THE PENNSYLVANIA STATE UNIVERSITY
SCHREYER HONORS COLLEGE

DEPARTMENT OF MECHANICAL AND NUCLEAR ENGINEERING

ENERGY PROFILE AND BUCKLING BEHAVIOR OF BISTABLE PLASTIC COLUMN
MEMBERS SUBJECTED TO A LATERAL MAGNETIC FORCE

DANIEL MURT
SPRING 2017

A thesis
submitted in partial fulfillment
of the requirements
for a baccalaureate degree in Mechanical Engineering
with honors in Mechanical Engineering

Reviewed and approved* by the following:
Paris R. Von Lockette
Associate Professor of Mechanical Engineering
Thesis Supervisor
Sean Brennan
Professor of Mechanical Engineering
Honors Adviser
* Signatures are on file in the Schreyer Honors College.

i

ABSTRACT

In solid mechanics, a bistable structure is a structure that has two distinct states of stable
mechanical equilibrium. Bistable structures are useful because they can achieve large structural
deformations while only requiring a small amount of force to “snap-through” from one stable
position to another. Given this snap-through behavior, bistable designs are useful for things like
switches, valves, clasps, closures, and actuators, which require to be kept in one of two welldefined statically stable states for prolonged periods of time. One particularly common bistable
system is a compressed column exhibiting buckling behavior in one of two stable positions. This
paper investigates the use of hard magnets as a means to effect and manipulate the behavior of a
bistable buckling column. Hard magnets, when implemented in a bistable buckling column, can
achieve measurable changes in the loading and potential energy of the buckling column as a
function of the buckling displacement of the column. Additionally, hard magnets are
inexpensive, can be modeled as uniform dipoles, and require no external power supply to affect a
bistable response. After running multiple buckling tests that fixed hard magnets to a midsection
of an acrylic buckling specimen and at a specified proximity to the specimen in space, it was
observed that hard magnets indeed noticeably modified the buckling behavior of the thin column.
Specifically, the placement and orientation of the magnets were able to successfully modify the
initial stiffness, maximum and critical loads, and the overall work done to the buckling column.
Additionally, the hard magnets were found to be able to force buckling into one of two
mechanically stable states by manipulating the initial distance between the magnets before
buckling occurred.
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Chapter 1
Introduction
When studying the mechanical response of engineering materials subjected to various
types of loading, one thing that is of particular interest to mechanical engineers is how the
amount of potential energy inside the material changes as a function of time, position, or both.
When viewing the energy potential inside a deforming structure as a function of the structure’s
deformed shape, the positions of stability of the mechanical system can be observed as
equilibrium points, the local maxima and the minimal potential energy. These equilibrium points
can be effectively displayed by the “ball on a slope” analogy [1]. In this analogy, we see that the
ball is in a stable equilibrium position when the ball’s movement is naturally constrained to a
single point by a local potential energy minimum (or potential well). We can also see that a
neutral equilibrium position is achieved when the ball’s movement is limited to only a flat
surface (constant potential energy). Lastly, we observe that a position of unstable equilibrium
occurs when the ball is on top of the slope (local potential energy maximum), where any small
change in the potential energy of the system will result in the ball rolling back down the slope.

Figure 1. Ball and Slope analogy from Lammers and Zurcher (2011) [1]. Stable, Neutral, and Unstable equilibrium can be
visualized as a ball’s position on a curved slope. The ball will always return to the bottom of the trough in stable
equilibrium, move laterally until static in neutral equilibrium, and fall down the slope at the slightest disruption in
unstable equilibrium.
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Figure 2. Potential energy distribution of a bistable system adapted from Harne and Wang (2013). Bistability is indicated
by two potential energy wells

One specific case of conditional stability that is of interest to mechanical engineers is
bistability. Bistable structures have two stable mechanical positions, which can be observed as
two distinct local minima in the potential energy curve of the structure [2]. In this example, an
unstable equilibrium point separates the two stable energy states of the bistable structure. In
order for the bistable structure to switch from one stable position to another, a force must be
applied to the structure to push the potential energy up and over the local maximum (unstable
equilibrium) and into the other stable (minimum potential energy) equilibrium position. This act
of a bistable structure switching between stable positions by overcoming the potential energy hill
is called “snap-through.”
Bistable structures are useful because they provide a means to achieve large structural
deformations while only requiring a small amount of force to snap through from one stable
position to another [3]. Additionally, bistable mechanical designs are useful for things like
switches, valves, clasps, closures, and actuators, which require to be kept in one of two welldefined statically stable states for prolonged periods of time [4]. Since bistable structures only
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require minimal force to achieve snap through to another stable state, the need for unique
methods of actuating bistable structures from one state to another are needed.
This thesis explores the use of magnetic interactions between hard magnets to affect the
behavior of a bistable mechanism. The use of hard magnetic interactions to affect bistable
behavior is reasonable; hard magnets are inexpensive, require no external power source to
operate, can vary in field strength, can be easily adhered to specimens, and can produce a variety
of effects based on their orientation with respect to each other. Additionally, hard magnets can
behave as a single, uniform dipole and have well-defined analytical behavior that is conducive to
simplifying the analysis of their effects on bistable mechanisms.
Specifically, this thesis explores the effects of using hard magnets to affect the bistable
behavior of a thin buckling column. The implementation of hard magnets into the buckling
column will be used to determine if introducing magnetic attraction or repulsion into the
buckling system affects the initial stiffness of the column, the maximum and critical buckling
loads of the column, or the energy absorbed by the buckled column over the course of testing. In
addition, this thesis explores the degree to which magnetic interaction affects the behavior of the
buckling column.

