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ABSTRACT

This study investigates the effectiveness of a second-order complementary filter when used to
calculate angular position of two different systems. Calculating angular position is crucial in many current
fields, such as unmanned systems, autonomous systems, and biomechanics. A double pendulum and a
Furuta pendulum were constructed to test the effectiveness of the filter. Both pendulum systems were
tested with varying characteristics like duration of test and magnitude of input. The different
characteristics demonstrated the strengths and weakness of the filter when compared to calculating
angular position from an accelerometer or gyroscope. The complementary filter was the optimal method
for calculating angular position. The complementary filter performed better when calculating angular
position in a Furuta pendulum than a double pendulum. The difference in performance was caused by the
double pendulum experiencing more undesirable accelerations when calculating angular position.
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1. Significance and Background Information

1.1 Introduction and Motivation
Measuring angular position is crucial for unmanned systems, autonomous systems, and
biomechanics studies. Accurate angle estimation helps prevent unmanned aerial vehicle (UAV) crashes
by enhancing the control and guidance of UAVs [1]. A UAV used for surveillance needs to measure the
angles of the ground it is surveying to precisely map important information and to correctly maneuver [1].
Autonomous vehicles require the angle of the steering wheel to safely maneuver through traffic [2]. While
angle estimation prevents sudden failure for mechanical systems, it also can elucidate long-term problems
in biomechanical systems. In biomechanics studies, arm joints as well as knee joints have been measured
to study gait and early detection of health problems [3-5]. Gait analysis can aid in detecting and
determining the severity of Parkinson’s disease [6]. Early detection of health problems is important
because it increases positive treatment outcomes and lowers costs [6-8].
There are multiple considerations when choosing a process to measure angular position. One
consideration is choosing a sensor. Common sensors include potentiometers, rotary encoders,
accelerometers and gyroscopes. The benefits and drawbacks of these sensors are discussed in detail in
Sec. 1.2.1. A second consideration is deciding on a filter to improve the accuracy of the data collected
from the sensors. Accuracy-improving techniques include several different filters like Kalman filters,
extended Kalman filters and complementary filters. These filters are discussed in detail in Sec. 1.2.2.
Overall, the sensors and filters differ based on ease of implementation, calculation time, application and
accuracy.
Pendulum systems are typical systems used to test angle measurement methods and are of interest
because they have many engineering applications. Single pendulum systems can be used to model control
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systems for maintaining a rocket or a Segway upright. Double pendulum systems have been used to study
problems like bridge crane oscillations [9] and walking models [10]. The number of pendulums and the
number of degrees of motion allow for pendulum systems to replicate multiple mechanical problems.
Inertial measurement units (IMUs) have become a common sensor for angle estimation due to
their cost decreasing [11].An IMU may contain an accelerometer, gyroscope, and magnetometer mounted
on a single rigid board. Many IMUs only have an accelerometer and gyroscope mounted. These two
sensors provide a measurement of an angle, but this measurement is sometimes inaccurate. A gyroscope
calculates angular position by integrating the measured rate of rotation. A gyroscope poorly estimates
angular position because gyroscope bias causes small errors that become large errors when integrated
over time [12]. Accelerometers are robust to drift error when measuring angular position since the
measurement is not integrated over time. Accelerometers fail to measure angular acceleration correctly if
the accelerometer experiences accelerations that are not from gravity [9,10]. Another inaccuracy of
accelerometers are the multiple noise spikes that are outputted as shown in Sec. 2.2. These accuracy
problems can be solved by using sensor fusion: the combination of data collected from multiple sensors to
attain more accurate data [5,12]. Different types of sensor fusion methods are discussed in Sec. 1.2.2
IMU measurements can become more accurate by using a sensor fusion technique known as a
complementary filter. A complementary filter is a process that transforms error-prone data from two
sensors into accurate data. The sensors complement each other by providing low-noise data in different
frequency ranges. For example, accelerometer data are usually filtered with a low-pass filter since gravity
is constant. The low-pass filter attenuates the effects of measured accelerations that are not gravity. In
contrast, gyroscope data are filtered with a high-pass filter since drift from integrating measurement errors
happens at low frequencies.
Most complementary filter experiments on angle estimation use a single complementary filter to
measure angles in a single system. A single complementary filter is usually not ideal for multiple systems
because different filters are needed for ease of implementation, calculation time, application and
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accuracy. A complementary filter has characteristics specific to the IMU used. These characteristics are
discussed in Sec. 1.2.3.
Different pendulum systems could possibly use a single complementary filter to find pendulum
angles. Examples of differences in pendulum systems include magnitudes of inputs and orientations of the
pendulums. Similar complementary filters have been used to measure accurate angles in a mobile inverted
pendulum robot as well as a Furuta pendulum [13,14]. These pendulums are shown by Fig. 1 and Fig. 2.
below. The mobile inverted pendulum is essentially a single vertical pendulum that rotates from
translational movement. The Furuta pendulum is a single vertical pendulum that rotates from rotational
movement of a horizontal arm. The complementary filters were both designed with a high-pass and lowpass filter to lessen the accuracy problems of the IMUs [13,14]. Both complementary filters used a curve
fitting technique to mitigate the accuracy problems of the IMUs [13,14]. The error differences of a single
complementary filter used on two different pendulum systems are determined in this study. The purpose
of this study is to lessen the design time of complementary filters that use IMUs for angle estimation. This
purpose is achieved by showing a single method used to construct a second-order filter that demonstrates
accurate angle estimation for a double pendulum and a Furuta pendulum.
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Table 1. Two different pendulum systems.

