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ABSTRACT
Epilepsy is a disorder in which nerve cell activity in the brain gets disturbed, causing
seizures. To accurately locate the signal source in brain cortex which caused seizure is crucial for
surgery success. Stereo-EEG with multiple electrodes is a tool that used before surgery to
monitor and detect electrophysiological signals from brain. In order to find out the non-linear
relation between hippocampus and brain cortex with the help of stereo-EEG, kernel methods
need to be involved.
In this paper, I will first explore linear adaptive filter followed by kernel adaptive filter.
Kernel recursive least square algorithm with sliding-window and fixed-budget features will be
implemented to make prediction of input-output pair for brain signal. The prediction will be
made using FB-KRLS and the final result shows different behaviors of each channel. The
prediction of channel RA and ROF indicates they have delayed signals in the same channel.
While the prediction result of channel RAH and RPH indicates several electrodes will lead to the
same output signal.
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Chapter 1
Introduction

1.1 Motivation
Epilepsy, also known as seizure disorder, is a disorder in which nerve cell activity in the
brain gets disturbed, causing seizures. According to the official website of Centers for Disease
Control and Prevention [1], 1.2% of the total US population had active epilepsy in 2015. This is
about 3.4 million people. During a seizure, a person experiences abnormal behavior and
sensations, sometimes including loss of consciousness. In most of the case, epilepsy is treated by
medications. However, when medication does not work, surgery is then required.
Hippocampus is thought to be the core in the brain that relates to emotion, memory and
the autonomic nervous system. It is also thought to be related to epilepsy. To treat epilepsy, a
surgery is performed to remove the part of the hippocampus that is responsible for cramp. EEG
(electroencephalogram) is conducted with flat metal electrodes attached to brain cortex. After
generating the signal, we analyze the signal and trace back the source. There are several different
non-linear methods to analyze EEG signals, for example, transfer entropy.
The main problem we are facing currently is that we cannot locate the exact part of
hippocampus that should be cut off. Sometimes, we find a wrong source responsible for the
generated signal because we cannot find a solid method to analyze the non-linear relation
between hippocampus and cortex. The prediction should be improved with more accuracy. Once
the prediction becomes more precise, hence level up the cure rate of epilepsy.
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1.2 Problem Statement
The following figure[2] provides the layout of signal collection. It is a top view of human
brain and is divided to left brain and right brain. For each brain side, there are four electrodes to
detect and collect signals and each electrode have 10 nodes to accept the signal, from location 1
to location 10. ‘1’ means the deep location in the brain and ‘10’ means the superficial location at
the surface of brain.

Figure 1-1 Layout of Signal Collection

LA stands for left amygdala, LAH stands for left anterior hippocampus, LPH stands for
left posterior hippocampus and LOF stands for left orbitofrontal. As for RA, RAH, ROF and
RPH, they have the same meaning just with the right side of the brain. The depth electrodes
simultaneously capture the electrophysiological activities in the brain. The eight electrodes used
to capture the brain activity have 10 points of contact with brain. The spike trains captured at
these points are converted into another form for computer to process. Each converted signal is
then mapped to the location of its origin. Therefore, for each hemisphere of the brain, we obtain
49 signals.
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The problem essentially is to use those collected data to find the source of the signal. the
source can be either single focus or multi-focus. The condition in the reality is that, even if we
receive a signal in RA10, it does not necessarily mean it is coming from RA1. It can be possible
that the source of RA10 signal actually comes from RA6. The other condition is, the source of
RA10 signal does not even located at RA. It could be RAH3 trigger the signal and then RA10
receives it. The worst condition is RA3 is simply the latency of RA1 and they together provide
signal of RA10. In this condition, the computation becomes massive. Any combination of input
and output pair could be possible, and in this paper, sliding-window kernel recursive least
square(KRLS) and fixed budget KRLS will be used to make an output prediction for a given
input.
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1.3 Layout of the Thesis
This thesis presents different algorithms that can be applied for analyzing the relation
between hippocampus and brain cortex. The first chapter will provide a general picture of this
thesis and include a literature review.
The following chapter 2 will be providing the linear adaptive filter. It includes the
fundamental concepts of linear adaptive filter and the most common algorithms used to
implement linear adaptive filter. Chapter 3 moves to a non-linear adaptive filter, which is kernel
adaptive filter. This chapter covers two algorithms relative to kernel methods, which are slidingwindow kernel recursive least square and fixed-budget kernel recursive least square. Chapter 4
will provide the implementation of those algorithm in MATLAB and corresponding figures. The
implementation includes a prediction on the output for signal and noise cancellation with KRLS.
There are two sets of databases for prediction and noise cancellation. The results of the
prediction will also be discussed. Chapter 5 is a summary and conclusion of the thesis work.
Chapter 6 contains future works that can be performed.
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1.4 Literature Review