4

Chapter 2
Background Research

Bistable Mechanisms

Fortunately, the topic of mechanisms that exhibit bistable behavior has been widely
studied by mechanical engineers. Some examples of bistable structures include latch-lock
mechanisms, corrugated shells, invertible domes, waterbomb shapes, Kresling cylinders, twisted
airfoil-like structures, and pre-stressed semi-circular cylindrical shells [3] [5-8]. Simple magnetic
dipole interaction can also be used to force bistable behavior in cantilevered beams [4]. The
repulsion between each magnet forces the beam into one of two stable positions, creating a
bistable system.

Figure 3. Examples of Bistable Structures. From top to bottom: corrugated shells, invertible domes, pre-stressed semicircular cylindrical shell. Each structure has two unique positions of stable equilibrium
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Another very common example of a bistable system includes a beam in compression that
has experienced buckling [9]. After reaching a critical compressive load, a beam will buckle into
one of two stable positions. This particular bistable mechanism is important because forced
column buckling can be designed such that the buckling-inducing parameters of the system are
well defined [10]. For example, the experimenter can directly control the column’s elastic
modulus, cross-section, length, and end conditions of the specimen to accurately change or
predict the critical buckling load of the column. This ability to control the buckling behavior of
the column makes the bistable system of a buckled column a good candidate for
experimentation. Additionally, the buckling tests are repeatable in a laboratory setting and the
response is well understood.

Buckling Behavior
The critical buckling load of a column is dictated by Euler-Bernoulli beam theory, which
relates the deflection w, elastic modulus E, and area moment of inertia I of the beam to the
beam’s bending moment M [10, 11]:

(1)

Assuming a pinned end condition (zero net moment about the beam tip) and summing the
moments, we obtain the following differential equation given a load P acting a distance w from
the pinned end:
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(2)

Solving for w using pinned end conditions w(0) = w(L) = 0 (where L is the length of the
beam), we get the critical value for load P to induce buckling in terms of E, I, and L:

(3)

The variable n is a coefficient that depends on the end conditions of the beam. In EulerBernoulli beam theory, these end conditions include any combination of fixed, free, and pinned
ends of the beam. A fixed (or clamped) beam end condition means that there is no lateral
translation or rotation about the end of the beam. A pinned beam end condition means that
rotation is allowed at the ends of the beam, but not lateral translation. A free beam end condition
allows for both lateral translation and rotation at the end of the beam. For any combination of
these end conditions, the critical load to cause buckling (called the Euler critical load) derived
from Euler-Bernoulli beam theory will change based on the combination [11]. As displayed in
Figure 4, the coefficient n in the critical load formula changes according to the end conditions of
the buckling beam.

Figure 4. Standard column buckling end conditions in Euler-Bernoulli beam theory from Wang (2005) [11]; From left to
right: Free-Fixed (n = 0.25), Pinned-Pinned (n = 1), Pinned-Fixed (n = 2), Fixed-Fixed (n = 4)
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Magnetic Dipole Interaction
For any two magnetic dipoles interacting with each other, the potential energy between
the two dipoles is described by the equation [12]

(4)

where UH is the potential energy between the two dipoles, μ0 is the vacuum permeability
constant (4π x 10-7 N/A2), m1 and m2 are the magnetic moment vectors for each dipole, and r is
the vector describing the distance between each dipole. This equation becomes simpler, however,
when one considers a case where each dipole has the same magnetic moment vector m, and
where both magnetic moment vectors are collinear with distance vector between them.
Simplifying, we obtain
(5)

We also observe that the leading constant of Equation (5) depends on the dot products of
separation and magnetization of the two dipoles in question. Specifically, the leading constant in
Equation (5) depends on parallel and anti-parallel cases shown in Figure 5.
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Figure 5. Two collinear cases of dipole interactions. In Case (1), the magnetization vectors m are equal and opposite
(repelling). In Case (2), the magnetization vectors are equal and facing the same way as the distance vector r between the
dipoles.