Figure 1. A mobile inverted pendulum [13]. Translational
movement causes pendulum motion.

Figure 2. A Furuta pendulum [15]. Rotation of the horizontal
link causes pendulum motion.

1.2 Background Information
In this section, the benefits of using potentiometers and rotary encoders to measure angular
position are discussed. The major drawback of these sensors requiring a shaft is noted and an IMU is
chosen to avoid this drawback. Multiple filters used to improve IMU data are introduced. The theory of
Kalman filters and extended Kalman filters is explained, but a simpler complementary filter was chosen
for this study. A general overview of complementary filters is discussed. The structure and equation of a
second-order complementary filter is detailed since it is implemented in this study.
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1.2.1 Potentiometers and rotary encoders
Potentiometers and rotary encoders have been used successfully to measure angular position, but
these measurement options have the major drawback of needing a fixed shaft for mounting as shown in
Fig. 3. Potentiometers and rotary encoders are typically used to measure angular position in pendulum
systems [13,14]. The main benefit of potentiometers and rotary encoders is they have low calculation
times when relating measurements to angular position. Potentiometers have a low calculation time
because a simple calculation relating resistance to position is the only needed calculation. The low
calculation time from rotary encoders comes from a simple calculation relating the number of pulses
counted to degrees traveled. Accuracy issues with potentiometers, encoders, and IMUs can be resolved
because there are multiple resolutions available at different costs. The main drawback of potentiometers
and rotary encoders is the need of a shaft for mounting. The requirement of a shaft is not a drawback for a
pendulum system but could cause problems when studying biomechanics because a shaft is difficult to
interface with a human [5]. IMUs are useful if a relatively large calculation time is available for a filter as
discussed in Sec. 1.2.2 and Sec. 1.23.

Figure 3. A rotary encoder used for measuring angular position. [16]. The angular position being measured must
interface with the encoder shaft. Usually a coupling is used to connect the shaft to the rotating object.
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1.2.2 Kalman filters and extended Kalman filters
Common filters for angle estimation are Kalman filters and extended Kalman filters. Both filters
have the same structure as shown in Fig. 4. Both filters calculate the optimal state estimate or the most
likely state of the system. A state is the collection of values that describe the variables of a system like
position and velocity. The optimal state estimate of the system is found by combining two estimates of
the state. The first estimate is a prediction estimate that infers the probability of the state based on the
prior combined state. The second estimate is the correction estimate that infers the probability of the state
based on the current measurements of the state. The two probabilities of the state are determined by
selecting the gains of the system, which is also known as “selecting the covariances.” Different gains
cause the prediction estimate and the correction estimate to be weighted differently. These two
probabilities are combined to find the most likely state of the system. The Kalman filter differs from the
extended Kalman filter because the Kalman filter is designed for linear systems while the extended
Kalman filter is designed for non-linear systems. The Kalman filter uses linear equations during the
prediction estimate. The extended Kalman filter linearizes non-linear equations about the combined state
estimate during the prediction estimate. An example of linearizing a non-linear equation about a current
position is shown in Fig. 5. The linearization method is only accurate when the current state of a system is
near the state that was linearized about.
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Figure 4. The cyclic structure of a Kalman filter. The prediction estimate relies on the optimal state which is
found through the correction estimate.

Figure 5. Linearizing a non-linear equation near an operating point [17]. The region of good approximation shows
linearization is only acceptable near the location that was used to linearize the non-linear equation. The region of good
approximation is subjective and problem-dependent.
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The prediction estimate begins by calculating the estimate of the state from the prior combined
state as shown in Eq. (1).
𝑥̂𝑘 = 𝐹𝑘 𝑥̂𝑘−1 + 𝐵𝑘 𝑢𝑘 (1)
where 𝑥̂𝑘−1 is the combined state estimate found during the last cycle of the Kalman filter? 𝐹𝑘 is the state
transition matrix that determines how the system will behave based on the equations of motions. 𝑢𝑘 is the
control input vector that contains the inputs of the system. 𝐵𝑘 is the control input matrix that determines
how the system will respond to the input(s) based on the equations of motion.
The prediction estimate is complete when the estimate of the state from the prior combined state
is calculated and the probability update calculation is found as shown in Eq. (2).

𝑃𝑘 = 𝐹𝑘 𝑃𝑘−1 𝐹𝑘 𝑇 + 𝑄𝑘 (2)
The first term in Eq. (2) uses the prior probability of the state estimate to determine the current probability
of the state estimate based on the system dynamics represented by 𝐹𝑘 . The matrix 𝑄𝑘 is the covariance of
the noise that determines probability based on noise and unmodeled characteristics of the system. An
increase in this covariance causes the correction estimate to be weighted more heavily than the prediction
estimate [18].
The correction estimate is complete when the optimal state estimate is found and the two
prediction estimate variables are updated. 𝑦𝑘 is the state of the system found from considering sensor
measurements only. The probability of 𝑦𝑘 is determined by the uncertainty of the measurements. The
probability of the prediction estimate combined with the probability of the correction estimate determines
the most probable state of the system. Using two probabilities to find the most probable situation is shown
in Fig. 6. 𝑥̂ 𝑘 and 𝑃𝑘 are updated by correcting the state estimate and the cycle continues for the next
iteration.
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Figure 6. The most probable state from two probabilities [19]. The optimal state estimate is found by combining the
probability of the state from the predicted state estimate and the measurement estimate.

