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Abstract
Amorphous silica lacks the global periodic structure present in its crystalline counterparts
(quartz, tridymite, crystoballite, etc.), and this leaves open the question of what its structure actually looks like, as well as how it can be effectively described. We apply a method rooted in
graph theory to identify and label local structural arrangements within glasses generated by molecular dynamics (MD) simulations. The focus on atomic connectivities makes this methodology
structure-agnostic, and enables the search for recurring structural motifs within the system. We
observe the distribution of local structures over a range of temperatures which straddle the glass
transition in an effort to determine whether a relationship exists between the dynamics of the system as it undergoes glass transition and its internal structure. To this end, we also consider the
lifetimes of the observed local structures as the temperature of the system is varied. Additionally, we simulate glasses under various annealing conditions in order to observe the impact of the
preparation of a glass on its structure.
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Chapter 1
Introduction
The exact nature of the structure of amorphous systems, and how that structure influences their
dynamics, remains a fundamental question regarding their characterization. Unlike their crystalline
counterparts, these glassy materials lack a large-scale periodic arrangement of their atoms. Such a
description, while technically accurate, is not exceptionally informative as to the actual structure
of the system. However, the question of what these materials actually look like is complicated
by the ambiguity surrounding how it should be answered. That is, in the absence of an obvious
characteristic structural element, it is not immediately clear how to describe the structure of one of
these systems in general.
Broadly speaking, the typical approach involves establishing some notion of structure or order
on a relatively small scale (compared to the size of the system), as the large-scale disorder of the
system results in structural information about two particles becoming increasingly decorrelated
with the distance between them. One common tool for this purpose is the radial distribution function, which yields a probability of finding a particle at a position some given distance away from
another.1 Results from simulation can be used to define this function for a given system, averaged
over all of its particles. This provides a notion of “shells” of particles surrounding a given one, with
radii dependent on their interactions and consequent packing. In networked systems, bonds can be
inferred between shells, but the lack of associated positional information halts deeper attempts at
an understanding of the network’s connectivity.
Another approach is to select a structural motif to use as the basis of analysis, and to actively
search for it within a simulated system. (This can be accomplished with standard search algorithms,
and can be accelerated by optimization for the target structure.) In silica glasses, this has been done
previously by searching for rings of various sizes.2 The disadvantage to this approach lies in the
requirement for an intelligent selection of the target of the search. Should some more complex or
unintuitive local arrangement of atoms form the basis for the structure of the system, it may be
overlooked when searching for something else.
From this difficulty arises the desire for a structure-agnostic method of analysis, which would
provide detailed information on the local arrangements of particles, without bias for a particular
structure chosen by the researcher. Of course, such a method requires defining what constitutes
a change in these arrangements, as the particles are constantly in motion within small regions,
confined by those around them and (in applicable systems) constrained by bonding interactions.
Such positional changes would likely not be considered actual alterations of the local arrangement.
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Previous work in colloidal glasses made use of a Vornoi tessellation to formally establish neighbor
relations between particles in an effort to compute structural entropy.3, 4, 5 This provided a mathematical graph representing the arrangement surrounding an atom, and allowed structural changes
to be defined by differences in the result of this construction, as this was indicative of significant
rearrangement of the particles in the local space. These graphs carry no bias towards particular
structural motifs, as they are derived purely from the particle arrangement in some local region,
and they allow for robust identification of identical local structures through established concepts of
isomorphism. That work also identified a set of locally preferred structures which were correlated
with the local dynamics, demonstrating extended lifetimes as motion within the system became
arrested.5
In this work, we investigate the local structures of SiO2 , a network glass, to search for recurring
structural motifs on both sides of the glass transition, as well as to determine whether any changes
in behavior of some or all of these local structures correspond to the glass transition, which would
provide an insight into how the dynamics of the process are tied to the internal structure of the
material. In particular, we examine the diversity of these local structures in amorphous SiO2 systems as they evolve in time across a range of temperatures, as well as the prevalence of the most
common set of local structures. We also investigate whether the preparation of the glass (namely,
the rate at which it is annealed) influences the distribution of local structures present in the system,
as such as relationship could potentially be used as a basis for further study involving properties
on a larger scale.
To do this, we simulate glasses using molecular dynamics, and then adapt the graph theorybased method used by Zhou and Milner3 to the networked system. In this case, a Voronoi tessellation is not necessary for the formal establishment of “neighboring” particles, as this notion is
already contained within the bonds present in the system. As such, the overall connectivity is explicitly defined by the system itself, allowing us to induce graphs representative of local structures
by simply traversing the network.
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Chapter 2
Method
2.1