To derive the force between two magnetic dipoles, Equation (5) must be differentiated with
respect to r (the distance between the two dipoles) [12]. The case shown in Equation (5) where
both magnetic moment vectors have the same magnitude and direction sets up the problem for
simple differentiation. After performing this differentiation, we obtain
(6)

Like in Equation (5), the leading constant in Equation (6) will change based on the separation
and magnetization of the dipoles in parallel and anti-parallel cases. The equations, (5) and (6)
will prove useful when analyzing the effect hard magnets have on a bistable system when acting
as a single uniform dipole.
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Chapter 3
Experimental Methodology

Test Setup Design
Before designing a test setup, a bistable system first needed to be selected for analysis.
Given the ease of its testability, a bistable buckling column was the best candidate for
experimentation. As previously mentioned, the parameters of a bistable buckling column can be
can be explicitly defined by the experimenter to induce a desired critical buckling load [10].
Additionally, buckling behavior can be easily induced by a tensile tester programmed to run
compression tests. This effectively allows the force and potential energy inside of the buckling
column to be recorded and analyzed in order to observe behavior. The ability to observe the
loading and energy inside a buckling column through the use of a tensile tester will also prove to
be useful when hard magnets will be used to affect the loading and energy profile of the buckling
column.
In order to create a buckling test for analysis, a buckling specimen and a tensile testing
machine capable for running compression tests are required. Fortunately, the MACs lab has been
recently fitted with the latter: a Shimadzu AGS-X tensile tester. With respect to an appropriate
specimen to run column buckling tests on, the specimen must be pliable enough to exhibit
smooth, uniform buckling while being thin enough to noticeably experience external magnetic
work performed by hard magnets. Additionally, an appropriate column-buckling specimen must
be inexpensive and easy to fabricate in quantity in order to have access to many virgin samples
for testing. Acrylic, a transparent thermoplastic, met nearly all of these criteria, making it a
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suitable candidate for testing. Acrylic is strong, flexible, and cheap to buy in a large variety of
sheet thicknesses. Additionally, Acrylic can be easily laser cut to precise shapes and sizes for
increased customization. The mechanical properties of acrylic are also readily tabulated for use
in calculations of critical loading [13]. One drawback to acrylic is its polymeric mechanical
response which includes some degree of viscoelasticity and hysteresis. To overcome these
issues, all tests are run at the same compressive rate and buckling results are reported for virgin
samples.
The use of thin acrylic for a buckling specimen also lends itself to being easily fitted to
the AGS-X for testing. The AGS-X is equipped with two jaw clamps that can hold a specimen in
place during testing. With respect to a buckling test, these jaws will simulate fixed-fixed end
conditions. These end conditions are explicitly accounted for in Euler-Bernoulli beam theory and
will be used to find theoretical critical buckling loads.
The next step in designing an experiment is discerning how to implement hard magnets in
such a way to affect the buckling behavior of the bistable acrylic specimen. To begin this step,
hard magnets first needed to be selected for testing based on their size, magnetic properties, and
utility for this experiment. Based on these criteria, B444 neodymium block magnets from K & J
Magnetics were used. These cube-shaped hard magnets are assumed to act as single uniform
dipoles (for ease of analysis), but they can also impart up to 4.25 pounds of attractive force when
adjacent to each other, despite only being ¼”x ¼” x ¼” in size [14]. Additionally, the small (and
well-defined) size of these magnets allows for easy implementation to the bistable buckling
column.
In order to implement these hard magnets into the bistable system, the hard magnets must
be positioned is such a way so that the magnetic interaction between them affects the buckling
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behavior of the column as the cross head of the AGS-X displaces. To achieve this, one hard
magnet was placed at the geometric midpoint of the buckling specimen length. Another hard
magnet was then fixed in space directly across from the first one at a specified initial distance
away. This in effect allows the hard magnet fixed to the buckling column midpoint to interact
with the second hard magnet that is fixed in space as the column buckles. The reason that the
first hard magnet is attached to the midpoint of the column is due to the shape of the buckling
that occurs when both ends of the column are fixed. In this first-mode case of buckling, the
column buckles symmetrically with maximum deflection occurring at the column midpoint [11].
It is because of this maximum deflection at the midpoint that the first hard magnet is fixed in the
middle of the buckling specimen.
In order to fix the second hard magnet in space, however, additional hardware needs to be
used. The first piece of hardware used was a long wooden dowel, to which the second hard
magnet would be fixed. Specifically, the hard magnet would be fixed to the end wooden dowel
(which had the same diameter as the hard magnet length) with a pole of the magnet directly
facing outward. In the interest of convenience, a third hard magnet (that wouldn’t be involved in
testing) would be fixed to the other end of the dowel with the opposite pole facing outward.
Doing this effectively allows the experimenter to switch the outward-facing pole of the second
hard magnet by simply rotating the dowel 180 degrees, despite the magnet already being fixed to
the dowel. Now that the second hard magnet is fixed to the dowel, the dowel itself must now
fixed in space in order to position the second hard magnet directly across from the first. This was
accomplished using a ring stand and a ring stand clamp. A ring stand and clamp allows the
experimenter to adjust the distance the dowel is positioned above the ground. Additionally, the
ring stand clamp allows the experimenter to adjust the distance the end of the dowel is from the
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first hard magnet, allowing for customizable initial distances between each magnet before each
test. The ring stand also sits snugly beneath the AGS-X top fix its position with respect to the
loading frame. Through the use of a wooden dowel, a ring stand, and the knowledge of fixed-end
column buckling behavior, hard magnets are able to be effectively utilized to affect the buckling
behavior of a bistable acrylic column.
Now that hard magnets have been identified and positioned for use, the dimensions of the
buckling acrylic specimen must be determined. In order to achieve an appreciable amount of
magnetic work on the bistable buckling column, the critical buckling load of the column must
fall in a range such that the force imparted onto the system by the hard magnets can be measured
and easily observed by the AGS-X. From Equation (3), the Euler critical load that induces
buckling can be lowered by increasing the length of the specimen, decreasing the area moment of
inertia of the specimen cross section, decreasing the elastic modulus of the specimen, or by
modifying the end conditions of the buckling column. Since the elastic modulus and the column
end conditions are already fixed, the specimen length and cross section geometry were the
remaining parameters that could be modified to reduce the Euler critical buckling load. Given the
¼” width of the hard magnets, the width of the acrylic specimen was decided to be ½” in order to
comfortably fit the hard magnet to the midsection of the acrylic specimen. Due to its availability
in the MACs lab, 2-millimeter-thick sheets of unused acrylic would prove to be the best option
for raw material with which to laser cut acrylic buckling specimens. Since the width w and
thickness t of the buckling specimen have now been decided, the area moment of inertia I of the
specimen’s rectangular cross section can now be determined from Equation (7):
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(7)

