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ABSTRACT

The primary purpose of this thesis is to represent N-player Tragedy of the Commons problem in
the Chemical Game Theory framework of analysis. Chemical game theory attempts to provide a new
framework of analysis by introducing Gibbsian Thermodynamics and the concept of entropy to explain
the decision making processes. These concepts are applied to Tragedy of the Commons problem, which
first was introduced by Garrett Hardin in 1968, and results in the common resource being shared by
individuals, where the cost of utilizing the resource is public and profits are individually private. This
research attempts to answer fundamental question such as how to combine Ostrom’s Institutional Design
Principles with traditional classical game theory approach in the new field of Chemical Game Theory.
The end product of this thesis is the method of generating N-player Tragedy of the Commons (n-ToC)
games in the field of fishing.
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Chapter 1
Introduction
The objective of this thesis is to fundamentally represent a dilemma of Tragedy of the Commons
in the Chemical Game Theory, new way of looking at decision making process. Taking a dilemma in
Tragedy of the Commons and meaningfully analyzing the problem outcomes, requires a construction of
the game and determining a solution in the classical game theory. This thesis transforms the Tragedy of
the Commons game into the Chemical Game Theory framework and extends the method to N-number of
players participating in the game by developing a model of pain matrix generation. This thesis also
attempts to answer a fundamental question of how to incorporate ideas from Ostrom’s Institutional
Design Principles into non-cooperative games from the Chemical Game Theory modeling perspective.

1.1 Classical Game Theory and Nash Equilibrium
Mathematician John von Neumann and economist Oskar Morgenstern developed a framework to
analyze competitive decisions in a quantifiable and mathematical way. Their book “Theory of Games and
Economic Behavior” published in 1944 was a breakthrough that opened a new field of economics, which
is currently known as “game theory” and will be referred in this thesis as Classical Game Theory.
Situation or decision that has choices between people that lead to certain outcomes is turned into a game.
The game consists of players making a decision; choices that represent possibilities in making a decision;
outcomes that are numerically quantified as “payoffs”.
One of the common example is the Prisoners Dilemma game. It consists of two prisoners (player
A and player B) that together committed a crime, but have been caught and taken to a police station where
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they are faced with a decision. The policemen interview them separately by isolating the prisoners in two
different cells. Each prisoner faces two options:
(1) Testify against a crime partner, here will be referred as TELL
(2) Cooperate with a crime partner by remaining silent, here will be referred as QUIET
The situation has four possible combinations such as QUIET/QUIET, QUIET/TELL, TELL/QUIET and
TELL/TELL. These combinations have potential outcomes, which are represented by the number of years
served in prison:
-

If both players tell on each other (TELL/TELL), each get 2 years in prison.

-

If both players cooperate with one another (QUIET/QUIET), each get 1 year in prison.

-

If one of them cooperates and the other one testifies against (TELL/QUIET and QUIET/TELL),
player that remains silent gets 3 years, whereas player that testifies gets 0 years.

This game could be represented in a visual matrix, Table 1-1. shows all the information in a concise
form.
Table 1-1. Prisoners Dilemma Game with payoffs/years in prison
Player B: a1 - TELL

Player B: a2 - QUIET

Player A: b1 - TELL

2,2

0,3

Player A: b2 – QUIET

3,0

1,1

The game can be solved to yield a solution known as “Nash Equilibrium”. John Nash, a Nobel prize
winner, introduced this concept and defined it as the set of strategies, where no player has an incentive to
unilaterally deviate from it. Nash proved that there will always be at least one equilibrium solution for any
game finite set action game (Nash, 1950). In our example, the prisoners’ dilemma has a Nash Equilibrium
solution TELL/TELL. One of the biggest limitations of classical game theory is the assumption of
rationality, which implies that each player will act rationally, in other words self-interested. The Chemical
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Game Theory approach allows to expand this assumption and suggest a corrective perspective into the
solution of the game.

1.2 Common Costs and Private Profits
In 1968 Garrett Hardin introduced a new problem, which he called Tragedy of the Commons in
his article. As the population grows and resources are limited, they become scarce. Due to the inherent
nature, humans try to maximize self-benefit and utilize as much resources as possible. As every human
being tries to maximize its own benefit utilizing the resources that are common, the inevitable result is
mutual destruction of resources to unsustainable level.
In his example of herdsman grazing cattle on the common pasture, Hardin illustrates this concept
and provides a simple mathematical explanation. (Hardin, 1968) Each herdsman would try to keep as
much cattle grazing as he could possible afford. By adding a sheep, he gains approximately a positive one
unit of utility (a measure of happiness or satisfaction) since all the proceeds go to that individual
herdsman. On the other hand, the costs in case of overgrazing are shared between all the herdsmen, since
the pasture is common, and the herdsman get a fraction of -1. As a rational human being, every herdsman
would see a net positive gain from adding an extra sheep and would increase his herd without any limits
to the pasture that is limited in space and resource. Hence, the “tragedy” follows as the pasture is
destroyed with each and every herdsman overgrazing the common ground, leading to overall negative
result.
In general, such problem arises with rivalrous and non-excludable goods, which are called
common-pool resources. Table 1-2. summarizes the possible goods based on rivalrous/non-rivalrous vs.
excludable/non-excludable classification. Rivalrous goods prevent simultaneous consumption of the
goods by two consumers, whereas non-excludable goods could be accessed even if it has not been paid
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for. As a result, the tragedy of the commons could be seen as common cost and private profit problem,
where the individual profit and common shared negative cost results for the consumers.
Table 1-2. Common-pool resources as a type of good. Adopted from (Ostrom, 2009)

Rivalrous

Non-rivalrous

Excludable

Non-Excludable

Private goods:

Common-pool resources (CPR):

Food, clothing, automobiles, etc.

Forests, fisheries, lakes, etc.

Club goods:

Public goods:

Cinema, theaters, private clubs, etc.

Television, national defense, air, etc.

1.3 Tragedy of the Commons in Fishing
The tragedy of the commons problem has long been known to humans. Given domestic or
international fisheries as a common-pool abundant resource of fish, fisheries could fish as much fish as
technical capabilities allow them. Scott Gordon first touched on mathematical and conceptual analysis of
the fishing problem from the perspective of economics, before Hardin introduced the concept of tragedy
of the commons. (Gordon, 1954) Nevertheless, Gordon did acknowledge over-exploitation of a commonproperty resource under individualistic competition in the fishing industry context, introducing important
parameters such as “fishing effort” to explain the consumption and production functions within bioeconomics of fisheries.
In late 1970s, the game theoretic perspective came into play to analyze tragedy of the commons
of fisheries. Particularly, Levhari & Mirman as well as Clark incorporated the dynamic aspect of
biological growth of the fish stock into the Nash equilibrium analysis for strategic options. Most notably,
these economists studied the optimal outcomes of the competitive game between N-number of players,
leading to the conclusion that the equilibrium level of stock would be driven down to the break-even level
resulting in over-fishing (Clark, 1980), taking the stance of Hardin.
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A completely different perspective on tragedy of the commons problem comes from Nobel Prize
winner Elinor Ostrom. In her book, “Governing the Commons” she achieves more optimistic outcomes
for common-pool resource exploitation, presenting compelling counter examples, which are empirically
supported. (Ostrom, 1999) For example, a small fishery location in Alanya, Turkey has been able to
sustainably self-manage the fish stock despite the competitive nature of the fishermen. The new approach
to self-governance has been extensively studied by Ostrom and her colleagues, leading her to propose
Institutional Design Principles for stable common-pool resources summarized in Table 1-3.
Table 1-3. Ostrom's Institutional Design Principles (Ostrom, 2009)
1

Clearly defined boundaries: The boundaries of the resource system and individuals with use rights are clearly defined

2

Proportional equivalence between benefits and costs: Rules specifying resource allocations are related to local
conditions and to rules concerning inputs.

3

Collective choice arrangements: Many of the individuals affected by harvesting and production rules are included in
the group that can modify these groups.

4

Monitoring: Monitors who actively monitor biophysical conditions and user behavior are at least partially accountable
to the user and/or are the users themselves.

5

Graduated sanctions: Users who violate rules receive graduated sanctions from other users, from officials
accountable to these users, or from both.

6

Conflict-resolution mechanisms. Users and their officials have rapid access to low-cost, local action situations to
resolve conflict among users or between users and officials.

7

Minimal recognition of rights to organize. Users’ rights to devise their own institutions are not challenged by
external governmental authorities, and users have long-term tenure rights.

8

Nested enterprises. Appropriation, provision, monitoring, enforcement, conflict resolution and governance activities
are organized in multiple players of nested enterprises.

