =
(Omega(count1,:,:,1,1).*Omega(count1,:,:,1,2))+(Omega(count1,:,:,1,2).*Omega(
count1,:,:,2,2));
Omega2(count1,:,:,2,1) =
(Omega(count1,:,:,2,1).*Omega(count1,:,:,1,1))+(Omega(count1,:,:,2,2).*Omega(
count1,:,:,2,1));
Omega2(count1,:,:,2,2) =
(Omega(count1,:,:,2,1).*Omega(count1,:,:,1,2))+(Omega(count1,:,:,2,2).*Omega(
count1,:,:,2,2));
end
%% Part 3 - Velocity Gradient Tensor Figures
% figure
% contourf(squeeze(sqrt(ux_temp.^2+uy_temp.^2)))
% colorbar
figure
% x = linspace(-pi(),pi(),128);
% y = linspace(-pi(),pi(),128);
[x_m,y_m] = meshgrid(1:128,1:128);
contourf(squeeze(S(1,:,:,2,2)))
colorbar
%caxis([-0.1,0])
% ax1 = gca;
% ax1_pos = ax1.Position;
% ax2 = axes('Position',ax1_pos,...
%
'XAxisLocation','top',...
%
'YAxisLocation','right',...
%
'Color','none');
hold on
quiver(squeeze(x_m),squeeze(y_m),squeeze(ux),squeeze(uy))
title('Test Case 4: S Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
axis([0 130 0 130])
figure
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contourf(squeeze(Omega(1,:,:,1,2)))
colorbar
%caxis([-0.1,0])
% ax3 = gca;
% ax3_pos = ax3.Position;
% ax4 = axes('Position',ax3_pos,...
%
'XAxisLocation','top',...
%
'YAxisLocation','right',...
%
'Color','none');
hold on
quiver(squeeze(x_m),squeeze(y_m),squeeze(ux),squeeze(uy))
title('Test Case 4: Omega Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
axis([0 130 0 130])
%% Part 4 - S2 + Omega2
A = S2 + Omega2;
%% Part 5 - Eigenvalue Calculation and Gif
V = zeros(n_im,x_size,y_size,2,2);
D = zeros(size(V));
for count11 = 1:n_im
for count12 = 1:x_size
for count13 = 1:y_size
data_temp = squeeze(A(count11,count12,count13,:,:));
[V(count11,count12,count13,:,:),D(count11,count12,count13,:,:)] =
eig(data_temp);
end
end
end
lambda = squeeze(D(:,:,:,2,2));
my_map = [0 0 0.7
0 0 0.8
0 0 0.9
0.9 0.9 0.9
1 1 1];
% Lambda Plots
figure
axes('FontSize',14)
hold on
contourf(squeeze(lambda))
%contourf(squeeze(lambda(1,:,:)))
colormap(my_map)
colorbar('FontSize',14)
caxis([-2,0])
%
%
%
%
%

% Test Cases Lambda Plots
figure
axes('FontSize',14)
contourf(lambda)
colormap(my_map)
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%
%
%
%
%
%
%
%
%
%
%
%
%
%
%

colorbar('FontSize',14)
caxis([-0.1,0])
% Test Case Lambda Info
% ax5 = gca;
% ax5_pos = ax5.Position;
% ax6 = axes('Position',ax5_pos,...
%
'XAxisLocation','top',...
%
'YAxisLocation','right',...
%
'Color','none');
hold on
quiver(squeeze(x_m),squeeze(y_m),squeeze(ux),squeeze(uy))%'Parent',ax6
title('Test Case 4: Lambda Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
axis([0 130 0 130])

% GIF
figure
gif_filename = 'Lambda_Gif.gif';
for count2 = 1:n_im
axes('FontSize',14)
hold on
contourf(squeeze(lambda(count2,:,:)),'LineStyle','none')
colormap(my_map)
colorbar('FontSize',14)
caxis([-2,0])
drawnow
frame = getframe(1);
im = frame2im(frame);
[A_temp,map] = rgb2ind(im,256);
pause
if count2 == 1;
imwrite(A_temp,map,gif_filename,'gif','LoopCount',Inf,'DelayTime',1);
else
imwrite(A_temp,map,gif_filename,'gif','WriteMode','append','DelayTime',1);
end
end
%% Part 6 - Calculation of vorticity
vort = zeros(size(ux_temp));
for count3 = 1:n_im
[vort(count3,:,:),cav] =
curl(squeeze(ux_temp(count3,:,:)),squeeze(uy_temp(count3,:,:)));
end
figure
contourf(squeeze(vort(1,:,:)))
colorbar('FontSize',14)
time = toc
%% Part 7 - Vortex Shedding Frequency