The Kalman filter and the extended Kalman filter are not ideal for all situations. One limitation is that the
probability for the prediction estimate and the correction estimate are assumed to be normally distributed.
This limitation will lead to inaccuracies if the noise is not Gaussian. A second limitation is the relatively
large computations: the dynamics of the system must be calculated and the measurement data must be
processed. This limitation may cause relatively large power needs in embedded systems or relatively slow
response time in control systems. A final limitation is the relatively large difficulty of implementing the
filter. Large implementation difficulty leads to more chances for error and long implementation time. A
less computational heavy and less complex filter can be used for lower accuracy needs.

1.2.3 Complementary filters
Complementary filters have successfully been used to measure angular position in multiple
systems. Some examples of these systems are UAVs [20] and pendulum systems [13,14]. Complementary
filters are frequency-based filters that combine useful data from two different frequency ranges. Data are
combined because sensors used for complementary filters are accurate in certain frequency ranges and

10
inaccurate in other frequency ranges. Sensors that measure a vector for reference are usually accurate in
low frequency ranges because the vector is usually constant. Two example vectors are gravity and the
magnetic field from earth. Examples of sensors filtered with a low-pass filter are accelerometers and
magnetometers [13,14,20]. Accelerometers measure a gravity vector to calculate angular position in a
vertical plane. Magnetometers measure a magnetic field vector to calculate angular position in a
horizontal plane or sphere. The data from these sensors are processed with a low-pass filter to ensure only
accurate data are considered in calculating angular position [20]. The acceleration calculation is similar to
the magnetometer calculation and is shown in Sec. 2.2. The data from these sensors are passed through
low-pass filters because the reference vectors are constant and change at low frequencies. Gyroscopes
differ from accelerometers and magnetometers because gyroscopes measure angular velocity rather than
reference vectors. Gyroscope data are processed with a high-pass filter because gyroscopes are only
accurate in high frequency ranges [20]. Gyroscopes are inaccurate in low frequency ranges because drift
error happens at low frequencies.
All complementary filters have the same basic structure as shown in Fig. 7. Complementary
filters differ based on the gain variables 𝐾𝑖 and 𝐾𝑝 . The gain variables weight the importance of each
sensor for measuring angular position in the system. The gain variables are different for each
complementary filter because the sensor characteristics and the system characteristics change the
reliability of each sensor. The gain variables are constant for gain-fixed complementary filters or dynamic
for gain-varied or gain-scheduled complementary filters. Gain-varied complementary filters are needed if
the system being analyzed experiences large accelerations [20]. Large accelerations change the usefulness
of the accelerometer measurements because the accelerometer reference vector is distorted from large
accelerations. Gain-varied complementary filters change the gain variables based on the magnitude of the
accelerations experienced in the system. Only Gain-fixed complementary filters will be discussed since a
gain-fixed complementary filter was shown to accurately measure angular position [14].
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There are multiple methods used to calculate gain variables for a gain-fixed complementary filter.
The two most common methods used to calculate gain variables are the cut-off frequency method [13,14]
and the least-squares method [14]. The cut-off frequency method experimentally determines the largest
frequency where accelerometer data are more accurate than gyroscope data. Frequencies above the cut-off
frequency have gain variables that weight gyroscope measurements more than accelerometer
measurements. The cut-off frequency depends on the manufacturer specifications of the sensor because a
manufacturer determines the effective frequency range of a sensor. The cut-off frequency is determined
by experimentally determining the frequency at which data becomes inaccurate. The main benefit of
using the cut-off frequency method instead of the least-squares method is the easy implementation. The
least-squares method is used for this study instead of the cut-off frequency method because it calculates
gains with less error and is easier to implement [14]. The least-squares method is easier to implement
because it employs a systematic approach for determining gain variables. The angular position calculated
from an accelerometer with no filter is compared to the actual angle in a system. The equation used to
calculate angular position is shown by Eq. (4) in Sec. 2.2. The angular rate provided by the gyroscope is
compared to the actual rate of rotation of the system. The gain variables that curve fit the angular position
calculated without a filter to the actual angle system are found by minimizing the sum of the square errors
using matrix algebra. The calculations details for the least-squares method are shown in Sec. 2.4.

Figure 7. Basic complementary filter structure [14]. The accelerometer data is altered by a low-pass filter and the
gyroscope data is altered by a high-pass filter. The complexity of the low-pass filter and the high-pass filter determines the
order of the complementary filter. The remaining parts of the filter are the same for all complementary filters.
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1.3 Chosen pendulum systems and chosen filter
In this section, the choice of pendulum systems for this study are discussed and justified. A filter
is selected from multiple options. The filter was chosen based on low calculation time and easy
implementation while still accurately measuring angular position in pendulum systems.