Since the elastic modulus, area moment of inertia, and end conditions are now known, the Euler
critical buckling load is now only contingent upon the length of the specimen. For the
interactions between the hard magnets on the buckling column to be noticeable, the critical
buckling load should be approximately of 20 Newtons of force because the hard magnets can
produce up to about 20 Newtons of force between each other. A specimen length of 200
millimeters was chosen because it is not only long enough to directly exhibit obvious buckling
behavior, but also has an Euler critical load of 26.74 Newtons, which falls within the expected
force range of the hard magnets to exhibit magnetic effects on buckling.
Table 1. Acrylic Buckling Specimen Properties [13]

End Condition Factor
(n)

Elastic Modulus
(E)

Width
(w)

4

3.20 GPa

12.7 mm

Thickness Cross Section
(t)
Area Moment
of Inertia (I)
2.00 mm
8.47 mm4

Length
(L)
200 mm

Table 2. Hard Magnet Properties from K&J Magnetics [14]

Volume (mm3)

Brmax (T)

Magnetic Moment (Am2)

255.64

1.32

0.269

The last part of designing the test setup is addressing the issue of magnet deflection. As
the test column buckles, the first hard magnet steadily approaches the second hard magnet fixed
to the dowel, which is fixed to a ring stand. In the case where both hard magnets repel each other
as the column buckles, the second hard magnet (fixed to the dowel) will be forced to deflect
away from the column midpoint, which can affect the work performed by the magnets on the
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buckling column. To curb this deflection, a hard wooden frame that could be clamped to the
AGS-X was designed so that the end of the dowel could snugly fit through a hole in the frame
that would prevent the dowel from deflecting at its end. This effectively allows the hard magnets
to get as close as possible to each other in the case the magnets repel each other during buckling.