This thesis addresses the shortcomings of classical game theory analysis of Tragedy of the
Commons problem on the example of fishing problem. Including the Ostrom’s institutional principles
into the newly developing Chemical Game Theory to attempt to model the Tragedy of the Commons
problem for multiple players.
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Chapter 2
Chemical Game Theory

2.1 Entropy and Gibbsian Thermodynamics
In chemistry and chemical engineering, reactions represent transformation of chemical species
into new chemical species. Josiah Willard Gibbs as one of the founders of modern thermodynamics had
extensively studied the phenomena and introduced the concept of free-energy, which later was named in
his honor as Gibbs free energy, as well as chemical potential. In his monumental paper “On the
Equilibrium of Heterogeneous Substances”, Gibbs explained thermodynamic reaction tendencies by
developing fundamental thermodynamic relations between pressure (P), temperature(T), entropy(S) and
chemical potentials of multi-component systems (Gibbs, 1874). As a consequence of Gibbs work, the
following relationship results in the Equation 2-1 (Matsoukas, 2013).
𝑑𝑑𝑑𝑑 = −𝑆𝑆𝑆𝑆𝑆𝑆 + 𝑉𝑉𝑉𝑉𝑉𝑉 + ∑𝑛𝑛𝑖𝑖=1 µ𝑖𝑖 𝑑𝑑𝑁𝑁𝑖𝑖

(Eq. 2-1)

where G stands for Gibbs-free energy and µ for chemical potential of component i in the system. Using
Equation 2-2. Rewriting previous expression in terms of extent of the reaction 𝜉𝜉 under constant

temperature and pressure, where 𝜈𝜈𝑖𝑖 is the stoichiometric coefficient of component i in the reaction, yields

Equation 2-3.

𝑑𝑑𝑛𝑛𝑖𝑖 = 𝜈𝜈𝑖𝑖 𝑑𝑑𝜉𝜉𝑖𝑖

𝑑𝑑𝑑𝑑 = ∑𝑛𝑛𝑖𝑖=1 𝜇𝜇𝑖𝑖 𝜈𝜈𝑖𝑖 𝑑𝑑𝑑𝑑

(Eq. 2-2)
(Eq. 2-3)

The equilibrium condition further follows as Gibbs-free energy is minimized with respect to the extent of
the reaction in Equation 2-4.
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=0

(Eq. 2-4)
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Chemical potential of the species could be related to the equilibrium composition of species, yi of an ideal
gas, taking a reference chemical potential 𝜇𝜇𝑖𝑖0 , Equations 2-5, 2-6, 2-7.
𝑦𝑦𝑖𝑖 𝑃𝑃
�
𝑃𝑃0

𝜇𝜇𝑖𝑖 = 𝜇𝜇𝑖𝑖0 + 𝑅𝑅𝑅𝑅 ln �

𝑦𝑦𝑖𝑖 𝑃𝑃
�� 𝜈𝜈𝑖𝑖
𝑃𝑃0

∑𝑛𝑛𝑖𝑖=1 �𝜇𝜇𝑖𝑖0 + 𝑅𝑅𝑅𝑅 ln �
∆𝑔𝑔0
𝑅𝑅𝑅𝑅

∑𝑛𝑛𝑖𝑖=1 �

𝑃𝑃
𝑃𝑃

=0

+ 𝜈𝜈𝑖𝑖 ln � 0 � + 𝜈𝜈𝑖𝑖 ln(𝑦𝑦𝑖𝑖 )� = 0

(Eq. 2-5)
(Eq. 2-6)
(Eq. 2-7)

Equation 2-7. allows calculations of the composition of the ideal mixture at the equilibrium, knowing the
Gibbs-free energy change of the reaction of component i at the reference temperature, ∆𝑔𝑔0 .

Previous analysis could be further extended to multiple reactions, j, with species i in the system

and summarized in the Equation 2-8. The detailed derivation is explained in Appendix A.
∆𝑔𝑔𝑗𝑗0

∑𝑚𝑚
𝑗𝑗=1 �

𝑅𝑅𝑅𝑅

𝑃𝑃

+ ln( 0 ) ∑𝑛𝑛𝑖𝑖=1�𝜈𝜈𝑖𝑖𝑖𝑖 � + ∑𝑛𝑛𝑖𝑖=1 𝜈𝜈𝑖𝑖𝑖𝑖 ln(𝑦𝑦𝑖𝑖 )� = 0
𝑃𝑃

(Eq. 2-8)

Making transition to our analysis of decision making, the same concept of thermodynamic equilibrium is
employed in the framework of Chemical Game Theory. Instead of symbolical representation of chemical
species, the notion of “knowlecules” is introduced (Velegol, 2015). The knowlecules symbolize the
possible choices that individual is faced with in the game. Moreover, the combination of the knowlecules
represent decision reactions, that have an associated Gibbs-free energy, equivalently “pain” in Chemical
Game Theory. Now, the expected payoffs in the classical game theory games represent the “pains”
associated with each decision reaction. The following framework translates normal game theory set up to
Chemical Game Theory.
In Chapter 1, Prisoners Dilemma game was analyzed through the lens of classical game theory,
yielding a Nash equilibrium solution. Looking at Prisoners Dilemma through Chemical Game Theory
perspective decisions are combined in two separate reactors for player A and player B, and then products
are further combined in the decider reactor. The concept could be visualized in a Process Flow Diagram
with a set of decision reactions generated with corresponding energies.
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Figure 2-1. Process Flow Diagram for decision reaction process
Multiple reactions are happening in each reactor. R1, R2, R3, R4 designates the reaction order for extents
of the reactions, 𝜉𝜉1 , 𝜉𝜉2 , 𝜉𝜉3 , 𝜉𝜉4 respectively in each reactor. The order of the reactions is important for the

reasons explained later in the chapter.
R1: 𝑎𝑎1 + 𝑏𝑏1 + 𝐴𝐴 → 𝐴𝐴11

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R3: 𝑎𝑎2 + 𝑏𝑏1 + 𝐴𝐴 → 𝐴𝐴21

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R2: 𝑎𝑎1 + 𝑏𝑏2 + 𝐴𝐴 → 𝐴𝐴12

R4: 𝑎𝑎2 + 𝑏𝑏2 + 𝐴𝐴 → 𝐴𝐴22

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

= 𝑃𝑃11 (Eq. 2-9) R1: 𝑎𝑎1 + 𝑏𝑏1 + 𝐵𝐵 → 𝐵𝐵11

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

= 𝑃𝑃21 (Eq. 2-13) R3: 𝑎𝑎2 + 𝑏𝑏1 + 𝐵𝐵 → 𝐵𝐵21

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

= 𝑃𝑃12 (Eq. 2-11) R2: 𝑎𝑎1 + 𝑏𝑏2 + 𝐵𝐵 → 𝐵𝐵12

= 𝑃𝑃22 (Eq.2-15) R4: 𝑎𝑎2 + 𝑏𝑏2 + 𝐵𝐵 → 𝐵𝐵22

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

= 𝑃𝑃11

(Eq. 2-10)

= 𝑃𝑃21

(Eq. 2-14)

= 𝑃𝑃12

= 𝑃𝑃22

(Eq. 2-12)

(Eq. 2-16)

In the decider reactor, the products from reactors A and B are combined to form new products

with reaction energies (c1,c2,c3,c4), which are set depending whether there is a favorable outcome for each
reaction. In general, these energies are set to 0 or -1. Equations 2-17,18,19,20 show the reactions
happening in the decider reactor.
R1: 𝐴𝐴11 + 𝐵𝐵11 → 𝐷𝐷11
R2: 𝐴𝐴12 + 𝐵𝐵12 → 𝐷𝐷12

∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅

= 𝑐𝑐1

= 𝑐𝑐2

(Eq. 2-17)
(Eq. 2-18)

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R3: 𝐴𝐴21 + 𝐵𝐵21 → 𝐷𝐷21

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R4: 𝐴𝐴22 + 𝐵𝐵22 → 𝐷𝐷22
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= 𝑐𝑐3

(Eq. 2-19)

= 𝑐𝑐4

(Eq. 2-20)

In order to calculate the equilibrium concentrations of the species in the reactors, the SPICEY
table, or material balance stoichiometric table, is set up reflecting the change from the initial amounts of
the reactants in each reactor separately.
Table 2-1. SPICEY table for reactor A (Material Balance Stoichiometric Table)
Species (i)

Initial (ni,0)

a1

na1,0

a2

na2,0

b1

nb1,0

b2

nb2,0

A11

nA11,0

A12

nA121,0

A21

nA211,0

A22

nA22,0

Total

Σ0

Change

Equilibrium (ni)

Mole fraction (yi)