Simulation Setup

Glasses for this work were generated by molecular dynamics (MD) simulation in GROMACS.6
The BKS potential7 was used for calculation of atomic interactions, due to its surprising ability as
a classical potential to generate simulated silica systems which show proper valence obedience and
accurate bond lengths. The BKS potential has also been shown to produce SiO2 which accurately
reflect several properties of the real system.8 A cutoff radius of 0.55 nm was applied, as this produces a density which matches experimental results.1 The system was comprised of 1000 silicon
atoms and 2000 oxygen atoms and was simulated with periodic boundary conditions, as this provided a system large enough to observe an adequate diversity of local structures within reasonable
timescales, without resulting in prohibitively long times for analysis of the simulation output. The
bounding box of the system maintained an edge length of approximately 3.56 nm. A timestep of
1.5 fs was used, and computation on 16 cores resulted in a simulation rate of approximately 100
ns/day. As a result, the time for the completion of an annealing simulation was on the order of one
week.
The system was first allowed to equilibrate at 3500-4000 K, above the glass transition as it
is observed in simulation, in order to sufficiently randomize the arrangement of the atoms (under
proper valence constraints). Sampling various configurations from these temperatures for use as
initial points in annealing runs provided for annealed glasses whose structural arrangements were
independent of one another.
Annealing for most glasses analyzed in this work was performed between 3500 K and 800 K
at a rate of 3.75 K/ns, as this approached the minimal cooling rate which could be used over the
desired temperature range while maintaining reasonable simulation times.1 Configurations were
taken from the annealing simulations as they reached particular temperatures, and were used as
initial frames to simulate equilibration of the system at the specified temperatures, where possible. At temperatures well below the glass transition, such equilibration cannot be simulated on a
reasonable timescale due to the exceptionally slow dynamics of the system.
Some glasses were cooled at faster rates — 37.5 K/ns and 375 K/ns — in an effort to investigate,
on a broad scale, the impact of thermal history on the distribution of local structures in the system
within this range of annealing rates. Only a small set of annealing rates was analyzed due to the
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relatively high computational expense of simulating annealing of these systems. Consequently,
values of such widely varying magnitudes were selected in order to emphasize any relationship
with the distribution of local structures, should it exist.

2.2

Identification of Local Structures

As output, these simulations provide only positional information for each of the atoms in the
system. In order to investigate structural properties of the glass, it is first necessary to formally
define the network of bonds joining all of the atoms in the system. Fortunately, this can be easily
achieved by assuming the presence of bonds between two atoms (of opposite type) within the
established Si-O bond radius. This provides a complete description of the bond network, allowing
for further analysis.
With this information, we make use of a method rooted in graph theory to identify and label
local structures in the network. Under this method, the local structure within a region of the
system is defined solely by the connectivities of the atoms within it, and does not consider their
exact spatial arrangement.
As such, we are able to simplify the picture of the network by observing that the oxygen atoms
behave as bridges between the silicons. We can therefore remove the oxygen atoms and call two
silicon atoms “neighbors” if they are bonded to a common oxygen. This yields a picture of the
network similar to that shown in Figure 2.1, where connected nodes represent neighboring silicon
atoms.

Figure 2.1: A simplified view of an SiO2 network, showing only silicon atoms. Connections
represent neighboring atoms.
From this picture, we can then define the “neighborhood” surrounding a silicon atom. To do so,
we begin at some chosen silicon and traverse outwards to its neighbors, and then to the neighbors of
its neighbors. This process is illustrated in a two-dimensional capacity (including oxygen atoms)
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in Figure 2.2. Here, we begin with the silicon atom shown in green, and then traverse outwards
to its neighboring silicons (shown in red), and then to the neighbors of those neighbors (also
shown in red). The induced graph on this subset of silicon atoms and their connectivities defines
the local structure surrounding the silicon from which it originated. Naturally, the process of
finding the contents of the neighborhood could be nested further (finding neighbors-of-neighborsof-neighbors, and so on), but traversing beyond neighbors-of-neighbors yields almost complete
uniqueness of each graph across the system, as a consequence of the high number of potential
graphs of these forms. This operation is performed across the system, using each silicon atom as
the origin to determine the local structure centered around it.