Figure 6. Buckling Testing Setup

Figure 7. Buckling Testing Setup Close-Up

15
Testing Procedure

To conduct experiments with the testing setup, 3 different types of buckling scenarios
will be investigated: repulsion, attraction, and control cases. For the repulsion case, the hard
magnet fixed to the midpoint of the buckling acrylic column will repel the hard magnet fixed in
space to the dowel as the column buckles. For the attraction case, the hard magnet fixed to the
midpoint of the buckling acrylic column will attract the hard magnet fixed in space to the dowel
as the column buckles. For the control case, no magnets will be placed on the buckling column
or the dowel. The control case will be used to compare to each of the magnetic cases to observe
the effects the magnets have on the buckling column versus when no magnetic interactions are
present. The repulsion and attraction cases will serve to display the effect the hard magnets have
on the buckling bistable system. Multiple tests for each case will be conducted. Additionally,
each case of repulsion and attraction will have a defined starting distance between the first hard
magnet (attached to specimen midpoint) and the second hard magnet (fixed in space to a dowel
positioned directly across from the first magnet). Since this distance is adjustable, each case of
attraction and repulsion will be conducted at starting distances of both 1” and ½”. By
manipulating this starting distance between the magnets before buckling begins, the changes in
magnetic work performed on the system as a function of initial magnet separation can be better
observed.
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Figure 8. Example of buckling sample being tested (Attraction). Maximum, symmetrical deflection occurs at
column midpoint (Fixed-Fixed)

While each buckling test runs, the AGS-X will collect load readings every 10
milliseconds as a function of cross head displacement. To ensure smooth, uniform buckling, the
crosshead will displace at 1 millimeter per minute for each case of attraction, repulsion, and
control. From the Force versus Displacement graph, the total work performed by the system can
be obtained by taking the area beneath the curve graph. Additionally, the AGS-X can calculate
slopes, extreme values, and averages across multiple tests. These values will prove to be useful
when analyzing the Force versus Displacement data.
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Chapter 4
Results and Analysis
The three main parameters that will define that data being analyzed in each test are the
magnetic case of the test (repulsion, attraction, or control), the initial distance between the hard
magnets in the magnetic cases (1 inch or ½ inch), and the number of testing cycles the specimen
has already experienced (first test or last test). Each specimen will undergo a set number of
testing cycles and the data that will be analyzed from these tests are the first and last cycles. This
will in effect display the differences in behavior from virgin samples and the samples that have
already experienced compressive loading. Table 3 shows the names of each test with respect to
their magnetic case, initial distance between magnets, and their testing cycle (first cycle or last
cycle).
Table 3. Buckling Test Names and Parameters

First Tests

Last Tests

Initial Distance Between Magnets

1”

½”

1”

½”

Magnetic Repulsion

Test 1

-

Test 1

-

Test 2

-

Test 2

-

Test 3

-

Test 3

-

-

Test 4

-

Test 4

No Magnetic Force (Control)

Magnetic Attraction

Test 1

Test 1

Test 2

Test 2

Test 3

Test 3

Test 1

-

Test 1

-

-

Test 2

-

Test 2

-

Test 3

-

Test 3
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Results of Experiments

Overall, there were 6 different groups of test data that were obtained: first control tests,
last control tests, first attraction tests, last attraction tests, first repulsion tests, and last repulsion
tests. The data for each test group was collected in the form of force versus displacement plots.
From these plots, the (repulsive or attractive) interaction between the hard magnets overall
displayed some degree of visible effect on the force versus displacement curve of the buckling
column compared to the control groups. Of the data collected from each buckling test, the 3 main
quantities that were studied were the maximum and critical buckling loads, initial slope of the
specimen’s force versus displacement curve (stiffness), and the total magnetic and mechanical
energies of the buckling system.
After running each group of tests, some noticeable and repeatable differences in force
curves began to emerge. Most noticeably, the first (virgin) samples quickly reach a peak force
value before the force descends to an asymptotic value, while the last samples did not achieve a
peak force value, but rather rose directly to an asymptotic load more gradually than the first test.
This can be seen in Figure 9.

Figure 9. Last Control Tests. Test 1 is the only virgin sample. Untested samples have a sharp force peak and
tested samples do not
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In Figure 9, Test 1 is a virgin sample while Test 2 and Test 3 are last samples. It is clear
from Figure 9 that the first sample achieves a well-defined peak force while Tests 2 and 3 are
more rounded and directly achieve asymptotic loading without a well-defined peak force. For
Test 1, the maximum force is simply the force at the initial peak of the curve, which is also the
distinct critical buckling load. For Tests 2 and 3, however, the maximum force is the asymptotic
load since no force peaks are present. Regardless of whether the sample was tested first or last,
all tests have initial linear slopes that are measures of the initial stiffness of the buckling column.
The values of these slopes are equal to the force in the specimen at the end of curve’s linear
region (for the virgin samples, these are the peak force values) divided by the displacement of
the crosshead of the AGS-X at the end of the curve’s linear region.