56
x1 = 72;
% [pix] Subimage/Bluff Body Edge x1 location
x2 = 92;
% [pix] Sub image x2 location
sub_size_x = x2-x1+1;
% [pix] Sub image sizes x-direction
y1 = 25;
% [pix] Subimage/Bluff Body Edge y1 location
y2 = 45;
% [pix] Sub image y2 location
sub_size_y = y2-y1+1;
% [pix] Sub image sizes y-direction
cut_off = 6;
% [pix] Cut-Off Vortex Size
g = zeros(n_im,1);
% [ ] Initializing
sub_im = zeros(n_im,sub_size_x,sub_size_y);
new_sub_im = zeros(n_im,sub_size_x,sub_size_y);
for count4 = 1:n_im;
sub_im(count4,:,:) = lambda(count4,x1:x2,y1:y2); %when lambda has more
instances, add a "count4" before x1:x2
for count41 = 1:sub_size_x;
for count42 = 1:sub_size_y;
if sub_im(count4,count41,count42) < 0;
new_sub_im(count4,count41,count42) =
sub_im(count4,count41,count42); %make 1 for bwboundaries
end
end
end
new_sub_im = permute(new_sub_im,[1 3 2]);
[fx,fy] = find(squeeze(new_sub_im(count4,:,:))); %put
squeeze(new_sub_im)for one image
f = [fx,fy];
count43 = 0;
count44 = 0;
for count43 = 1:(length(fx))
if (count43-1) == 0
continue
end
if f(count43,2) == f((count43-1),2)
if (f(count43,1)-f((count43-1),1)) == 1
count44 = count44+1;
if count44 == cut_off
g(count4) = 1;
break
else
g(count4) = 0;
end
else
count(44) = 1;
end
end
end
end
figure
scatter(1:n_im,g)
axis([0 100 0 1.5])
xlabel('Number of Images')
ylabel('Vortex Count')
title('Sub im size: 20x20 pix; Vortex Threshold: 6 pix')
figure
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new_sub_im = permute(new_sub_im,[1 3 2]);
contourf(squeeze(new_sub_im(1,:,:)))
colormap(my_map_r)
colorbar('FontSize',14)
caxis([-.1,0])
% g represents the amount of images that contain negative lambda 2 values
% within the subimage created
% Sensitivity Study
% Non Reacting
cut = [3 5 7 10 12 15];
g_t1 = [75 48 22 2 1 0];
g_t2 = [99 96 81 61 48 27];
g_t3 = [100 99 99 89 79 61];
g_t4 = [100 100 100 100 99 92];
% Reacting
CUT = [3 5 7 10 12 15];
G_t1 = [87 75 54 34 27 15];
G_t2 = [99 97 95 79 65 48];
G_t3 = [100 99 99 94 90 81];
G_t4 = [100 100 100 100 99 94];
plot(cut,g_t1,'-o',cut,g_t2,'-o',cut,g_t3,'-o',cut,g_t4,'-o',CUT,G_t1,'o',CUT,G_t2,'-o',CUT,G_t3,'-o',CUT,G_t4,'-o')
legend('Non-Reacting 10x10','Non-Reacting 15x15','Non-Reacting 20x20','NonReacting 25x125','Reacting 10x10','Reacting 15x15','Reacting 20x20','Reacting
25x25','Location','northeastoutside')
xlabel('Cut-off Threshold [pixels]')
ylabel('G (Number of Images)')
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Appendix B
Test Case 1
%
%
%
%
%
%

Programmer:
Eros Linarez
Thesis Supervisor:
Jacqueline O'Connor
Honors Advisor:
Zoubeida Ounaies
Schreyer Honors College Research Work
Date:
02/05/16
Description: The goal of this program is to create the test cases

clc, clear
x_temp = 1;
k1 = 1;
k2 = 128;
k3 = 128;
vx = zeros(k1,k2,k3);
vy = zeros(size(vx));
x = zeros(k1,k2,k3);
y = zeros(size(vx));
for count1 = 1:k1;
for count2 = 1:k2;
for count3 = 1:k3;
x(count1,:,count2) = x_temp;
y(count1,:,count2) = x_temp;
vy(count1,count2,count3) = 1;
end
x_temp = x_temp+1;
end
end
[x,y] = meshgrid(1:128,1:128);
contourf(squeeze(x),squeeze(y),squeeze(vy));
hold on
quiver(squeeze(x),squeeze(y),squeeze(vx),squeeze(vy))
title('Test Case 1: vy Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
save('TestCase_1','vx','vy')
% Test Case 1: vx = 0 everywhere, vy = 1 everywhere
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Appendix C