1.3.1 Chosen pendulum systems
Two common pendulum systems are used to study the chosen complementary filter. The first
system is a double pendulum. An example of this system is shown in Fig. 8. This pendulum system is
widely studied because it relates to multiple real-life engineering problems. Double pendulums have been
used to model human posture [21] and bridge cranes [9]. Another reason double pendulums are common
is because they are used to study chaotic systems, which are systems with dynamics that are highly
dependent on initial conditions. The second pendulum system is a Furuta pendulum. The Furuta
pendulum is a single vertical pendulum that rotates from the rotational movement of a horizontal arm. An
example of this system is shown in Fig. 9. This pendulum system does not relate to many real-life
engineering problems but is beneficial for studying controllers. Both linear and non-linear controllers can
be studied with a Furuta pendulum [20]. Furuta pendulums are usually more compact than the double
pendulum. A smaller space is usually needed for the horizontal arm movement in a Furuta pendulum than
the base pendulum of the first system.
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Figure 8. A double pendulum [22]. Angular
movement of 𝒍𝟏 causes angular movement of 𝒍𝟐 .

Figure 9. A Furuta pendulum [23]. Angular movement of Link 1
causes angular movement in Link 2.

1.3.2 Chosen filter
Multiple filters were considered for measuring accurate angles in both pendulum systems. Ideally,
the chosen filter should be simple to implement and relatively accurate on multiple systems. These two
characteristics cause the filter to be used most frequently. A complementary filter was chosen over a
Kalman filter or extended Kalman filter because a complementary filter is easier to implement and
requires less computation time as discussed in Sec. 1.2.2 and Sec. 1.2.3. Ease of implementation and less
computation time tends toward less accuracy, but a complementary filter has been previously used to
accurately measure angular position in a Furuta pendulum [14]. A gain-fixed complementary filter was
chosen over a gain-varied complementary filter because varied gains are harder to implement than fixed
gains and accurate angular position measurements in pendulum systems has been achieved using fixed
gains [14]. A gain-varied complementary filter is harder to implement than a gain-fixed complementary
filter because multiple gain variables must be calculated and the criteria to switch between gain variables
must be determined. Usually, gain-varied complementary filters are utilized on aircraft that experience
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much larger accelerations than pendulums [20]. A second-order complementary filter was chosen over a
first-order complementary filter because a second-order complementary filter is more common and more
accurate than a first-order complementary filter while the implementation time and calculation time is
similar. The second-order complementary filter is shown by Fig. 10. Complementary filters higher than
second-order were not considered because they are uncommon. The implementation time and calculation
time were similar because only the low-pass and high-pass filter differ between the first-order and
second-order filter. Both first-order and second-order filters can be found by systematically solving for
the gains. The least-squares method was chosen over the cut-off frequency method because it is
systematic and more accurate as discussed in Sec. 1.2.3. The difficulty of implementation of both
methods was not considered because they are both relatively easy to implement as discussed in Sec. 1.2.3.

Figure 10. Second-order complementary filter [14]. 𝜽𝒄 is the angle calculated from the accelerometer
measurements in Eq. (4). 𝜽̇𝒈 is the rate of rotation measured from the gyroscope. The gain variables 𝑲𝒊 and 𝑲𝒑 change
the weighting of the accelerometer and gyroscope when calculating 𝜽𝒇 .

Equation (3) below represents the complementary filter. All variables are known except for the
gains 𝐾𝑝 and 𝐾𝑖 . These gains are found using the least-squares method which is discussed in Sec. 1.2.3
and Sec. 2.4.

𝜃𝑓 =

1
𝑠

𝐾
[𝜃𝑔̇ − (𝐾𝑝 + 𝑠𝑖 )(𝜃𝑓 − 𝜃𝑐 )] (3)
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2. Methodology
In this chapter, the test apparatus is explained and the individual components listed. The angle
measurement inaccuracies of accelerometers and gyroscopes are explained and also experimentally
shown. The complementary filter design is introduced. The filter gain variables are found using the leastsquares method.

2.1 Test apparatus
A double pendulum and a Furuta pendulum were constructed for this study. The reasons for
choosing these pendulums are discussed in Sec. 1.3.1. Both pendulum systems use an analog rotary
encoder to measure the rotation input into the link of the systems. The angle measured from the rotary
encoder attached to the pendulum is used to compare the angle calculated from the complementary filter.
An Arduino Nano 10-bit A/D microcontroller is used to record time, encoder data and IMU data. The data
was sent via serial connection to a computer for further processing with MATLAB. All rotary encoders
used were unbranded 600 pulse per revolution. An analog LSM6DS3 breakout board purchased from
Pololu is used as an accelerometer and as a gyroscope in the system. Slip rings are utilized between the
Arduino Nano and the breakout board because the breakout board rotates as the pendulum rotates. The
two pendulum systems are shown in Fig. 11 and Fig. 12.
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Figure 11. The double pendulum used for this study.

Figure 12. The Furuta pendulum used for this study.

2.2 Sources of angle measurement errors for accelerometers and gyroscopes
Accelerometers can calculate acceptable angular position in static systems because the
acceleration from gravity provides a direction reference. An accelerometer placed so only two axes are
affected by a pendulum rotating can calculate angular position using Eq. (4) below. Accelerations A1 and
A2 depend on which two acceleration measurements are within the same rotational plane as shown in Fig.
13. Angle 𝜃𝑐 depends on which axis is being used as a reference. Acceptable angular measurement from
an accelerometer measuring an angle in a pendulum system with no input is shown in Fig. 14 below.