−𝜉𝜉1 − 𝜉𝜉2

na1,0−𝜉𝜉1 − 𝜉𝜉2

na1
Σ

−𝜉𝜉1 − 𝜉𝜉3

nb1,0−𝜉𝜉1 − 𝜉𝜉3

nb1
Σ

nA11,0+𝜉𝜉1

nA11
Σ

nA11,0+𝜉𝜉3

nA21
Σ

−𝜉𝜉3 − 𝜉𝜉4

−𝜉𝜉2 − 𝜉𝜉3
+𝜉𝜉1

+𝜉𝜉2
+𝜉𝜉3
+𝜉𝜉4
∆𝜉𝜉

na2,0−𝜉𝜉3 − 𝜉𝜉4

nb2,0−𝜉𝜉2 − 𝜉𝜉4

nb2
Σ

nA12
Σ

nA11,0+𝜉𝜉2

nA11,0+𝜉𝜉4

na2
Σ

Σ

nA22
Σ

1
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Table 2-2. SPICEY table for reactor B (Material Balance Stoichiometric Table)
Species (i)

Initial (ni,0)

a1

na1,0

a2

na2,0

b1

nb1,0

b2

nb2,0

B11

nB11,0

B12

nB121,0

B21

nB211,0

B22

nB22,0

Total

Σ0

Change

Equilibrium (ni)

Mole fraction (yi)

−𝜉𝜉1 − 𝜉𝜉2

na1,0−𝜉𝜉1 − 𝜉𝜉2

na1
Σ

−𝜉𝜉1 − 𝜉𝜉3

nb1,0−𝜉𝜉1 − 𝜉𝜉3

nb1
Σ

nB11,0+𝜉𝜉1

nB11
Σ

nB11,0+𝜉𝜉3

nB21
Σ

−𝜉𝜉3 − 𝜉𝜉4

−𝜉𝜉2 − 𝜉𝜉3
+𝜉𝜉1

+𝜉𝜉2
+𝜉𝜉3
+𝜉𝜉4
∆𝜉𝜉

na2
Σ

na2,0−𝜉𝜉3 − 𝜉𝜉4

nb2,0−𝜉𝜉2 − 𝜉𝜉4

nB11,0+𝜉𝜉2

nB11,0+𝜉𝜉4

Σ

nb2
Σ

nB12
Σ
nB22
Σ

1
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Table 2-3. SPICEY table for decider reactor D (Material Balance Stoichiometric Table)
Species (i)

Initial (ni,0)
A11

nA11,0

A12

nA12,0

A21

nA21,0

A22

nA22,0

B11

nB11,0

B12

nB12,0

B21

nB21,0

B22

nB22,0

D11

nD11,0

D12

nD12,0

D21

nD11,0

D22

nD11,0

Total

Σ0

Change

Equilibrium (ni)

−𝜉𝜉1

nA11,0−𝜉𝜉1

nA11
Σ

nA12,0−𝜉𝜉3

nA21
Σ

−𝜉𝜉2

nA21,0−𝜉𝜉2

−𝜉𝜉4

nA22,0−𝜉𝜉4

−𝜉𝜉3

−𝜉𝜉1

nB11,0−𝜉𝜉1

−𝜉𝜉2

nB12,0−𝜉𝜉2

−𝜉𝜉4

nB22,0−𝜉𝜉4

−𝜉𝜉3

+𝜉𝜉1

nB21,0−𝜉𝜉3

nA22
Σ

nB11
Σ
nB12
Σ
nB21
Σ
nB22
Σ

nD11
Σ

nD21,0+𝜉𝜉3

nD21
Σ

nD12,0+𝜉𝜉2

+𝜉𝜉4

nD22,0+𝜉𝜉4

∆𝜉𝜉

nA12
Σ

nD11,0+𝜉𝜉1

+𝜉𝜉2
+𝜉𝜉3

Mole fraction (yi)

Σ

nD12
Σ
nD22
Σ

1

Combining the results from the tables with Equation 6, the extents of the decision reactions at the
equilibrium and subsequent mole fractions could be calculated. Numerical solution to the problem is given
in the Appendix B.
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Chapter 3
Results and Discussion

3.1 Defining Tragedy of the Commons in Chemical Game Theory
In Tragedy of the Commons problem with multiple players, defining a realistic game for the
purpose of inputting into the Chemical Game Theory (CGT), seems problematic given the current
methods of solving CGT games is limited to two players faced with two decision choices. Another
challenge in incorporating Tragedy of the Commons problem into the CGT framework is the definition of
“pains” in the payoff matrix, which in itself should include the stock level reflecting the changes due to
consumption or generation of the common stock. The problem should be defined in a way to reflect a
competitive decision for Chemical Game Theory. 7P’s framework could be used to define the problem,
consisting of: Problem, Players, Possibilities, Pains, Priors, Perception, Probabilities (Velegol, 2015).
This framework could be used to formulate the game for fishing tragedy of the commons.
• Problem: The problem of fishing tragedy of the commons could be stated in a question “How to
maximize personal gain given the constraints of the common resource and insuring sustainability
of the fishery stock?”
• Players: In this game the players are fishers or fishing fleets, depending on the size of the fishery,
which could be both domestic or international. Every fisher is considered to be identical have
exactly the same technical capabilities and costs associated with fishing.
• Possibilities: The players of the game could choose either to cooperate with the rest of the players
to insure sustainable catch and avoid over-fishing or choose not to cooperate and seek personal
gain maximization, regardless of other players. Due to the identical nature of the players, the
game would be symmetrical having two possibilities with identical pain values.
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• Pains: Generation of pains is a more extensive question and will be explained in the next section.
• Priors: Priors represent the initial concentration of the starting species, involved in the reactions in
reactors A and B, and show initial biases of the players.
• Perception: Pains in the matrix could be modified depending on the players’ perspectives, such as
Loyal/Altruistic, Vengeful, Overall, Rivalrous or Self-interested. The following table summarizes
these equations, where pA and pB represent pain of player A and B respectively for a given
decision choice.
Table 3-1. Pain changes due to different perspectives

Perspective

Equation

Loyal/Altruistic

0 ∗ 𝑝𝑝𝐴𝐴 + 1 ∗ 𝑝𝑝𝐵𝐵
0 ∗ 𝑝𝑝𝐴𝐴 − 1 ∗ 𝑝𝑝𝐵𝐵

Vengeful
Overall
Rivalrous
Self-interested (for player A)

0.5 ∗ 𝑝𝑝𝐴𝐴 + 0.5 ∗ 𝑝𝑝𝐵𝐵
0.5 ∗ 𝑝𝑝𝐴𝐴 − 0.5 ∗ 𝑝𝑝𝐵𝐵
1 ∗ 𝑝𝑝𝐴𝐴 + 0 ∗ 𝑝𝑝𝐵𝐵

• Probabilities: Probabilities are calculated based on the equilibrium concentration of the reactant
species and will be explained in the later section.

3.2 Generating Pain Matrix
In most fishery problems that have been analyzed by classical game theory, the players seek to
maximize Net Present Value (NPV) of fishing rent. NPV represent the value of the total fishing per person
rent that is discounted over time as the level of fish stock is also varying in time. Equation 3-1 shows
NPV constituents as the difference between Revenue and Cost of fishing rent with a discount factor 𝛿𝛿 =
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1
,
1+𝑟𝑟

where r is a discount rate constant. Taking the idea that marginal cost is inversely proportional to the

stock level, Equation 3-1 shows the general way to calculate net present value of one fisher with no
competition. (Hannesson, 1996)
𝑡𝑡
𝑁𝑁𝑁𝑁𝑁𝑁 = ∑∞
𝑡𝑡=0 𝛿𝛿 {𝑝𝑝(𝐺𝐺(𝑆𝑆) − 𝑆𝑆) − 𝑐𝑐(ln�𝐺𝐺(𝑆𝑆)� − ln(𝑆𝑆))}

(Eq. 3-1)

In the above expression p represent unit price, c is a cost parameter and G(S) is a stock level generation
logistic growth function known as Gordon-Schaefer model (Gordon, Schaefer, 1954).
𝑆𝑆
𝐾𝐾

𝐺𝐺(𝑆𝑆) = 𝑎𝑎𝑎𝑎(1 − )

(Eq. 3-2)

Equation 3-2. shows the stock level as a function of the stock level that remained in the previous period,
where a is intrinsic growth rate and K is carrying capacity of the given environment and both usually
chosen to be constants that could be varied. In the hypothetical example, a pond that could sustain only
100 fishes would have a value of K=100. Furthermore, constant a=0.2 would mean that for every 100
fishes in the pond, there is 20 new generated. An analogy could be drawn to compare Gordon-Schaefer
model to the rate expression in the kinetics of the elementary reaction where one reactant is participating:
𝑟𝑟𝐴𝐴 = 𝑘𝑘𝐴𝐴 𝐶𝐶𝐴𝐴 , where kA is analogous to intrinsic rate of growth a. The net growth is then expressed as the

difference between G(S) and S and is assumed to be the catch during that period.