Figure 2.2: Progression of the identification of a local structure surrounding a Si atom. The originating atom for this local structure is shown in green.
What remains is the practical concern of labeling identical graphs as such, so that we can properly observe when a particular local structure occurs multiple times within the system. While the
neighborhoods surrounding two arbitrary silicon atoms may be identical, the symmetry between
the two may be masked when analyzing the data by differences in how the atoms in those neighborhoods are indexed when the simulation output is processed. We are able to resolve this with
the help of nauty,9 a software package capable of identifying isomorphic graphs and providing a
canonical labeling for a given graph which is independent of the indexing with which it is initially
provided.
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Figure 2.3: An example of isomorphic graphs and canonical labeling
A simple example of the capabilities of nauty is shown in Figure 2.3, where three graphs are
presented. Strictly speaking, these graphs are not “identical,” as different sets of nodes are adjacent
to each other. In the first graph, for example, nodes 1 and 2 do not share an edge, while in the other
graphs, they do. However, upon inspection, it is easy to deduce that these graphs all have the
same structure, despite being drawn and labeled differently. The nodes have been colored to make
this more apparent. Indeed, in all three graphs, edges connect all nodes to all others, excepting
for one pair, which have been colored yellow and blue. This is to say that simply changing the
labeling of the nodes in these graphs can make them perfectly identical. We say that these graphs
are isomorphic to one another.
As the number of graphs in question grows, as well as the sizes of the graphs themselves, identifying isomorphic graphs by this type of pairwise comparison of nodes becomes highly inefficient
and computationally expensive. Fortunately, nauty simplifies this process by providing canonical
labelings for graphs. When provided with some graph G, the software returns an isomorphic graph
with a labeling H. Importantly, the labeling it provides is unique for that structure, which is to say
that nauty will return H when given any graph isomorphic to G. In Figure 2.3, the canonical labeling is shown in the bottom graph. When identifying local structures within the SiO2 system, this
enables us to quickly determine if two graphs are isomorphic by feeding them to nauty, and then
comparing their canonical labelings. Figure 2.4 shows a 2-dimensional example of two identical
local structures within the network.
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Figure 2.4: nauty allows for the proper labeling of identical local structures across the network
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Chapter 3
Results
3.1

Structure Prevalence

For a first point of analysis, we consider the distribution of structures present as the glass is
annealed. As a simple metric of the variety of local structures which exist in the system, we look
at the number of unique structures which are present at various temperatures. Additionally, we can
consider the relative frequencies with which these structures appear by analyzing multiple simulation frames from the same temperature. This is shown in Figure 3.1. We neglect to count local
structures which do not comply with valence rules, as they vary widely in their arrangements and,
despite being relatively rare, even at high temperatures, produce erroneous results by appearing
with lesser frequency as the glass is cooled.