𝐴

𝜃𝑐 = tan−1 𝐴1 (4)
2
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Figure 13. Measuring angle with an accelerometer. The blue box represents an accelerometer that only
measures accelerations due to gravity. 𝜽𝒄 depends on which axis the measurements are referenced from. Acceleration
vectors 𝑨𝟏 and 𝑨𝟐 sum to vector G because there are no other accelerations measured by the accelerometer.

Figure 14. Accelerometer used to calculate angular position of a Furuta pendulum with no link input. No input leads to
high accuracy because the gravity vector has a relatively high magnitude compared to undesirable accelerations.
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Equation (4) is true only when gravity is the sole source of acceleration. Other sources of
acceleration within the system, like translational and rotational movement can cause undesirable
accelerations. These accelerations cause the constant reference vector from gravity to become unusable.
Poor angular measurement from an accelerometer is shown in Fig. 15 below. The data in Fig. 15 were
collected from a Furuta pendulum experiencing link input. The input leads to low accuracy because the
gravity vector has a relatively low magnitude compared to undesirable accelerations.

Figure 15. Accelerometer measuring angular position in a Furuta pendulum with link input. The input leads to low
accuracy because the gravity vector has a relatively low magnitude compared to undesirable accelerations.

Gyroscopes cannot calculate angular position well due to drift. Drift causes large errors to
accumulate from compounding small errors. Error from drift is shown in Fig. 16. These
inaccurate measurements can combine to become accurate measurements through a
complementary filter. The data in Fig. 16 were collected from a Furuta pendulum experiencing a
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30 second testing duration. The long duration leads to error from gyroscopic drift to become
pronounced at about 7 seconds.

Figure 16. Example of gyroscope drift of a Furuta pendulum during a 30 second measurement. The bias of the gyroscope
becomes pronounced at 7 seconds because multiple integrations of small errors cause large errors.

2.3 Complementary filter
A complementary filter is used because relying on only accelerometer measurements, or only
gyroscope measurements, to find angular position is not ideal in dynamic environments as demonstrated
in Sec. 2.2. The IMU measurements are processed with different filters before being used in the
complementary filter. A low-pass filter processes the accelerometer data because gravity is the only low
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frequency signal which should be measured. The undesirable accelerations have a higher frequency than
gravity because gravity is constant. A high-pass filter processes the gyroscope data because high-pass
filters lessen the drifts that are low frequency. A second-order complementary filter already validated for
angular measurement of a Furuta pendulum is used [14]. This filter is discussed in Sec. 1.3.2 and is
shown by Fig. 10 and Eq. (3). All variables are known except for the gains 𝐾𝑝 and 𝐾𝑖 . These gains are
found using the least-squares method.

2.4 Complementary filter using least-squares regression
The linear least-square method is used to determine the coefficients of the complementary filter.
This method was shown to be more accurate than the cut-off frequency method in determining
coefficients for the same complementary filter [14]. The method calculates which gains make error-prone
data best match the encoder data. Equation (5) below is derived by rearranging Eq. (3) into matrix form.

[ 𝜃𝑓 − 𝜃𝑐

1
(𝜃𝑓
𝑠

− 𝜃𝑐 ) ] [𝐾𝐾𝑝 ] = [ 𝜃𝑔̇ − 𝜃𝑓̇ ] (5)
𝑖

𝜃𝑓 is a column vector containing the angles measured by the rotary encoder. 𝜃𝑓̇ is a column vector
containing the forward finite difference approximation of the angles measured by the rotary encoder with
respect to time. The angle measured by the encoder is considered the true angle. 𝜃𝑐 is a column vector
containing the angles calculated using the accelerations measured by the accelerometer using Eq. (4). 𝜃𝑔̇
is a column vector containing the gyroscope data. Equation (5) can be solved using linear algebra by
matrix 𝐴 and column vector 𝐵 shown below.
𝐴 = [ 𝜃𝑓 − 𝜃𝑐

1
(𝜃𝑓
𝑠

− 𝜃𝑐 ) ] (6)

𝐵 = [ 𝜃𝑔̇ − 𝜃𝑓̇ ] (7)
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The pseudo-inverse of matrix 𝐴 and column vector 𝐵 are used to solve the least-squares Eq. (8)
below.
𝐾

[ 𝐾𝑝 ] = (𝐴𝑇 𝐴)−1 (𝐴𝑇 𝐵 ) (8)
𝑖

Equation (8) solves the combination of 𝐾𝑝 and 𝐾𝑖 values that provide the least-square error
between matrix A and column vector B.