Along the cooperative solution, the net gain is equally divided between all the fisherman.
Rognvaldur Hannesson derived this result under discounting over infinite time. Equation 3-4 summarizes
this result (Hannesson, 1996).
𝑁𝑁𝑁𝑁𝑁𝑁 =

𝜋𝜋0
1
� �
𝑁𝑁 1−𝛿𝛿

=

𝜋𝜋0 1+𝑟𝑟
( )
𝑁𝑁
𝑟𝑟

𝜋𝜋 0 = 𝑝𝑝(𝐺𝐺(𝑆𝑆 0 ) − 𝑆𝑆 0 ) − 𝑐𝑐(ln�𝐺𝐺(𝑆𝑆 0 )� − ln(𝑆𝑆 0 ))

(Eq. 3-4)
(Eq. 3-5)

where S0 is the optimal level of stock under cooperation, which has been calculated for various
discounting factors and parameters a and K in the logistic function by Nils-Arne Ekerhovd (Ekerhovd,
2008).
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Non-cooperative path has been modeled in the form of “grim-trigger” strategy, where one player
cheats by fishing more stock, equivalently not cooperating, and the rest of the players respond by changing
their strategies to punish the cheater upon detection in the first period. The punishment is achieved by
fishing down the stock to the break-even point, where no profit is made. The result is illustrated in the
Equation 3-6, where 𝜋𝜋 0 , 𝜋𝜋 𝑑𝑑 and 𝜋𝜋 ∗ represent profit before cheating, profit during deviation in the second
period (when cheater is detected) and profit after punishment in all later periods respectively. In this
𝑐𝑐
𝑝𝑝

analysis 𝑆𝑆 ∗ = , which is the level of stock left when fishing is no longer profitable and assumes

calculation when marginal cost equals price (Hannesson, 1996).
𝑁𝑁𝑁𝑁𝑁𝑁 =

𝜋𝜋0
𝑁𝑁

+ 𝜋𝜋 𝑑𝑑 +

𝜋𝜋∗ 𝛿𝛿
𝑁𝑁 1−𝛿𝛿

(Eq. 3-6)

𝜋𝜋 𝑑𝑑 = 𝑝𝑝(𝑆𝑆 0 − 𝑆𝑆 ∗ ) − 𝑐𝑐(ln(𝑆𝑆 0 ) − ln(𝑆𝑆 ∗ ))

(Eq. 3-7)

𝜋𝜋 ∗ = 𝑝𝑝(𝐺𝐺(𝑆𝑆 ∗ ) − 𝑆𝑆 ∗ ) − 𝑐𝑐(ln�𝐺𝐺(𝑆𝑆 ∗ )� − ln(𝑆𝑆 ∗ ))

(Eq. 3-8)

The pain matrix is most feasible for negative pain values, yet with the same proportionality as
payoffs in classical games. Consequently, the pain that each fisherman is faced under cooperative
decision could be modeled as negative of NPV, Equation 3-9.
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = −𝑁𝑁𝑁𝑁𝑁𝑁

(Eq. 3-9)

Based on the previous derivation and setting constants a=1 and K=1, Table 3-2 generates the pains for
cooperation and no-cooperation strategies for N-number of players. Figure 3-1 is the graphical
representation of Pain values increase as number of players increases in the game, due to less stock
becoming available as more people fish. Pain for cooperation is lower for all the numbers of players N,
suggesting higher payoff for cooperative strategy regardless of the number of players. This could be
explained by an extremely severe punishment by all of the remaining players for the indefinite period
after the detection period.
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Table 3-2. Pain the certain player gets if cooperates or not for N total number of players.
Pain (= −𝑵𝑵𝑵𝑵𝑵𝑵)

Not cooperate

Cooperate

Not Cooperate

N

(Eq. 3-4)

(Eq. 3-6)

2

-0.740

-0.515

3

-0.493

-0.346

-0.5

4

-0.370

-0.262

-0.7

5

-0.296

-0.211

6

-0.247

-0.177

7

-0.211

-0.153

8

-0.185

-0.135

9

-0.164

-0.120

10

-0.148

-0.109

Cooperate

N players

0.0
-0.1

1

2

3

4

5

6

7

8

9

-0.2

Pain

-0.3
-0.4
-0.6
-0.8

Figure 3-1. Pain values for cooperation and
non-cooperation for different N-number of
players.

3.3 Representing 3-player Tragedy of the Commons Game
In order to extend the representation of the game to more than 2 players, but with two choices, the
introduction of new knowlecules is necessary. For instance, in 3 player game with 2 choices (cooperate or
not), player C is added with two decision possibilities c1 and c2 (1-cooperate, 2-not). Now the decision
reactions should account for all the possible combinations of species a1,a2,b1,b2,c1,c2 in three separate
reactors A, B, C, and a decider reactor. Equations below show decision reactions and associated energies
in reactor j=A,B or C
R1: 𝑎𝑎1 + 𝑏𝑏1 + 𝑐𝑐1 → 𝑗𝑗111
R2: 𝑎𝑎1 + 𝑏𝑏1 + 𝑐𝑐2 → 𝑗𝑗112

∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅

𝑗𝑗

= 𝑃𝑃111

= 𝑃𝑃𝑗𝑗 112

(Eq. 3-10)
(Eq. 3-11)
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R3: 𝑎𝑎1 + 𝑏𝑏2 + 𝑐𝑐1 → 𝑗𝑗121

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R5: 𝑎𝑎2 + 𝑏𝑏1 + 𝑐𝑐1 → 𝑗𝑗211

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R4: 𝑎𝑎1 + 𝑏𝑏2 + 𝑐𝑐2 → 𝑗𝑗122

R6: 𝑎𝑎2 + 𝑏𝑏1 + 𝑐𝑐2 → 𝑗𝑗212
R7: 𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐1 → 𝑗𝑗221
R8: 𝑎𝑎2 + 𝑏𝑏1 + 𝑐𝑐2 → 𝑗𝑗212

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅

𝑗𝑗

(Eq. 3-12)

𝑗𝑗

(Eq. 3-13)

𝑗𝑗

(Eq. 3-14)

𝑗𝑗

(Eq. 3-15)

𝑗𝑗

(Eq. 3-16)

𝑗𝑗

(Eq. 3-17)

= 𝑃𝑃121
= 𝑃𝑃122

= 𝑃𝑃211
= 𝑃𝑃212
= 𝑃𝑃221
= 𝑃𝑃212

The decider reactor combines products from reactors A, B and C in the same way as in 2x2 case.
R1: 𝐴𝐴111 + 𝐵𝐵111 + 𝐶𝐶111 → 𝐷𝐷111

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R3: 𝐴𝐴121 + 𝐵𝐵121 + 𝐶𝐶121 → 𝐷𝐷121

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

R2: 𝐴𝐴112 + 𝐵𝐵112 + 𝐶𝐶112 → 𝐷𝐷112

R4: 𝐴𝐴122 + 𝐵𝐵122 + 𝐶𝐶122 → 𝐷𝐷122
R5: 𝐴𝐴211 + 𝐵𝐵211 + 𝐶𝐶211 → 𝐷𝐷211
R6: 𝐴𝐴212 + 𝐵𝐵212 + 𝐶𝐶212 → 𝐷𝐷212
R7: 𝐴𝐴221 + 𝐵𝐵221 + 𝐶𝐶221 → 𝐷𝐷221
R8: 𝐴𝐴212 + 𝐵𝐵212 + 𝐶𝐶212 → 𝐷𝐷212

∆𝑔𝑔0
𝑅𝑅𝑅𝑅

∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅
∆𝑔𝑔0
𝑅𝑅𝑅𝑅

𝐷𝐷
= 𝑃𝑃111

= 𝑃𝑃𝐷𝐷 112
𝐷𝐷
= 𝑃𝑃121
𝐷𝐷
= 𝑃𝑃122

𝐷𝐷
= 𝑃𝑃211
𝐷𝐷
= 𝑃𝑃212
𝐷𝐷
= 𝑃𝑃221
𝐷𝐷
= 𝑃𝑃212

(Eq. 3-18)
(Eq. 3-19)
(Eq. 3-20)
(Eq. 3-21)
(Eq. 3-22)
(Eq. 3-23)
(Eq. 3-24)
(Eq. 3-25)
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Representing the pain matrix in the case of 3 players, it is no longer possible to view all the
possible combinations in one two dimensional matrix, but rather 3D representation such as on Figure 3-2,
where each quadrant cube within an overall cube represent all the possible outcomes.