1.4.1 Adaptive Filter

There are limits to fixed-coefficient digital filter. When the noise frequency is timevarying, then the fixed-coefficient would most likely not be a fit for the filtering. Also, the fixedcoefficient might overlap signal and noise. There is no secure solution to prevent it from
overlapping. This is the point where adaptive filter takes the lead. Adaptive filter contains two
main components, digital filter with adjustable coefficients and adaptive algorithm which
changes according to the training data. Figure 1-2 is the block diagram of adaptive filter.
According to the block diagram, with each new input xk, the filter will change its coefficient to
make closest prediction of the output signal. Error signal  is used to indicate the error between
the expected output and predicted output from the filter system. The filter is able to respond to
variations in the statistical properties of its signals. Inside of the filter, is what’s demonstrated in
figure 1-3.
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Figure 1-2 Block Diagram of Adaptive Filter

1.4.1.1 Digital Filter

To give the concepts of adaptive filter, it is necessary to explain digital filter. Digital
filter is a system that performs mathematical operations on a sampled, discrete time signal to
either reduce or enhance certain aspects of an input signal. One of the common applications is
noise cancellation. There are two types of digital filter, finite impulse response filter(FIR) and
infinite impulse response filter(IIR). Equation 1.1 is for finite impulse response filter. 𝑏𝑚 stands
for the coefficient of the filter and x is the input. Figure 1-3 shows a block diagram for finite
impulse response filter. Z-1 is a transform that cause the unit delay. In this delay, the
multiplication of coefficients and previous input x can be implemented. Similarly, equation 1.2 is
for infinite impulse response and figure 1-4- provides the block diagram of IIR. The difference
between FIR an IIR is the coefficient. As the name suggested, IIR contains infinite number of
coefficients. Hence, even though it is efficient in theory, it is actually hard to implement.
𝑦𝑛 = ∑𝑀
𝑚=0 𝑏𝑚 ∙ 𝑥𝑛−𝑚

(1.1)
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Figure 1-3 Block Diagram of Finite Impulse Response Filter

𝑦𝑛 = ∑∞
𝑚=0 𝑏𝑚 ∙ 𝑥𝑛−𝑚

(1.2)

Figure 1-4 Block Diagram of Infinite Impulse Response Filter

1.4.1.2 Adaptive Filter Algorithm – Recursive Least-Square

Recursive least-square(RLS) algorithm is one of a commonly used algorithm in adaptive
filtering. It focuses on minimizing the sum of squared estimation errors up to the current time i.
Given a sequence of input-output data pair as train data {𝒖(𝑗), 𝑑(𝑗)} 𝑖−1
𝑗=1
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𝒖(𝑗) is the input data in time j, d(j) is the desired output data in time j. The time period is from
j=1 to time i-1. The bold notation here means the parameter is a vector. With recursive least
algorithm, the ultimate goal is to estimate the weight/coefficient w(i-1) by minimizing the cost
function. Equation 1.3 is the cost function.
𝑖−1

𝑚𝑖𝑛 ∑|𝑑(𝑗) − 𝒖(𝑗)𝑇 𝒘|2

(1.3)

𝑗=1

According to Kernel Adaptive Filtering [3], the following steps for RLS calculation is
generated. P(i) is the inverse of data autocorrelation matrix. k(i) is gain vector and e(i) is the
prediction error.