2.5 Experimental protocol
A second-order complementary filter as discussed in Sec. 2.3 and Sec. 2.4 is implemented on the
pendulum systems discussed in Sec. 2.1. Characteristics of the system like duration of test and magnitude
of input were varied. These characteristics alter the effectiveness of the filter as discussed in Sec. 2.2.
A total of 48 data samples was recorded. Both the double pendulum system and the Furuta
pendulum system had 24 samples recorded. These sets of 24 samples were further grouped by duration of
test and magnitude of input. This grouping led to 6 samples being grouped for each different pendulum
system, duration of test and magnitude of input. The duration of a test was considered short for a 10
second length and long for a 30 second length. The magnitude of input was considered small if the inner
pendulum angle varied less than 10 total degrees. A big input had no restriction for change in inner angle
position. A total of 8 test groups was analyzed. The duration of test and magnitude of input were varied
because these characteristics will most likely affect the root mean square error (RMSE) of the
accelerometer, gyroscope and filter as discussed in Sec. 1.1.
The 24 samples respective to both pendulum systems were analyzed with the least-squares
method to find the gains for each pendulum system. A total of 24 gains was found for each pendulum
system. Gains derived from a data sample were not implemented on the same data sample in order to
simulate realistic implementation of a complementary filter. A total of 552 RMSEs of a complementary
filter was calculated for both pendulum systems. Both pendulum systems had 24 RMSEs for angle
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calculated from an accelerometer and for angle calculated from a gyroscope. Angles calculated from the
second-order complementary filter, accelerometer and gyroscope were compared to the angle measured
from the rotary encoder. The angle measured by the encoder was considered the true measurement of the
angle.
Box-and-whisker plots are created to visually compare the RMSE of the accelerometer,
gyroscope and filter of each pendulum system. The Box-and-whisker plots qualitatively show the
percentiles, minimum and maximum values of the RMSE between the filter and the other two
measurement options. For quantitative comparison, a multi-factor analysis of variance (ANOVA) is used
to control for the effects of duration of test and magnitude of input while comparing the mean RMSE
between pairs of measurements [25]. P-values are calculated to determine if the mean RMSE is
statistically different between using the filter versus the other two measurement options. A p-value of less
than 0.05 was set a priori to be the significance threshold. The Cohen’s 𝑑 effect size is calculated
between RMSE distributions and used to determine the magnitude to which the filter improved the RMSE
error versus using just one sensor [24].
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3. Results
A Furuta pendulum data sample that had a lower RMSE for the second-order complementary
filter than the accelerometer or the gyroscope was chosen to graphically show a “good” filter
performance. A random Furuta pendulum data sample was chosen to find the gains applied to the filter
using the least squares method. This data sample happened to have a short duration of test and small
magnitude of input. The angular position calculated from an accelerometer is compared to the angle
measured from an encoder in Fig. 17.

Figure 17. Example of angular position calculated from an accelerometer compared to angular position measured by an
encoder. Data were captured from a Furuta pendulum with a long duration of test and big magnitude of input. The
RMSE of the angle from accelerometer is 20.04.

The angular position calculated from a gyroscope is compared to the angle measured from an
encoder in Fig. 18.
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Figure 18. Example of angular position calculated from a gyroscope compared to angular position measured by encoder.
Data were captured from a Furuta pendulum with a long duration of test and big magnitude of input. The RMSE of the
angle from gyroscope was 11.25.

The angle measured by the accelerometer and the angle measured by the gyroscope were used for
the second-order filter to find angular position. Using the gains calculated from the data sample to
implement the complementary filter led to a RMSE of 6.64. Using the realistic implementation of
applying gains from a different data sample led to a RMSE of 6.83. The weighting of the 𝐾𝑝 and 𝐾𝑖 gains
were dependent on the data sample and neither gain was favored. 𝐾𝑝 ranged from 0.971 to 3.78 for the
double pendulum and 0.261 to 0.564 for the Furuta pendulum. 𝐾𝑖 ranged from 0.065 to 0.687 for the
double pendulum and 0.001 to 1.675 for the Furuta pendulum. The angular position calculated from a
second-order filter measured is compared to the angle measured by the encoder in Fig. 19.
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Figure 19. Example of angular position calculated from a complementary filter compared to angular position measured
by an encoder. Data were captured from a Furuta pendulum with a long duration of test and big magnitude of input. The
RMSE of the angle from the second-order complementary filter was 6.83.

A box-and-whisker plot was constructed for the double pendulum RMSE data samples as
discussed in Sec. 2.5. 552 RMSE values were considered for the filter, and 24 RMSE values were
considered for both the accelerometer and the gyroscope. The median RMSE values are shown by the red
center mark. The 25th percentile RMSE values are shown by the bottom edge of the box, and the 75th
percentile RMSE values are shown by the top edge of the box. The minimum RMSE value is shown by
the bottom whisker, and the maximum RMSE value is shown by the top whisker. There were no outliers
in the RMSE values.
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Figure 20. Box-and-whisker plot for the RMSE values for the double pendulum. RMSE values for the
accelerometer, gyroscope and filter are shown by three different box-and-whiskers.

A second box-and-whisker plot was constructed for the Furuta pendulum RMSE data samples as
discussed in Sec. 2.5. The box-and-whisker plots for the Furuta pendulum have the same definitions as
the box-and-whisker plots for the double pendulum above.
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Figure 21. Box-and-whisker plot for the RMSE values for the Furuta pendulum. RMSE values for the
accelerometer, gyroscope and filter are shown by three different box-and-whiskers.

An ANOVA was used to compare the mean RMSE of the accelerometer, gyroscope and filter for
both the double pendulum and the Furuta pendulum. The filter with respect to the accelerometer and the
gyroscope had a p-value of less than 0.001. The mean RMSE values are shown in Table 2.
Table 2. Mean RMSE of both pendulum systems based on the measurement option of accelerometer, gyroscope
or filter.