Figure 3-2. 3D matrix for N-player representation
This representation of the pain matrix including all the possible pains could also be decomposed into 2
playing “fields” of each player, keeping one of the player’s decision constant.
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Table 3-3. Playing "field" of player B and C, when player A chooses a1
Player A: a1

Player C: c1

Player C: c2

Player B: b1

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝111
, 𝑝𝑝111
, 𝑝𝑝111
, 𝑝𝑝111

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝112
, 𝑝𝑝112
, 𝑝𝑝112
, 𝑝𝑝112

Player B: b2

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝121
, 𝑝𝑝121
, 𝑝𝑝121
, 𝑝𝑝121

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝122
, 𝑝𝑝122
, 𝑝𝑝122
, 𝑝𝑝122

Table 3-4. Playing field of player B and C when player A chooses a2
Player A: a2

Player C: c1

Player C: c2

Player B: b1

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝211
, 𝑝𝑝211
, 𝑝𝑝211
, 𝑝𝑝211

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝212
, 𝑝𝑝212
, 𝑝𝑝212
, 𝑝𝑝212

Player B: b2

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝221
, 𝑝𝑝221
, 𝑝𝑝221
, 𝑝𝑝221

𝐴𝐴
𝐵𝐵
𝐶𝐶
𝐷𝐷
𝑝𝑝222
, 𝑝𝑝222
, 𝑝𝑝222
, 𝑝𝑝222

A three player game would have 8 decision reactions in reactors A, B, C, D with 12 species in each
reactor, totaling to 32 decision reactions and 48 species.
Taking the values from Table 3-2, N=3 and inserting into Table 3-3 and Table 3-4, the necessary
pain matrix for 3 player game with neutral decider is generated, such that:
Table 3-5. Playing "field" when A chooses a1-cooperate
Player A: a1

Player C: c1

Player B: b1

-0.493, -0.493, -0.493, 0 -0.493, -0.493, -0.346, 0

Player B: b2

-0.493, -0.346, -0.493, 0 -0.493, -0.346, -0.346, 0

Player C: c2
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Table 3-6. Playing "field" when A chooses a2-not cooperate
Player A: a2

Player C: c1

Player C: c2

Player B: b1

-0.346, -0.493, -0.493, 0

-0.346, -0.493, -0.346, 0

Player B: b2

-0.346, -0.346, -0.493, 0

-0.346, -0.346, -0.346, 0

In general, the number of reactions in the reactor will increase as 2N and the total number of the
reactions will increase as 2N*(N+1). The number of species in each reactor will grow as (2N+2N) and the
total number of species would increase as (2N+2N)*(N+1). From the representation perspective, the
number of “fields” will grow as 2N-2 having N+1 pain values in each corresponding cell.

Figure 3-3. Reaction generation for N=4 players
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For the purpose of consistency, the reaction generation in each reactor should follow the following
scheme, as the order of the reactions is important. This example generation is for 4x2 case with four
players and two choices each. However, the pattern follows for any other combination of N players.

3.4 Deriving Algorithm for Solving N-player Games
Starting back from 2x2 case the SPICEY Table could further be extended using matrix algebra if
the reactions and species are arranged in the correct way. After the reactions have been generated and
number assigned for each reaction in all of the reactors reactor (e.g. R1: a1+b1->A11, with 𝜉𝜉1 ), SPICEY

table is condensed into the following vector equation, where j for reactor A,B,C,D… etc. (Velegol, 2015)
𝑗𝑗
𝑛𝑛�⃑ 𝑗𝑗 = 𝑛𝑛�⃑0 + 𝜈𝜈⃑ 𝑗𝑗 ∙ 𝜉𝜉⃑𝑗𝑗

(Eq. 3-26)

𝑗𝑗
𝑛𝑛�⃑0 represent a column vector of species initial amounts, 𝜈𝜈⃑ 𝑗𝑗 - stoichiometric coefficient matrix, and 𝜉𝜉⃑𝑗𝑗 -

extents of the reactions (either 0,-1 or 1) in reactor j. For instance, 2x2 case results in reactor A such that:
𝜈𝜈 1
⎡ 𝑎𝑎1
𝑛𝑛𝑎𝑎1,0
1
⎡ 𝑛𝑛𝑎𝑎2,0 ⎤ ⎢ 𝜈𝜈𝑎𝑎2
1
⎢ 𝑛𝑛𝑏𝑏1,0 ⎥ ⎢ 𝜈𝜈𝑏𝑏1
⎢ 𝑛𝑛
⎥ ⎢ 1
⎢ 𝑏𝑏2,0 ⎥ + ⎢ 𝜈𝜈𝑏𝑏2
1
⎢𝑛𝑛𝐴𝐴11,0 ⎥ ⎢𝜈𝜈𝐴𝐴11
𝑛𝑛
⎢ 𝐴𝐴12,0 ⎥ ⎢𝜈𝜈 1
𝐴𝐴12
⎢𝑛𝑛𝐴𝐴21,0 ⎥ ⎢ 1
𝜈𝜈
⎣𝑛𝑛𝐴𝐴22,0 ⎦ ⎢ 𝐴𝐴21
1
⎣𝜈𝜈𝐴𝐴22

2
𝑣𝑣𝑎𝑎1
2
𝜈𝜈𝑎𝑎2
2
𝜈𝜈𝑏𝑏1
2
𝜈𝜈𝑏𝑏2
2
𝜈𝜈𝐴𝐴11
2
𝜈𝜈𝐴𝐴12
2
𝜈𝜈𝐴𝐴21
2
𝜈𝜈𝐴𝐴22

3
𝜈𝜈𝑎𝑎1
3
𝜈𝜈𝑎𝑎2
3
𝜈𝜈𝑏𝑏1
3
𝜈𝜈𝑏𝑏2
3
𝜈𝜈𝐴𝐴11
3
𝜈𝜈𝐴𝐴12
3
𝜈𝜈𝐴𝐴21
3
𝜈𝜈𝐴𝐴22

4
𝜈𝜈𝑎𝑎1
⎤
𝑛𝑛𝑎𝑎1
4
𝜈𝜈𝑎𝑎2
⎡ 𝑛𝑛𝑎𝑎2 ⎤
⎥
4 ⎥
⎢ 𝑛𝑛𝑏𝑏1 ⎥
𝜈𝜈𝑏𝑏1
𝜉𝜉1
⎢ 𝑛𝑛 ⎥
4 ⎥
𝜈𝜈𝑏𝑏2 ⎥ 𝜉𝜉2
𝑏𝑏2
∙ � � = ⎢𝑛𝑛 ⎥
4
𝜉𝜉
𝐴𝐴11
𝜈𝜈𝐴𝐴11 ⎥
3
⎢
⎥
𝑛𝑛𝐴𝐴12 ⎥
4 ⎥
𝜉𝜉
⎢
4
𝜈𝜈𝐴𝐴12
⎢𝑛𝑛𝐴𝐴21 ⎥
4 ⎥
𝜈𝜈𝐴𝐴21
⎥
⎣𝑛𝑛𝐴𝐴22 ⎦
4
𝜈𝜈𝐴𝐴22
⎦

Furthermore, the mole fractions of species i in reactor j, yij, calculated:

𝑗𝑗

𝑦𝑦⃑ 𝑗𝑗 =

�⃑ 𝑗𝑗
𝑛𝑛
𝑗𝑗

𝑛𝑛𝑇𝑇

(Eq. 3-27)

where 𝑛𝑛 𝑇𝑇 is a scalar quantity representing total moles in reactor j and calculated by multiplying

column vector 𝑛𝑛�⃑ 𝑗𝑗 by vector 𝐼𝐼⃑, defined to have the same number of species elements as 𝑛𝑛�⃑ 𝑗𝑗 all of them
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equaling to one. Arranging pains into column vectors and minimizing the square difference of two terms
from the equilibrium condition Eq. 6:
𝑗𝑗

𝑗𝑗

𝑗𝑗

𝑗𝑗

∆𝑔𝑔⃑ 𝑗𝑗 = (𝑝𝑝11 , 𝑝𝑝12 , 𝑝𝑝21 , 𝑝𝑝22 )
2

ln(𝑦𝑦 𝚥𝚥 )�� = 𝑜𝑜𝑜𝑜𝑜𝑜(𝐽𝐽)
�∆𝑔𝑔⃑ 𝑗𝑗 − �−𝑣𝑣⃑ 𝑗𝑗 ∗ ������������⃑

(Eq. 3-28)
(Eq. 3-29)

Lastly minimizing the total objective functions to determine extents of the reactions and subsequent mole
fractions by minimizing the total objective function 𝑜𝑜𝑜𝑜𝑗𝑗 𝑡𝑡𝑡𝑡𝑡𝑡 = ∑ 𝑜𝑜𝑜𝑜𝑜𝑜(𝑗𝑗).