Figure 3.1: Rank-ordered frequency of all observed structures. Inset: linear plot for the 20 most
prevalent at each temperature
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Figure 3.2: Rank-ordered cumulative frequencies of local structures
At high temperatures (4000K), we observe approximately 1000 unique structures, and once the
system is cooled well below the glass transition, only about 600 unique structures are present. This
is likely the result of energetic inaccessibility of these structures at lower temperatures. However,
the large number of accessible structures, particularly at low temperatures, may shed some light
onto why SiO2 forms glasses so readily. As the system is cooled, the space of accessible structures
from which the atoms are able to sample extends well beyond those arrangements which are characteristic of the crystalline forms. Consequently, the energetic drive towards a perfect crystalline
arrangement is too weak to induce such a structure on the system as a whole within a reasonable
time scale. This permits the system to become trapped in a non-crystalline state as movement of
the particles slows.
Also of interest is the fact that, as can be seen in Figure 3.1, only the most common 10 – 15
local structures display an increase in prevalence as the temperature is lowered. These structures
are the most common across the sampled temperature range, indicating a degree of energetic favorability. Consequently, the system becomes primarily composed of a slightly narrower range of
local structures as it is cooled, as can be seen in Figure 3.2. As many of the rare, energetically unfavorable local arrangements vanish during annealing, they change form to those which are more
common, allowing the bulk of the system to be composed of a slightly smaller number of structures
at lower temperatures.
The ten most common local structures are shown in Figure 3.3. The numbering of these structures serves to provide them with unique identifiers, and is not related to the actual connectivities
within them. We note that these figures do not depict the actual spacial arrangements of the silicon
atoms which they represent, but rather their connectivities within the network under the described
construction. Additionally, we point out that in the system as a whole, each silicon atom is fourcoordinated, despite the fact that the “leaves” of these figures appear not to be. This is a result of
the distance which we use to define a local structure. Only atoms which are within two connections
in the network of the originating atom are considered, so while the neighboring silicons of these
“leaves” are indeed present, they are not included in the defined local structure.
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Figure 3.3: The 10 most common local structures below the glass transition temperature. Assigned
numbers are arbitrary, and serve only as unique identifiers.
Interestingly, this set of local structures does not prominently feature those which are characteristic of the crystalline forms of SiO2 . The only such structure to appear is Structure 1, which
reflects the connectivity of atoms in alpha- and beta-quartz. The other nine local structures in
this set display various combinations of four- and five-membered rings. These rings deviate only
slightly from the six-membered rings present in the quartz crystal arrangement, providing some
explanation for their apparent accessibility. This indicates that amorphous SiO2 is not composed
of a number of regions, each having the local structure of one of the crystalline forms. Instead, it
appears that the local structural arrangements in the glass are, for the most part, distinct from those
found in the crystals, and often resemble defect-laden versions of them.
The frequencies with which these ten structures appear within the system at different temperatures are shown in Figure 3.4, in which there are a few features of note. At low temperatures,
approximately half of the silicon atoms in the system are at the center of one of these ten most
common structures. That is to say that, despite the large diversity of structures which are present
within the system over time, it is dominated by only a handful. Also interesting is the fact that the
local structure indicative of quartz is not among the most common of this group, accounting for
only approximately 2.5% of the system below the glass transition temperature.
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Figure 3.4: Frequency of the 10 most common local structures as a function of temperature

3.2

Structure Lifetime

Next, we investigate the duration for which some of these local structures persist within the
system as it evolves over time. This provides some notion of their “stability.” Namely, we can
consider a particular local structure to be more stable than another if, once an atom adopts it, that
atom tends to retain that structure for a longer period of time. Previous work in colloidal systems
has demonstrated a relationship between certain locally preferred structures and the dynamics of
the system, where the lifetimes of certain structures increased more rapidly than others as the
system dynamics slowed. It is conceivable that a similar relationship may exist for SiO2 , and
that the structures which show an increased prevalence as the glass is cooled do so because their
lifetimes increase more rapidly than those which do not.
To measure the lifetime of a local structure, we use an autocorrelation function to determine, on
average, how likely an atom with that structure is to have the same structure at future time points.
We first define a function, given in Eq. 3.1, which is a binary indicator of whether a particular
atom i has local structure r at time t. Evaluating this function for a certain atom and structure over
a portion of the simulation provides a time series of the atom’s adoption of that structure.
(
1 atom i has structure r at time t
vi (r, t) =
(3.1)
0 otherwise
P
Next, we use an autocorrelation function, given in Eq. 3.2, where nr = N
i=1 hvi (n, 0) vi (n, 0)i
2
is the average number of atoms which have local structure r at any given time. The term Nnr2 is
therefore the trivial probability of finding an atom in structure r at two arbitrary time points. Once
(t)
normalized as σσrr(0)
, this function provides a measure of how likely we are to find an atom in some
local structure r some time after we already observed it in r.
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σr (t) =

N
X
i=1

hvi (n, 0) vi (n, t)i −

n2r
N2

(3.2)

The normalized autocorrelation function for local structure 11 is shown at various temperatures
in Figure 3.5. As expected, each curve decreases monotonically, indicating that the system decorrelates with time. However, as the temperature is decreased, this process takes longer to occur.
This is sensible, as the motion within the system is slower. We set a threshold for this function
of 1/e, at which time we say that an atom has, on average, “forgotten” that it held some structure
at time 0. The time at which the normalized autocorrelation function for a given local structure
crosses this threshold is said to be the lifetime of that structure.