Type of System

Double pendulum

Furuta pendulum

Measurement option

Mean RMSE

Accelerometer

8.31

Gyroscope

10.35

Filter

6.93

Accelerometer

12.5

Gyroscope

7.60

Filter

4.79
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The median RMSE of the 8 different test groups discussed in Sec. 2.5 are shown in Table 3.
These values show the effects of duration of test and magnitude of input between the RMSE of
accelerometer, gyroscope and filter. These effects are further evaluated by an ANOVA.
Table 3. Median RMSE of the accelerometer, gyroscope and filter for the 8 test groups. Notice the median
RMSEof the gyroscope was better than the filter for the double pendulum experiencing a short duration of test and small
magnitude of input and the Furuta pendulum experiencing a short duration of test and big magnitude of input.

Type of

Duration

Magnitude

Median RMSE of

Median RMSE of

Median RMSE

System

of test

of input

accelerometer

gyroscope

of filter

Long

Big

10.73

19.23

9.02

Double

Short

Big

11.21

11.7

9.48

Pendulum

Long

Small

6.03

7.49

5.16

Short

Small

5.27

2.98

4.06

Long

Big

18.06

8.98

5.95

Furuta

Short

Big

17.77

4.15

5.60

Pendulum

Long

Small

7.08

12.96

3.95

Short

Small

7.08

4.29

3.67

A robust method to consider the effects of different durations of test and magnitudes of input is to
calculate the p-values. P-values can determine the effects of duration of test, magnitude of input and their
interaction of the RMSE of the accelerometer, gyroscope and filter. The p-values were found using an
ANOVA as discussed in Sec. 2.5 [25]. The p-values are shown in Table 4.
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Table 4. P-values for duration of test, magnitude of input and their interactions. The p-values were found using
an ANOVA.

Type of system

Double pendulum

RMSE

Duration of test

Magnitude of input

Interaction

Accelerometer

0.19

0

0

Gyroscope

0

0

0

0

0

0

Accelerometer

0.35

0

0.34

Gyroscope

0

0

0

0

0

1

Complementary
Filter

Furuta pendulum

Complementary
Filter

A less robust method known as Cohen’s 𝑑 effect size was used to show the significance of the
difference between the RMSEs of the box-and-whisker plots. The effect size shows how much the filter
improved each pendulum system compared to the provided accelerometer and gyroscope data. A d value
of 0.2, 0.5 and 0.8 represents a small, medium and large effect size respectively.

Table 5. Cohen’s 𝒅 effect size showing the improvement of the filter for each system.

Type of system

Group 1

Group 2

𝑑

RMSE of accelerometer

RMSE

0.49

RMSE of gyroscope

of filter

0.71

RMSE of accelerometer

RMSE

1.88

RMSE of gyroscope

of filter

0.98

Double pendulum

Furuta pendulum
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These results show multiple characteristics of a second-order complementary filter. The
effectiveness of the second-order complementary filter for a double pendulum and a Furuta pendulum is
determined. The effect of duration of test and magnitude of input is analyzed.
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4. Discussion
In this chapter, the effects of duration of test, magnitude of input and their interaction on the
different test groups are analyzed using probability values. The system best suited for the complementary
filter is shown by comparing the mean RMSE and for Cohen’s 𝑑 effect size. The reason for the different
effectiveness of the complementary filter on each system is explained. For some test groups, the
gyroscope was more accurate than the filter when considering RMSE of the median value. The causes of
the gyroscope performing better than the filter is discussed.

4.1 Interaction effects of duration of test, magnitude of input on RMSE value

4.1.1 Duration of test
The difference between a short test duration and a long test duration did not change the RMSE of
the accelerometer because the respective p-value in Table 4 was greater than 0.05 with a value of 0.19.
The duration of test does not impact the RMSE of the accelerometer because the gravity vector referenced
by the accelerometer is not impacted by the length of testing. However, the difference between a short test
duration and a long test duration did impact the RMSE of the gyroscope and the complementary filter.
Since a complementary filter uses gyroscope data, the complementary filter was affected for the same
reason as the gyroscope. The main source of gyroscopic error occurs from drift. Drift error will most
likely increase as the duration of test increases as shown in Fig. 16. An exception will occur if the drift
happens to correct as shown in Fig. 22 below. The data in Fig. 22 were collected from the test group
containing the double pendulum experiencing short duration of test and small magnitude of input.
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Figure 22. Gyroscope drift correcting over time. This correction is an extreme case. This data sample was from the test
group containing the double pendulum experiencing short duration of test and small magnitude of input.

4.1.2 Magnitude of input
The difference between a big input and a small input caused significant change in RMSE for the
accelerometer, the gyroscope and the complementary filter because the probability values of less than
0.001 are less than 0.05. The complementary filter was affected since it combines data from the
accelerometer and gyroscope. The accelerometer was affected by the magnitude of input because error
from the accelerometer is related to how closely the accelerometer can measure the gravity vector. Since
gravity has a constant magnitude, small accelerations will distort the reference vector less than big
accelerations as discussed in Sec. 2.2. Gyroscope error is affected by input magnitude differently than
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accelerometers. Gyroscopic drift occurs when a bias is summed enough times to become a noticeable
error. A big input caused a larger bias than a small input. The larger bias caused more error because the
gyroscopic drift occurred more quickly.