Figure 10. First Control Tests
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Figure 11. First Repulsion Tests. Test 4 forces buckling into other bistable position and exhibits control behavior

Figure 12. Last Repulsion Tests. Test 4 forces buckling into other bistable position and exhibits control behavior
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Figure 13. First Attraction Tests

Figure 14. Last Attraction Tests
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Table 4. Maximum Loads, Initial Slopes, and Asymptotic Loads for First Tests

Control

Attraction

Repulsion

Maximum Load (N)

Initial Slope (N/mm)

Asymptotic Load (N)

Test 1

19.00

330.87

16.58

Test 2

18.32

307.96

16.95

Test 3

17.32

220.37

16.92

Test 1

17.45

296.25

16.70

Test 2

14.17

176.77

13.40

Test 3

13.96

185.90

13.96

Test 1

19.92

206.85

18.89

Test 2

19.03

283.10

18.12

Test 3

19.27

220.71

16.71

Test 4

19.81

266.08

17.77

Table 5. Maximum Loads, Initial Slopes, and Asymptotic Loads for Last Tests

Control

Attraction

Repulsion

Maximum Load (N)

Initial Slope (N/mm)

Asymptotic Load (N)

Test 1

19.00

330.87

16.58

Test 2

15.75

185.70

15.68

Test 3

16.74

198.47

16.64

Test 1

16.31

236.14

16.24

Test 2

13.78

116.90

13.52

Test 3

12.11

96.55

12.11

Test 1

19.92

206.85

18.89

Test 2

18.24

114.40

17.11

Test 3

18.50

115.59

16.76

Test 4

17.64

144.77

17.44
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Figure 15. Average Initial Slopes for all First and Last Tests

Figure 16. Average Asymptotic Loads for all First and Last Tests
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Figure 17. Average Maximum Loads for all First and Last Tests

From the data in Tables 4 and 5, and from Figures 9-16, some general trends can be
observed. The first trend that applies across each testing case is that the maximum load,
asymptotic load, and initial slopes were all smaller in the last tests than in the first tests. This is
due to the fact the mechanical response of acrylic varies due to its viscoelasticity after multiple
cycles of testing. From Figure 15, we see that the initial slopes of both the first and last control
groups were the largest substantially compared to the repulsion and attraction cases. From Figure
16, we see that the repulsion cases had the largest asymptotic loads, followed by the control and
then the attraction cases in both the first and last tests. A similar trend can be seen in Figure 17,
where the repulsion cases have the largest maximum loads for both first and last tests, followed
by the control and attraction cases. The effect the hard magnets have on the buckling behavior of
the acrylic is also apparent in the force-displacement curves of each test. For the repulsion cases,
the repelling force between magnets appears to induce an additional force peak in the forcedisplacement plot in both the first and last tests. The one exception to this can be seen in Test 4,
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which looks nearly identical to the control curves. The attraction cases also display a concavedown curve instead of the asymptotic behavior seen in the control curves. Additionally, the curve
in the attraction cases appears to become smaller and smaller as the initial distance between hard
magnets decreases.
From the collected data, the trends that have been observed appear to have a clear
connection to the interaction of the hard magnets with the buckling column. It is likely that the
control cases had the largest initial slopes because the initial lateral magnetic force acting on the
midpoint of the column in the magnetic cases affected how quickly it took the column to reach
its initial maximum load (which affects the initial slope). The repulsion cases likely had the
highest average maximum load because (with the exception of Test 4), the column buckled in the
direction of the second repelling magnet, whose opposing lateral magnetic force offered slightly
more support right before buckling. In Test 4, however, the initial starting distance between the
repelling magnets was so close, that buckling was forced into the other bistable position of the
buckling column. Since the magnets were then buckling away from each other, there was no
more magnetic interaction, thus explaining the shape of the Test 4 curve in the repulsion case.
Additionally, the second peak that appears in Tests 1, 2, and 3 in the repulsion case are due to the
close proximity of the repelling magnets, causing the load in the column to increase. The
attraction cases, however, had the lowest maximum load. This was likely due to the fact that the
hard magnet fixed in space in the attraction case never opposes buckling towards itself, causing
an inward pulling motion at the column midpoint and thus causing slightly earlier buckling.
Similar to the average maximum loads, the repulsion cases had the largest asymptotic loads,
followed by control and then attraction cases. The reason for this is also similar to the reason this
pattern appears in the maximum loads: buckling in the direction of a repelling magnet offers
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slightly more lateral support at the column midsection right before buckling, while buckling
towards an attracting magnet pulls at the center of the column and slightly reduces the maximum
load at which buckling occurs.
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Analysis of Results