Figure 3.5: Normalized autocorrelation function for structure 11 at various temperatures
The curves of Figure 3.5 all appear to follow the same trend, and we confirm this by simply
shifting them along the log (time) axis, as shown in Figure 3.6. When time-shifted appropriately,
all of these curves superimpose quite well into a single “master curve.” This indicates that the local
dynamics of the system are very similar across different temperatures, simply slowing down as the
system is cooled. We further examine the exact nature of this temperature dependence by plotting
these time shifts against the inverse temperature in Figure 3.7. The clear linear trend of this data
indicates that there is an Arrhenius relationship between the temperature and the lifetime of the
local structures, and the slope of this line gives an activation energy of approximately 73,600 K for
the process of shifting to a different local arrangement.
To examine whether a relationship exists between structure lifetime and structure prevalence,
we plot the lifetimes of the ten most common local structures across a range of temperatures in
Figure 3.8. At high temperatures, all of the structures exhibit exceptionally low lifetimes, as the
energetic barrier to structural rearrangement is comparatively low, so the system as a whole evolves
quite rapidly. As the temperature is decreased, all of these structures become longer-lived. Once
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below the glass transition temperature, some disparity arises in their lifetimes, but this shows only
a weak correlation to the ordering of their prevalence in the system at the corresponding temperatures. Additionally, the rates at which all of the lifetimes grow during annealing is consistent
across these structures, as can be seen in the inset of Figure 3.8. This indicates that none of these
local structures are becoming longer-lived significantly quicker than the others, which is to say that
the dynamics of each of these structures slow together as the system is cooled.

Figure 3.6: Time-shifted autocorrelation functions to form a single master curve

Figure 3.7: Time shifts for structure lifetime vs. inverse temperature. The linear relationship indicates an Arrhenius dependence of the lifetime on temperature.
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Figure 3.8: Structure lifetime for the 10 most common local structures. Inset: Semi-log plot