Current efforts in Dr. Velegol’s group are directed to developing a computational method of

solving N-player games using computer software called GAMS or Mathematica.

3.5 Linear Approximation of 2x2 and 3x2 case
Another linear approach may be taken to estimate the decision reaction extents in the reactors.
Taking the results from the SPICEY table, we convert the reaction energies to the equilibrium constant
condition, from taking an exponential of negative energy values associated with each reaction.
𝐾𝐾 = exp(−

∆𝑔𝑔0
)
𝑅𝑅𝑅𝑅

(Eq. 3-30)

Since the values of the reaction extents are very small, the product of two different reaction
extents is even smaller and could be approximated to equal to zero, 𝜉𝜉𝑛𝑛 ∗ 𝜉𝜉𝑚𝑚 ≈ 0, m and n are integers. For
a 2x2 case (2 players & 2 decisions), the equations are as follows, where KA11, KA12, KA21, KA22 are

equilibrium constants for each decision reaction in reactor A and ni is the initial concentration of specie j.
𝐾𝐾𝐴𝐴11 =

Σ0 𝑛𝑛𝐴𝐴11 −𝑛𝑛𝐴𝐴11 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉1
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 −𝑛𝑛𝑎𝑎1 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉1 +𝜉𝜉2 )

𝐾𝐾𝐴𝐴21 =

Σ0 𝑛𝑛𝐴𝐴21 −𝑛𝑛𝐴𝐴21 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉3
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏1 −𝑛𝑛𝑎𝑎1 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉3 +𝜉𝜉4 )

𝐾𝐾𝐴𝐴12 =

Σ0 𝑛𝑛𝐴𝐴12 −𝑛𝑛𝐴𝐴12 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉2
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 −𝑛𝑛𝑎𝑎1 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝑏𝑏2 (𝜉𝜉1 +𝜉𝜉2 )

(Eq. 3-31)
(Eq. 3-32)
(Eq. 3-33)
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𝐾𝐾𝐴𝐴22 =

Σ0 𝑛𝑛𝐴𝐴22 −𝑛𝑛𝐴𝐴22 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉4
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 −𝑛𝑛𝑎𝑎2 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉3 +𝜉𝜉4 )

𝐾𝐾𝐵𝐵11 =

Σ0 𝑛𝑛𝐵𝐵11 −𝑛𝑛𝐵𝐵11 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉1
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 −𝑛𝑛𝑎𝑎1 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉1 +𝜉𝜉2 )

𝐾𝐾𝐵𝐵21 =

Σ0 𝑛𝑛𝐵𝐵21 −𝑛𝑛𝐵𝐵21 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉3
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏1 −𝑛𝑛𝑎𝑎1 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉3 +𝜉𝜉4 )

(Eq. 3-34)

Similar results are derived for reactor B and reactor D.

𝐾𝐾𝐵𝐵12 =

𝐾𝐾𝐵𝐵22 =

Σ0 𝑛𝑛𝐵𝐵12 −𝑛𝑛𝐵𝐵12 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉2
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 −𝑛𝑛𝑎𝑎1 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝑏𝑏2 (𝜉𝜉1 +𝜉𝜉2 )

Σ0 𝑛𝑛𝐵𝐵22 −𝑛𝑛𝐵𝐵22 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉4
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 −𝑛𝑛𝑎𝑎2 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝑏𝑏1 (𝜉𝜉3 +𝜉𝜉4 )

Σ0 𝑛𝑛𝐷𝐷11 −𝑛𝑛𝐷𝐷11 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉1
𝐴𝐴11 𝑛𝑛𝐵𝐵11 −𝑛𝑛𝐴𝐴11 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝐵𝐵11 (𝜉𝜉1 +𝜉𝜉2 )

𝐾𝐾𝐷𝐷11 = 𝑛𝑛

Σ0 𝑛𝑛𝐷𝐷12 −𝑛𝑛𝐷𝐷12 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉2
𝐴𝐴12 𝑛𝑛𝐵𝐵12 −𝑛𝑛𝐴𝐴12 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝐵𝐵12 (𝜉𝜉1 +𝜉𝜉2 )

𝐾𝐾𝐷𝐷12 = 𝑛𝑛
𝐾𝐾𝐷𝐷21 =

Σ0 𝑛𝑛𝐷𝐷21 −𝑛𝑛𝐷𝐷21 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉3
𝑛𝑛𝐴𝐴21 𝑛𝑛𝐵𝐵21 −𝑛𝑛𝐴𝐴21 (𝜉𝜉1 +𝜉𝜉3 )−𝑛𝑛𝐵𝐵21 (𝜉𝜉3 +𝜉𝜉4 )
Σ0 𝑛𝑛𝐷𝐷22 −𝑛𝑛𝐷𝐷22 (𝜉𝜉1 +𝜉𝜉2 +𝜉𝜉3 +𝜉𝜉4 )+Σ0 𝜉𝜉4
𝐴𝐴22 𝑛𝑛𝐵𝐵22 −𝑛𝑛𝐴𝐴22 (𝜉𝜉2 +𝜉𝜉4 )−𝑛𝑛𝐵𝐵22 (𝜉𝜉3 +𝜉𝜉4 )

𝐾𝐾𝐷𝐷22 = 𝑛𝑛

(Eq. 3-35)
(Eq. 3-36)
(Eq. 3-37)
(Eq. 3-38)
(Eq. 3-39)
(Eq. 3-40)
(Eq. 3-41)
(Eq. 3-42)

Taking these equations, the extents of the reactions could be estimated upon construction of the matrix
equations and solving linear systems of equations, Appendix C.
Similar analysis could be extended to derive initial estimates of 3x2 (3 players & 2 decisions)
game as a precursor to N-player estimations and could be seen in more detail in Appendix D. Here one
more assumption is made to be able to linearize the result such that 𝜉𝜉𝑛𝑛 ∗ 𝜉𝜉𝑚𝑚 ∗ 𝑛𝑛𝑗𝑗 ≈ 0 in addition to the
previous assumption.
𝐾𝐾𝐴𝐴111 =
𝐾𝐾𝐴𝐴112 =
𝐾𝐾𝐴𝐴121 =

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉1
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐1 − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 (𝜉𝜉1 + 𝜉𝜉3 + 𝜉𝜉5 + 𝜉𝜉7 ) − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉5 + 𝜉𝜉6 ) − 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉3 + 𝜉𝜉4 )

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉2
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐2 − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 (𝜉𝜉2 + 𝜉𝜉4 + 𝜉𝜉6 + 𝜉𝜉8 ) − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑐𝑐2 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉5 + 𝜉𝜉6 ) − 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐2 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉3 + 𝜉𝜉4 )
(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉3
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐1 − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 (𝜉𝜉1 + 𝜉𝜉3 + 𝜉𝜉5 + 𝜉𝜉7 ) − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑐𝑐1 (𝜉𝜉3 + 𝜉𝜉4 + 𝜉𝜉7 + 𝜉𝜉8 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉3 + 𝜉𝜉4 )
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𝐾𝐾𝐴𝐴122 =
𝐾𝐾𝐴𝐴211 =
𝐾𝐾𝐴𝐴212 =
𝐾𝐾𝐴𝐴221 =
𝐾𝐾𝐴𝐴222 =

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉4
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐2 − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏2 (𝜉𝜉2 + 𝜉𝜉4 + 6 + 𝜉𝜉8 ) − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑐𝑐2 (𝜉𝜉3 + 𝜉𝜉4 + 𝜉𝜉7 + 𝜉𝜉8 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐2 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉3 + 𝜉𝜉4 )

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉5
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐1 − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 (𝜉𝜉1 + 𝜉𝜉3 + 𝜉𝜉5 + 𝜉𝜉7 ) − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉5 + 𝜉𝜉6 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐1 (𝜉𝜉5 + 𝜉𝜉6 + 𝜉𝜉7 + 𝜉𝜉8 )

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉6
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐2 − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏1 (𝜉𝜉2 + 𝜉𝜉4 + 𝜉𝜉6 + 𝜉𝜉8 ) − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑐𝑐2 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉5 + 𝜉𝜉6 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐2 (𝜉𝜉5 + 𝜉𝜉6 + 𝜉𝜉7 + 𝜉𝜉8 )
(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉7
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐1 − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 (𝜉𝜉1 + 𝜉𝜉3 + 𝜉𝜉5 + 𝜉𝜉7 ) − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑐𝑐1 (𝜉𝜉3 + 𝜉𝜉4 + 𝜉𝜉7 + 𝜉𝜉8 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐1 (𝜉𝜉5 + 𝜉𝜉6 + 𝜉𝜉7 + 𝜉𝜉8 )

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉8
𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐2 − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑏𝑏2 (𝜉𝜉2 + 𝜉𝜉4 + 𝜉𝜉6 + 𝜉𝜉8 ) − 𝑛𝑛𝑎𝑎2 𝑛𝑛𝑐𝑐2 (𝜉𝜉3 + 𝜉𝜉4 + 𝜉𝜉7 + 𝜉𝜉8 ) − 𝑛𝑛𝑏𝑏2 𝑛𝑛𝑐𝑐2 (𝜉𝜉5 + 𝜉𝜉6 + 𝜉𝜉7 + 𝜉𝜉8 )

Similar eight linear equations are constructed for reactor B, C and D. These equations could be

deconstructed in the same way as 2x2 case to construct 4 matrix equations to estimate the extents of the
reactions and subsequent mole fractions in order to calculate the expected pain.