To analyze the amount of magnetic work performed on the buckling acrylic column
during each magnetic test, we must first determine the total work performed during each test. To
accomplish this, we simply take the area beneath the force-displacement curve (integral) for the
entire curve. To then find the magnetic work performed on the system, we first take the area
beneath the force-displacement curve (integral) for the control case. Since there is no magnetic
work being done on the system in the control cases, the work being done to the system is purely
mechanical. Then, we take the difference between the total work done during the magnetic case
and the total work done in the control case (up to the same amount of crosshead displacement)
and the result is the amount of magnetic work performed on the system. The reason this works is
because the magnetic cases of buckling experience two kinds of work: mechanical (from the
crosshead displacement of the AGS-X) and magnetic (from the hard magnets). Since the
identically buckling control case experiences the same amount of mechanical work, the work
from the control case can be simply subtracted from the total work of the magnetic case to be just
left with the magnetic work.
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Figure 18. Finding the magnetic work performed in a magnetic testing case. The pure mechanical work of the control case
is subtracted from the total work of the magnetic case (mechanical and magnetic) to isolate work done by magnets
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Table 6. Mechanical, Magnetic, and Total Work of First Tests

First Tests

Repulsion

Control

Attraction

Total Work

Magnetic Work

Mechanical

(mJ)

(mJ)

Work (mJ)

Test 1 (1”)

132.59

12.76

119.83

Test 2 (1”)

173.55

3.48

170.07

Test 3 (1”)

158.27

5.35

152.92

Test 4 (1/2”)

70.81

3.02

152.92

Test 1

34.03

0

34.03

Test 2

33.43

0

33.43

Test 3

34.41

0

34.41

AVE

33.96

0

33.96

Test 1 (1”)

99.67

18.36

81.31

Test 2 (1/2”)

37.47

14.11

23.36

Test 3 (1/2”)

12.36

12.92

0.57
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Table 7. Mechanical, Magnetic, and Total Work of Last Tests

Last Tests

Repulsion

Control

Attraction

Total Work

Magnetic Work

Mechanical

(mJ)

(mJ)

Work (mJ)

Test 1 (1”)

132.59

12.76

119.83

Test 2 (1”)

159.24

0.31

158.93

Test 3 (1”)

149.7

6.15

143.55

Test 4 (1/2”)

65.49

0.80

64.69

Test 1

34.03

0

34.03

Test 2

30.90

0

30.90

Test 3

32.12

0

32.12

AVE

32.35

0

32.35

Test 1 (1”)

88.90

5.59

83.31

Test 2 (1/2”)

34.30

10.26

24.03

Test 3 (1/2”)

8.77

5.65

3.12
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Figure 19. Work performed on First Control Tests

Figure 20. Work performed on Last Control Tests
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Figure 21. Work performed on First Attraction Tests

Figure 22. Work performed on Last Attraction Tests
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Figure 23. Work performed on First Repulsion Tests

Figure 24. Work performed on Last Repulsion Tests
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Across each testing case, we observe that the total amount of work performed during
each test is smaller in the last tests compared to the first tests. For most cases, the majority of the
work performed on the system is mechanical. However, the attraction tests appear to have the
largest percentage of magnetic work being performed on the buckling acrylic. The repulsion
cases, however, have a rather small (yet noticeable) percentage of magnetic work being
performed on the buckling acrylic compared to the attraction cases. Nevertheless, that small
amount of magnetic work was still able to induce a noticeable peak in loading on the column, as
seen in Figure 11 and Figure 12 12. In other words, the small amount of work imparted by the
repelling magnets to the buckling system was able to effectively modify the loading seen by the
acrylic.
The reason for the attraction cases having the largest percentage of magnetic work being
performed is likely due to the fact that the amount of mechanical work needed to be performed
on the system before the hard magnets made contact was noticeably less in the attraction cases
than in the repulsion cases. Additionally, the maximum (critical buckling) load for the attraction
cases was observably smaller as seen in Figure 17, due in part by the lateral magnetic attraction
influencing column buckling. Another point of observation is that the percentage of total work
performed by magnetic interaction in the attraction cases is larger in tests where the initial
starting distance between each magnet is ½ inch. When the hard magnets start out this close, the
lateral force imparted to the buckling column is greater as the column begins to buckle, thus
imparting a larger percentage of magnetic work. Again as with the data gathered in the previous
section, the total work performed in each test is lower in the last set of tests than the first set of
tests due to the viscoelasticity of the acrylic.
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Additional Analyses
From Equation (3) and the data in Table 1, the theoretical critical load for the control
cases is
(8)

A method to calculate the theoretical critical load for the magnetic cases, additional
calculation is required. To begin, the buckling column in question needs to be modeled as a
vertical buckling column with fixed-fixed end conditions with a lateral spring force acting on the
column. The governing equation that determines critical buckling in this case is [11]
(9)