Test Case 2
%
%
%
%
%
%

Programmer:
Eros Linarez
Thesis Supervisor:
Jacqueline O'Connor
Honors Advisor:
Zoubeida Ounaies
Schreyer Honors College Research Work
Date:
02/05/16
Description: The goal of this program is to create the test cases

clc, clear
x_temp = 1;
k1 = 1;
k2 = 128;
k3 = 128;
vx = zeros(k1,k2,k3);
vy = zeros(size(vx));
x = zeros(k1,k2,k3);
y = zeros(size(vx));
for count1 = 1:k1;
for count2 = 1:k2;
for count3 = 1:k3;
x(count1,:,count2) = x_temp;
y(count1,:,count2) = x_temp;
vy(count1,:,count2) = x_temp;
end
x_temp = x_temp+1;
end
end
[x,y] = meshgrid(1:128,1:128);
contourf(squeeze(x),squeeze(y),squeeze(x));
hold on
quiver(squeeze(x),squeeze(y),squeeze(vx),squeeze(vy))
title('Test Case 2: vy Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
save('TestCase_2','vx','vy')
% Test Case 2: vx = 0 everywhere, vy = x everywhere
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Appendix D

Test Case 3

%
%
%
%
%
%

Programmer:
Eros Linarez
Thesis Supervisor:
Jacqueline O'Connor
Honors Advisor:
Zoubeida Ounaies
Schreyer Honors College Research Work
Date:
02/05/16
Description: The goal of this program is to create the test cases

clc, clear
x = linspace(-pi(),pi(),128);
y = linspace(-pi(),pi(),128);
c = 2;
k1 = 1;
k2 = 128;
k3 = 128;
vx = zeros(k1,k2,k3);
vy = zeros(size(vx));
theta = zeros(size(vx));
for count1 = 1:k1;
for count2 = 1:k2;
for count3 = 1:k3;
theta(count1,count2,count3) = atan((y(count2))/(x(count3)));
vx(count1,count2,count3) = -c.*sin(theta(count1,count2,count3));
vy(count1,count2,count3) = c.*cos(theta(count1,count2,count3));
end
end
end
[x_m,y_m] = meshgrid(x,y);
contourf(squeeze(x_m),squeeze(y_m),c./sqrt(squeeze(x_m).^2+squeeze(y_m).^2));
hold on
quiver(squeeze(x_m),squeeze(y_m),squeeze(vx),squeeze(vy))
title('Test Case 3: vy Contour/Quiver')
ylabel('y (Streamwise Location) [m/s]')
xlabel('x (Cross-Stream Location) [m/s]')
save('TestCase_3','vx','vy')
% Test Case 3: vx = -c*sin(theta) everywhere, vy = c*cos(theta) everywhere
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Appendix E

Test Case 4

%
%
%
%
%
%

Programmer:
Eros Linarez
Thesis Supervisor:
Jacqueline O'Connor
Honors Advisor:
Zoubeida Ounaies
Schreyer Honors College Research Work
Date:
02/05/16
Description: The goal of this program is to create the test cases

clc, clear
x = linspace(-pi(),pi(),128);
y = linspace(-pi(),pi(),128);
w = 1;
viscosity = 1.568*(10^-5);
at 300 K
beta = (1)/(4*viscosity);
k1 = 1;
k2 = 128;
k3 = 128;
vx = zeros(k1,k2,k3);
vy = zeros(size(vx));
theta = zeros(size(vx));

% [m2/s] Kinematic Viscosity of air

for count1 = 1:k1;
for count2 = 1:k2;
for count3 = 1:k3;
theta(count1,count2,count3) = atan((y(count2))/(x(count3)));
vx(count1,count2,count3) = w.*sin(theta(count1,count2,count3)).*(1-(exp(beta.*((x(count3))^2)+((y(count2))^2))));
vy(count1,count2,count3) = w.*cos(theta(count1,count2,count3)).*(1(exp(-beta.*((x(count3))^2)+((y(count2))^2))));
end
end
end
[x_m,y_m] = meshgrid(x,y);
contourf(squeeze(x_m),squeeze(y_m),(w./sqrt(squeeze(x_m).^2+squeeze(y_m).^2))
.*(1-exp(-beta.*(squeeze(x_m).^2+squeeze(y_m).^2))));
hold on
quiver(squeeze(x_m),squeeze(y_m),squeeze(vx),squeeze(vy))
title('Test Case 4: vy Contour/Quiver')
ylabel('y (Streamwise Location) [units]')
xlabel('x (Cross-Stream Location) [units]')
save('TestCase_4','vx','vy')
% Test Case 4: vx = -w*sin(theta)*(1-e^(-beta*(x^2+y^2))) everywhere, vy =
w*cos(theta)*(1-e^(-beta*(x^2+y^2))) everywhere
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