4.1.3 Interactions between duration of test and magnitude of input
The probability values of p less than 0.05 in Table 4 indicated there were interactions between the
duration of test and magnitude of input of the RMSE of the accelerometer, gyroscope and filter for the
double pendulum. There was only an interaction of the RMSE of the gyroscope for the Furuta pendulum.
These probability values were ignored because the plots of the interactions did not show interactions since
the big input and small input lines were far from intersecting. Figure 23 shows there was no interaction
effect.

Figure 23. The interaction plot of duration of test and magnitude of input of the RMSE of a gyroscope for a
Furuta pendulum. There is no interaction effect.
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4.2 Effectiveness of the complementary filter

4.2.1 Filter compared to accelerometer and gyroscope
The second order complementary filter performed better than the accelerometer and the
gyroscope for each pendulum system. The mean RMSE was lower for the filter when compared to the
accelerometer and the gyroscope as shown in Table 2. This difference was shown to be significant
because the p-values were less than 0.001. A different analysis was used to determine which pendulum
system was best suited to the complementary filter because the absolute value of the RMSE is relative to
the systems.

4.2.2 Pendulum system best suited for the complementary filter

The Furuta pendulum best suited the complementary filter because the filter improved the
average of RMSE of the accelerometer and gyroscope more than the double pendulum as shown by Table
5. The d values increased from 0.49 to 1.88 for the RMSE of the accelerometer calculation. The d values
for the RMSE of the gyroscope calculation increased from 0.71 to 0.98. The d values indicate the double
pendulum only had a medium effect size while the Furuta pendulum had a large effect size as discussed in
Sec. 2.5. Most likely the accelerometer caused the difference in performance the double pendulum and the
Furuta pendulum because the d values varied by 1.39.
The main difference between the double pendulum and the Furuta pendulum is the effect of
inputs on acceleration measurements. Inputs into the double pendulum cause radial and tangential
accelerations. Both of these accelerations cause undesired acceleration measurements when calculating
angular position with the accelerometer. Inputs into the Furuta pendulum cause the same accelerations as
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the double pendulum, but the accelerations affect the angular position less. Only the tangential
acceleration of the Furuta pendulum affects the angular position calculation of the accelerometer.

4.2.2 Test groups with poor complementary filter performance
The gyroscope performed better than the complementary filter with respect to median RMSE for
two test groups shown by Table 3. One test group was the double pendulum with short duration of test
and small input. There are two reasons for the gyroscope to perform better than the filter for this test
group with respect to median RMSE. One reason is the short duration leads to the gyroscope being
relatively accurate. A second reason is poor filter performance with respect to median RMSE from the
accelerometer measurement is more noticeable for small inputs than large inputs. Error is more noticeable
because the accelerometer measurements are weighted more for small inputs than large inputs. Most
likely the undesired radial and tangential accelerations from the double pendulum system caused too
much error for the filter.
The second test group where the gyroscope performed better than the complementary filter with
respect to median RMSE was the Furuta pendulum with short duration and big inputs. Again, the short
duration causes the gyroscope to be relatively accurate. Another reason the filter performed worse than
the gyroscope was because the median RMSE of the accelerometer was much larger than the gyroscope.
This group had the largest difference of 13.618 between the median RMSE of the accelerometer and the
RMSE of the gyroscope. Most likely the complementary filter performed poorly not due to the type of
system but because the input accelerations were relatively large. A gain-varied complementary filter
would most likely be the solution for this test group.
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5. Conclusion
The second-order complementary filter was more accurate than the accelerometer and the
gyroscope for both pendulum systems when comparing mean RMSE through an ANOVA. Comparing the
Cohen’s d effect size between the filter and the other two measurement options for each pendulum system
showed the complementary filter best suited the Furuta pendulum. The filter best suited the Furuta
pendulum because the accelerometer of the Furuta pendulum measured only tangential acceleration that
was undesirable. The filter performed worse for the double pendulum because the accelerometer of the
double pendulum measured a tangential acceleration and a radial acceleration that were undesirable. The
two undesirable accelerations caused the gyroscope to outperform the filter with respect to median RMSE
for the double pendulum test group with a short test duration and small magnitude of input. The short test
duration caused the gyroscope to provide very accurate measurements, while the small magnitude of input
caused the error from the undesired accelerations to be more significant in the filter calculation. The other
test group where the gyroscope outperformed the filter with respect to median RMSE was the Furuta
pendulum with a short time duration and large magnitude of input. This test group had the largest
difference in median RMSE between the angle calculated from the accelerometer and the gyroscope. The
large difference and the short time duration caused the gyroscope to outperform the complementary filter.
The findings of this thesis would benefit from two different experiments. The first experiment
could compare the effectiveness of a second-order complementary filter between a double pendulum and
a mobile inverted pendulum as discussed in Sec. 1.1. The experiment could produce more concreate
results by controlling the magnitude of the acceleration into the system rather than the magnitude of the
angular position inputted into the system. The filter should perform similarly between the systems
because both systems would have equal magnitudes of undesirable accelerations when the inputted
accelerations of the systems are equal. This is caused by the accelerations always being in the same plane
as the accelerations measured by the accelerometer.
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The second experiment would differ from the first experiment by comparing the effectiveness of
a second-order complementary filter between a mobile inverted pendulum and a Furuta pendulum.
Controlling the magnitude of the acceleration would again lead to more robust results. The filter should
perform better for the Furuta pendulum because the Furuta pendulum has a radial acceleration that does
not affect the accelerations measured by the accelerometer.
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