In this equation, α represents the critical buckling coefficient multiplied by π2 (similar to n in
Equation (3)), d represents the percentage of the length up the column the force is being applied
(d = 0.5 for the midpoint), and is described in Equation (10):
(10)

However, the tests that were run did not apply the lateral force with a spring; the lateral force
was applied with two hard magnets acting as magnetic dipoles. To convert the force between two
magnetic dipoles to an equivalent spring constant, we must approximate by linearizing Equation
(6) via a Taylor series expansion. Taking the Taylor series expansion at a point a, we obtain
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(11)

To linearize, we take the first two terms of the series:
(12)

Simplifying Equation (12), we obtain a coefficient for r whose magnitude will serve as our
approximated value for c:
(13)

In this case, the value of a is simply the initial starting distance between each hard magnet.
Plugging Equation (13) back into Equation (10), we obtain a formula for the value of ξ which
can then be used to solve for the critical buckling coefficient α:
(14)

To calculate the amount of work done to the buckling acrylic solely by the hard magnets, we
simply find the negative change in potential energy between the two magnets form the start of
the test to the end of the test:
(15)
Substituting Equation (5) into Equation (15), we obtain
(16)
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where r is the initial distance vector between each magnet. For an initial distance of 1”, the
theoretical magnetic work is 0.883 mJ and for an initial distance of ½”, the theoretical magnetic
work is 7.06 mJ, which is closer to the experimentally observed magnetic work done to the
system overall.
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Chapter 5
Conclusions

In conclusion, the implementation of hard magnets in a bistable buckling column were
able to successfully affect buckling behavior. Specifically, the maximum and critical loads, the
initial stiffness, and total work of the buckling system were influenced by the hard magnetic
interaction.
The maximum loads experienced by the acrylic column were found to increase in the
repulsion cases and decrease in the attraction cases by a small but noticeable amount. The initial
stiffness of the acrylic column was also observed to follow a similar pattern: the initial stiffness
of the acrylic column was found to increase in the repulsion cases and decrease in the attraction
cases. Additionally, the viscoelasticity of the acrylic also lead to decreases in initial stiffness as
the acrylic samples underwent additional cycles of testing. The hard magnets used to influence
the buckling column were also able to successfully impart a noticeable degree of magnetic work
to the mechanical work performed by the buckling system: the attraction cases had the highest
percentage of magnetic work done on the system while the repulsion cases had the lowest.
However, the smaller percentage of magnetic work observed in the repulsion cases was still
noticeable enough to produce an additional peak in force in the force-displacement curve, and to
force the acrylic to buckle into another stable position away from the hard magnet fixed in space.
Given the overall performance of the magnets in influencing the parameters of a bistable
buckling beam, the use of hard magnets may prove effective in the actuation and manipulation of
other bistable mechanisms.
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Appendix A
Raw Data Plots

Figure 25. Control Test 1 (1 Cycle)
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Figure 26. Control Test 2 (5 Cycles)

Figure 27. Control Test 3 (5 Cycles)
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Figure 28. Repulsion Test 1 (1 Cycle, 1 Inch Initial Separation)

Figure 29. Repulsion Test 2 (5 Cycles, 1 Inch Initial Separation)

42

Figure 30. Repulsion Test 3 (2 cycles, 1 Inch Initial Separation)

Figure 31. Repulsion Test 4 (5 Cycles, ½” Inch Initial Separation). Forced buckling direction so no late magnetic
interactions
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Figure 32. Attraction Test 1 (5 cycles, 1 Inch Initial Separation)

Figure 33. Attraction Test 2 (5 Cycles, ½ Inch Initial Separation)
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Figure 34. Attraction Test 3 (5 Cycles, ½ Inch Separation)
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Appendix B
Raw Data Tables
Table 8. Control Test 1 (1 Cycle) Data

Table 9. Control Test 2 (5 Cycles) Data
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Table 10. Control Test 3 (5 cycles) Data

Table 11. Repulsion Test 1 (1 Cycle, 1 Inch Initial Separation) Data
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Table 12. Repulsion Test 2 (5 cycles, 1 Inch Initial Separation) Data

Table 13. Repulsion Test 3 (2 Cycles, 1 Inch Initial Separation) Data
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Table 14. Repulsion Test 4 (5 cycles, ½ Inch Initial Separation) Data

Table 15. Attraction Test 1 (5 Cycles, 1 Inch Initial Separation) Data
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Table 16. Attraction Test 2 (5 cycles, ½ Inch Initial Separation) Data

Table 17. Attraction Test 3 (5 cycles, ½ Inch Initial Separation) Data
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