3.3

Cooling Rate Dependence

We also seek to examine the impact of thermal history on the local structural profile of the
system by preparing duplicate glasses using different annealing rates. In theory, glasses which are
cooled more quickly would be expected to show a higher rate of defects from the crystalline form,
as less energetically stable local arrangements would be more likely to become petrified by the
dropping temperature before having the opportunity to relax to a lower energy conformation. In
the context of this analysis, this would result in a reduced rate of change of structure prevalence
with temperature, and an overall lesser preference of the system towards the most common local
structures at low temperatures, as compared to more slowly cooled glasses. Unfortunately, this is
a difficult problem to study, as order-of-magnitude changes to the annealing rate produce an observed difference in the glass transition temperature of only a few degrees.10 Performing additional
annealing runs incurs a high time-cost in the number of simulations which must be run, making an
extensive study rather resource intensive.
For this work, we limit our scope to glasses which were prepared using annealing rates of
37.5 K/ns and 375 K/ns (10x and 100x faster than in our other simulations, respectively). Slower
cooling was not feasible due to computational limitations. Contrary to expectations, the diversity of
local structures observed in these glasses, as well as the prevalence of the most common structures
across the sampled temperature range, show no significant difference from that observed in the
more slowly cooled system. Plots of the cumulative frequency of local structures at each of these
cooling rates are shown in Figure 3.9. All three of these curves lie within close proximity, though
the system cooled at 375 K/ns shows a slight increase in the diversity of its local structures. This
is consistent with the notion of less energetically favorable structures becoming trapped as the
system is cooled, but the small magnitude of this difference, along with the alignment of the data
for the 3.75 and 37.5 K/ns annealing rates makes it difficult to draw any solid conclusions. As
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Figure 3.9: Rank-ordered cumulative frequency of local structures at 1600K for various annealing
rates
such, we conclude that within the range of cooling rates investigated, the structural characteristics
of the system appear to be independent of its preparation. However, a more exhaustive study
across a larger number of annealing rates might reveal a more nuanced relationship, should one
exist. It is also possible that this is not the case at lower cooling rates which are presently too
computationally expensive to simulate, so this conclusion is not necessarily generalizable to real
systems of this type.
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Chapter 4
Conclusions
In this work, we employ a method rooted in graph theory to examine the structure of amorphous
SiO2 . Local structures surrounding individual atoms are identified by inducing graphs on the bond
network of the system, and these local structures are uniquely labeled by checking for isomorphism
of the corresponding graphs. We observe a wide variety of unique local structures both above and
below the glass transition temperature, providing some insight into the ease with which silica forms
glasses when annealed, instead of organizing into one of its crystalline forms. The large quantity
of local arrangements which the atoms can energetically access and sample, even at and below the
glass transition temperature, reduces the drive towards the crystal.
We also consider the particular local structures which demonstrate the greatest prevalence
within the system across the sampled temperature range, as well as any considerable increase in
the frequency with which they appear as the system is annealed. Surprisingly, this group only pays
brief mention to the atomic arrangements which are characteristic of the crystalline forms of SiO2 ,
dispelling the notion that the amorphous system might be composed of a multitude of competing
but incompatible crystalline domains.
Additionally, we observe that four- and five-membered rings are common features amongst
these highly prevalent structures, indicating that they may be a target for classification as a recurring structural motif of the system as a whole. However, doing so requires some formal definition
of what should be considered a five-membered ring, for example, when performing a search. Isolated rings should trivially be included in a count of the number of rings in the system, but the
picture becomes less clear when considering fused and bridged bicyclic or tricyclic structures,
some of which are evidently common. Preliminary results which search only for five-membered
rings as primitives suggest that they are indeed highly prevalent, but this may very well be subject
to the definition to which the search function is tuned. Further investigation of the commonality of
these rings, and potentially of particular multicyclic combinations thereof, is certainly a candidate
for future work on this topic.
Further, we find that the lifetimes of these most prevalent local structures grow together as
the system temperature is reduced, indicating that changes in their prevalence are not the result of
the significant increase in the longevity of some subset of them. This shows a lack of association
between structure and local dynamics in this network system – a different result than what has
been seen in colloidal glasses.
Finally, we look at systems which are annealed at faster rates, to examine what impact this has
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on the distribution of local structures which are present. Over the range of cooling rates simulated,
we do not observe an apparent difference in the structural profile of the system, pointing towards a
lack of dependence in this regard. However, this result is not wholly conclusive, due to the limited
scope with which we were able to perform this analysis. As computational resources increase into
the future, further study of this potential relationship can be studied with a wider range of annealing
rates, including slower ones, where the system will effectively be given more time to equilibrate
during annealing as it is cooled.
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may be related to the glass transition or may be affected by the preparation of the glass.
Grader, Organic Chemistry II – Penn State Department of Chemistry
Spring 2016 – Spring 2018
• Graded exams and homework assignments for students in their second semester of organic chemistry
Summer Internship at Ethicon Division (Johnson and Johnson)
Summer, 2015
• Designed and programed a Monte Carlo simulation to model a two-stage copolymer synthesis reaction
in Python. This computer model was used to study the reaction kinetics, and will be particularly useful
for obtaining rate expressions for transesterification. I also conducted hands-on laboratory scale-up
polymerization experiments for a variety of absorbable polyester copolymers.
Summer Internship at Ethicon Division (Johnson and Johnson)
Summer, 2013

Assisted in the setup of a new piece of automated equipment to measure melt flow rate of polymers.
Designed and carried out an independent experiment to evaluate its variability.

Awards/Achievements







Dean’s List For Academic Achievement – All Semesters
McWhirter Undergraduate Scholarship (2014-2018)
Academic Excellence Scholarship (2014-2018)
President’s Freshman Award (2015)
President Sparks Award (2016)
Evan Pugh Scholar Award (2017)

Skills





Computer programming (Python, C++)
Scientific software including Mathematica and Minitab
Molecular dynamics simulation (GROMACS)
Consumer-grade computer hardware assembly, troubleshooting