3.6 Institutional Design Principles Inclusion
An important aspect in our analysis of tragedy of the commons is the derivation of pains for
cooperative and non-cooperative strategy. In case of “grim-trigger” strategy, the deflector is punished
severely, which minimizes the payoffs of that player’s strategy. In Ostrom’s Institutional Design
principles she talks about enforcing rules-in-use as in collective action, as opposed to external body, such
as government, monitoring the rules. The result of the pain functions may be affected by graduating
sanctions. For example, in the non-cooperative strategy, instead of fishing down the stock by all other
players, a sanction fee may be in place. This fee could be in terms controlling profits gained after
detection 𝜋𝜋 ∗ (profit remained from the punishment) i.e. increasing 𝜋𝜋 ∗ by 10%, 30%, 60% for high, low,

medium sanctions respectively. The table represents the effect of various levels of sanctions on the
cheater. The pains for non-cooperative strategy decreases as sanctions becoming lower, which is
reasonable to expect.
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Table 3-7. Pains at different levels of sanctions
High
N

Cooperate

2

-0.740

Medium Low

High Sanctions
Cooperate
Medium Sanctions
Low Sanctions

Not cooperate
-0.610

-0.657

-0.799

-0.1
1

3

-0.493

-0.409

-0.441

-0.535

-0.2

4

-0.370

-0.309

-0.332

-0.403

-0.3

5

-0.296

-0.249

-0.267

-0.324

6

-0.247

-0.208

-0.224

-0.271

7

-0.211

-0.180

-0.193

-0.234

8

-0.185

-0.158

-0.170

-0.205

9

-0.164

-0.141

-0.152

-0.183

2

3

4

5

6

N players

7

8

9

Pain

-0.4
-0.5
-0.6
-0.7
-0.8

10

-0.148

-0.128

-0.137

-0.166
Figure 3-4. Graphical representation of the result

Another way to enforce cooperation is through utilizing the effect of the decision reaction pains in
the decider reactor, favoring the cooperation solution. Since the value for those pains is set according to
the decider rule (0 for neutral decider), setting negative values for cooperative decisions could act as a
monitor of the situation and model fourth principle in the Design Institutional Principles by Ostrom. The
monitor would be in charge of preventing the over-exploitation, or biophysical condition of the fishery
resource. For example, the pain values for reactions where all of the players cooperate (a1, b1, c1, d1, etc.)
would be set to -1, thus strongly favoring that decision to prevent over-exploitation. On the other hand, for
the decision reactions where all the players choose not to cooperate (a2, b2, c2, d2, etc.), the value would
be set to 1 to strongly disfavor that course of action. In order to account for a few cheaters in the game, the
proportional system would be in place to compensate for cheaters, such that(𝑝𝑝 𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 )/𝑁𝑁. For
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[1−(−1)]

example, for 3x2 case, each player carries a weight of
be constructed.

3

2
3

= . Thus, the following pain matrix would

Table 3-8. Pain matrix enforcing cooperation through decider, a1-cooperate
Player A: a1

Player C: c1

Player C: c2

Player B: b1

-0.493, -0.493, -0.493, -1

-0.493, -0.493, -0.346, -0.33

Player B: b2

-0.493, -0.346, -0.493, -0.33

-0.493, -0.346, -0.346, 0.33

Table 3-9.Pain matrix enforcing cooperation through decider, a2-not cooperate
Player A: a2

Player C: c1

Player B: b1

-0.346, -0.493, -0.493, -0.33

-0.346, -0.493, -0.346, 0.33

Player B: b2

-0.346, -0.346, -0.493, 0.33

-0.346, -0.346, -0.346, 1

Player C: c2
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Chapter 4

Conclusion and Future Work
Ultimately, the main contribution of this research to the field of Chemical Game Theory is pain
generation functions (Eq. 3-4, 3-6) yielding the result in Table 3-5, 3-6 that could readily be taken in
nToC calculations. Chapter 3.3 goes in detail as to how to generate the framework of the game with Nnumber of players, and subsequently could be extended in the similar fashion to NxN games, where each
player is faced with N number of decision options. Lastly, Institutional Design Principles inclusion in
Chapter 3.6 adds a few options to the nToC game and results from Table 3-8, 3-9 could readily be taken
for more calculations.
The next steps of this research lie in improving the method of pain generation to more
realistically depict the Pain evolution from one strategy to another. This research should further be
extended in terms of improving the assumptions made in pain generation and incorporation of Ostrom’s
ideas into the model. A few main points such as normalization of costs, coalition stability and
heterogeneity of players could potentially make the pain generation more accurate.

4.1 Normalizing Costs
An important aspect that has not been addressing in this thesis is normalization of costs in the
derivation of the Net Present Values of the fishing rent. The usual cost structure consists of the fixed and
the variable costs. Fixed costs may have high implications on the profitability and, thus, ideally should be
considered along with all of the operating costs. One way to account for various types costs has been
discussed in the GAMIFESTO model (Merino, 2007) and follows a four-component structure:
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• Trade costs that are dependent on the revenue level. Those costs may include various taxes, such
as fisherman association taxes, commercialization taxes or sales taxes.
• Daily costs are associated with day to day running of the fishing boat or fleet, and may include
fuel, transportation, net mending, food expenses, etc.
• Labor costs account for the payments to the crewmembers and are paid for after trade and daily
costs have been paid.
• Compulsory costs such as license, insurance costs as well as any other fixed costs not accounted
for in the previous categories.

4.2 Coalition Stability
The next big step in the analysis of multi-player games in Tragedy of the Commons is developing
computational methods to present actual solutions of the games. The primary goal of this thesis was to lay
the foundation in this question, mainly constructing and defining a game in the form so that Chemical
Game Theory could be used in the analysis.
Current efforts in Tragedy of the Commons problem development in classical game theory are in
the direction of looking at the formation of coalitions between players in the game. Primarily investigating
stability of the coalitions of various sizes between the players (Kaitala, 1998, Duarte, 2000). For example,
(Kennedy, 2003) had looked at the mackerel fishery in the north-eastern Atlantic, where he identified
three international players Norway, European Union and Russia with the possibility of different coalitions.
Arnason looked at Norwegian fishery with five international players and concluded that the grand
coalition is the most stable one. On the other hand, Brasao showed that the coalition of two players is most
stable for distant water fishing nations (Brasao, 2000). In order to check that hypothesis from Chemical
Game Theory perspective, development of the pain matrix would be required to incorporate coalition
formations.
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How coalitions would be represented in the game and how the payoffs would be calculated are the
next big questions for the research to be extended upon.

4.3 Heterogeneity of Players
In constructing Tragedy of the Commons game in this thesis, one important assumption has been
made that dictated the results of payoff function in the pain matrix. All the players in the game were
assumed to be identical. In other words, each player had exactly the same technical abilities and costs
associated with fishing. Obviously, in a realistic case, not all of the players are equals. For example, on
the international arena, where multiple countries fish in the same ocean or see, smaller countries in terms
of capital will obviously have less resources and consequently will have a smaller catch. A lot of
previous authors considered the heterogeneity of players and how it results in a different outcome.
Chemical Game Theory could be used to either support or disprove the hypothesis made by the results
and conclusions in classical game theory.
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Appendix A
Multiple reactions derivation
Let i represent species and j represent reactions. Then each reaction would have an extent of the
reaction defined as 𝜉𝜉𝑗𝑗 and expressed in the form:

𝑑𝑑𝜉𝜉𝑗𝑗 =

𝑑𝑑𝑛𝑛𝑖𝑖𝑖𝑖
𝜈𝜈𝑖𝑖𝑖𝑖

Where 𝜈𝜈𝑖𝑖𝑖𝑖 represents stoichiometric coefficient of species i in reactor j. Then the total change in

moles for reactant i is:

𝑟𝑟

𝑑𝑑𝑛𝑛𝑖𝑖 = � 𝑑𝑑𝜉𝜉𝑗𝑗
𝑗𝑗=1

The total change in Gibbs free energy is then:
𝑚𝑚

𝑟𝑟

𝑖𝑖=1

𝑗𝑗=1

𝑑𝑑𝑑𝑑 = � 𝜇𝜇𝑖𝑖 � 𝜈𝜈𝑖𝑖𝑖𝑖 𝑑𝑑𝜉𝜉𝑗𝑗
Dividing by the reaction extents, the equilibrium condition yields:
𝑚𝑚

𝑟𝑟

� � 𝜇𝜇𝑖𝑖 𝜈𝜈𝑖𝑖𝑖𝑖 = 0
𝑖𝑖=1 𝑗𝑗=1

Using the reference chemical potential similarly as in chapter 2 derivation, equilibrium condition
transforms into the following expression upon division by RT, which is assumed to be constant:
𝑚𝑚

∆𝑔𝑔𝑗𝑗0

𝑛𝑛

𝑛𝑛

𝑖𝑖=1

𝑖𝑖=1

𝑃𝑃
��
+ ln( 0 ) ��𝜈𝜈𝑖𝑖𝑖𝑖 � + � 𝜈𝜈𝑖𝑖𝑖𝑖 ln(𝑦𝑦𝑖𝑖 )� = 0
𝑅𝑅𝑅𝑅
𝑃𝑃

𝑗𝑗=1
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Appendix B
2x2 case solution using Excel
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Appendix C
Estimating initial guesses
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Appendix D
3x2 case derivation

Species (i)

Initial (ni,0)

a1

na1,0

a2

na2,0

b1

nb1,0

b2

nb2,0

c1

nc1,0

c2

nc2,0

A111

nA111,0

A112

nA112,0

A121

nA121,0

A122

nA122,0

A211

nA211,0

A212

nA212,0

A221

nA221,0

A222

nA222,0

Total

Change

Equilibrium (ni)

Mole fraction (yi)

−𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉3 − 𝜉𝜉4

na1,0−𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉3 − 𝜉𝜉4

𝑛𝑛𝑎𝑎1 / Σ

−𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉5 − 𝜉𝜉6

nb1,0−𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉5 − 𝜉𝜉6

𝑛𝑛𝑏𝑏1 / Σ

−𝜉𝜉5 − 𝜉𝜉6 − 𝜉𝜉7 − 𝜉𝜉8
−𝜉𝜉3 − 𝜉𝜉4 − 𝜉𝜉7 − 𝜉𝜉8
−𝜉𝜉1 − 𝜉𝜉3 − 𝜉𝜉5 − 𝜉𝜉7

−𝜉𝜉2 − 𝜉𝜉4 − 𝜉𝜉6 − 𝜉𝜉8

Σ0

+𝜉𝜉1

+𝜉𝜉2
+𝜉𝜉3
+𝜉𝜉4
+𝜉𝜉5
+𝜉𝜉6
+𝜉𝜉7
+𝜉𝜉8
∆𝜉𝜉

[𝐴𝐴111]

na2,0−𝜉𝜉5 − 𝜉𝜉6 − 𝜉𝜉7 − 𝜉𝜉8

nb2,0−𝜉𝜉3 − 𝜉𝜉4 − 𝜉𝜉7 − 𝜉𝜉8
nc1,0−𝜉𝜉1 − 𝜉𝜉3 − 𝜉𝜉5 − 𝜉𝜉7

nc2,0−𝜉𝜉2 − 𝜉𝜉4 − 𝜉𝜉6 − 𝜉𝜉8

𝑛𝑛𝑏𝑏2 / Σ
𝑛𝑛𝑐𝑐1 / Σ
𝑛𝑛𝑐𝑐2 / Σ

nA111,0+𝜉𝜉1

𝑛𝑛𝐴𝐴111 / Σ

nA121,0+𝜉𝜉3

𝑛𝑛𝐴𝐴121 / Σ

nA112,0+𝜉𝜉2

𝑛𝑛𝐴𝐴112 / Σ

nA122,0+𝜉𝜉4

𝑛𝑛𝐴𝐴122 / Σ

nA211,0+𝜉𝜉5

𝑛𝑛𝐴𝐴211 / Σ

nA212,0+𝜉𝜉6

𝑛𝑛𝐴𝐴212 / Σ

nA221,0+𝜉𝜉7
nA222,0+𝜉𝜉8

𝑛𝑛𝐴𝐴221 / Σ
Σ

Equilibrium defined as : 𝐾𝐾𝐴𝐴111 = [𝑎𝑎1][𝑏𝑏1][𝑐𝑐1], define et as the sum of all the extents and

assumption 𝜉𝜉𝑛𝑛 ∗ 𝜉𝜉𝑚𝑚 ∗ 𝑛𝑛𝑗𝑗 = 0 applied.

𝑛𝑛𝑎𝑎2 / Σ

𝑛𝑛𝐴𝐴222 / Σ
1

𝐾𝐾𝐴𝐴111

([𝐴𝐴111] + 𝜉𝜉1 )(Σ0 − 2𝑒𝑒𝑡𝑡 )
=
[𝑎𝑎1] − 𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉3 − 𝜉𝜉4 ] [𝑏𝑏1 − 𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉5 − 𝜉𝜉6 ] [𝑐𝑐1 − 𝜉𝜉1 − 𝜉𝜉3 − 𝜉𝜉5 − 𝜉𝜉7 ]
∗
∗
Σ0 − 2𝑒𝑒𝑡𝑡
Σ0 − 2𝑒𝑒𝑡𝑡
(Σ0 − 2𝑒𝑒𝑡𝑡 )

𝐾𝐾𝐴𝐴111 =
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([𝐴𝐴111] + 𝜉𝜉1 )((Σ0 )2 − 4Σ0 𝑒𝑒𝑡𝑡 )
[𝑎𝑎1 − 𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉3 − 𝜉𝜉4 ][𝑏𝑏1 − 𝜉𝜉1 − 𝜉𝜉2 − 𝜉𝜉5 − 𝜉𝜉6 ][𝑐𝑐1 − 𝜉𝜉1 − 𝜉𝜉3 − 𝜉𝜉5 − 𝜉𝜉7 ]

Decomposing the result so that 𝜉𝜉𝑛𝑛 has constant coefficients:

𝜉𝜉1 {4[𝐴𝐴111]Σ0 − (Σ0 )2 − 𝐾𝐾𝐴𝐴111 ([𝑎𝑎1][𝑏𝑏1] + [𝑎𝑎1][𝑐𝑐1] + [𝑏𝑏1][𝑐𝑐1])} +
𝜉𝜉2 {4[𝐴𝐴111]Σ0 − 𝐾𝐾𝐴𝐴111 ([𝑎𝑎1][𝑐𝑐1] + [𝑏𝑏1][𝑐𝑐1])} +

𝜉𝜉3 {4[𝐴𝐴111]Σ0 − 𝐾𝐾𝐴𝐴111 ([𝑎𝑎1][𝑏𝑏1] + [𝑏𝑏1][𝑐𝑐1])} +
𝜉𝜉4 {4[𝐴𝐴111]Σ0 − 𝐾𝐾𝐴𝐴111 ([𝑏𝑏1][𝑐𝑐1])} +

𝜉𝜉5 {4[𝐴𝐴111]Σ0 − 𝐾𝐾𝐴𝐴111 ([𝑎𝑎1][𝑐𝑐1] + [𝑎𝑎1][𝑏𝑏1])} +
𝜉𝜉6 {4[𝐴𝐴111]Σ0 } +

𝜉𝜉7 {4[𝐴𝐴111]Σ0 − 𝐾𝐾𝐴𝐴111 ([𝑎𝑎1][𝑏𝑏1] + [𝑎𝑎1][𝑐𝑐1])} +

𝜉𝜉8 {4[𝐴𝐴111]Σ0 } = (Σ0 )2 [𝐴𝐴111] − 𝐾𝐾𝐴𝐴111 {[𝑎𝑎1][𝑏𝑏1][𝑐𝑐1]}
𝐾𝐾𝐴𝐴111
=

(Σ0 )2 𝑛𝑛𝐴𝐴111 − 4𝑛𝑛𝐴𝐴111 𝜉𝜉𝑡𝑡 + (Σ0 )2 𝜉𝜉1
𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐1 − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑏𝑏1 (𝜉𝜉1 + 𝜉𝜉3 + 𝜉𝜉5 + 𝜉𝜉7 ) − 𝑛𝑛𝑎𝑎1 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉5 + 𝜉𝜉6 ) − 𝑛𝑛𝑏𝑏1 𝑛𝑛𝑐𝑐1 (𝜉𝜉1 + 𝜉𝜉2 + 𝜉𝜉3 + 𝜉𝜉4 )
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