Figure 1-5 The Recursive Least-Squares Algorithm

One of the advantage of RLS algorithm is the complexity is limited to O(L2). This feature
makes RLS algorithm appealing when it comes to practical implementation. To improve RLS
algorithm, we further introduce the regularization parameter and forgetting factor, which will be
covered with detail in chapter 2.
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1.4.2 Kernel Method

Kernel based methods are becoming increasingly popular in fields like classification, and
nonlinear regression problems these years. However, trying to solve them in their original forms
is both time consuming and computationally sophisticated. To solve this issue, the central
process of kernel method was developed, the so-called “kernel trick”. The core behind “kernel
trick” is that a closed form Mercer kernel allows one to efficiently solve a variety of non-linear
optimization problems that arise in regression, classification, inverse problems etc.[4] The basic
idea of kernel trick is to map the data xi, which is the input, to a high dimensional feature space
of vectors (xi) where linear methods can be used. In the feature space, the inner products can be
calculated using a positive definite kernel function satisfying Mercer’s condition: k(xi, xj) =
<(xi), (xj) >.
There are different types of kernels and the one that will be used in this paper is Gaussian
Kernel. Equation 1.4 provides how to calculate kernel matrix for a Gaussian kernel, where x, y
are inputs and  represents kernel parameter.
𝑘(𝒙, 𝒚) = exp(−

∥𝒙−𝒚∥2
2𝜎2

)

(1.4)

1.4.2.1 Least-Squares Regression in Kernel
Given a vector y  ℝ𝑁 × 1 and a data matrix X  ℝ𝑁 × 𝑀 of N observations, the least-square
method will seek the optimal vector h  ℝ𝑀 × 1 that solve the following equation:
𝐽 = min‖𝐲 − 𝐗𝐡 ||2

(1.5)
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There will be a unique solution for h once the observation N is at least equal to the
number of M, which is the unknown parameter. The solution will be

𝒉 = (𝑿𝑇 𝑿)−1 𝑿𝑇 𝒚

(1.6)

For a full rank matrix X with N  M, the solution of h can also be expressed as follows,
which becomes a linear combination of the input X:
𝒉 = 𝑿𝑇 𝒂

(1.7)

The equations listed above are LS methods in linear condition. It can be extended to
nonlinear version simply by transferring the input data into a feature space, which the core of
kernel method. To distinguish between data before transformation and after, equation 1.8
represents the data after transform.
̃= 𝑿
̃ 𝑻𝒂
𝒉

(1.8)

Following step includes introducing a new kernel matrix:
̃𝑿
̃𝑻
𝑲=𝑿

(1.9)

Substitute 1.9 into equation 1.5 and then transform it to feature space, 1.5 can be rewritten as:
𝐽′ = min‖𝐲 − 𝐊 ∝ ||2

(1.10)

To solve the equation and get ∝ above, we can then use kernel trick to compute kernel matrix.
Kernel trick is introduced in kernel method.
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Chapter 2
Linear Adaptive Filter

2.1 Linear Adaptive Filter Introduction
As the name suggested, linear adaptive filter is an adaptive filter whose output value is a
linear function of input value. It is commonly used in signal processing for smoothing signals or
noise cancellation. As it is demonstrated in figure 2-1, the whole algorithm relies on errorcorrection learning. [3] An input signal vector u(i) is applied to the filter in time i, and produces
the actual response y(i). Then this actual response y(i) is compared with the desired output,
which is d(i). The difference between y(i) and d(i) is the error signal e(i). This error signal e(i)
will then feedback to the parameter weight vector w(i-1) of the filter by an incremental denoted
by ∆w(i). The new weight in time i is then calculated by equation 2.1
𝒘(𝑖) = 𝒘(𝑖 − 1) + ∆ 𝒘(𝑖)

Figure 2-1 Basic Structure of a Linear Adaptive Filter

(2.1)
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2.2 Extended Recursive Least-Squares Algorithm with Regularization
From chapter 1.4.1.2, basic RLS algorithm has already introduced. However, there are
more features that can be added on to the RLS algorithm to improve the performance. One of
them, is extended recursive least-square algorithm (EX-RLS).
As it is shown in figure 1-5, the matrix P(i) is actually not properly initialized. P(i) is the
inverse of the data auto correction matrix. Equation 2.2 is the equation in RLS for P matrix
calculation during implementation for computing.
𝐏(𝑖) = [ 𝐏(𝑖 − 1) − 𝒌(𝑖)𝒌(𝑖)𝑇 r(i)]

(2.2)

However, this does not address the potential problem for P(0), in which case there is no
previous case that can be used to calculate the new P(i). Also, since initially, U(i) is not fully
supplied and it has less columns than rows. Therefore, to calculated P(i) using (𝑼(𝑖)𝑼(𝑖)𝑇 )−1
directly is also not possible. To overcome the effect caused by this problem, a regularization
parameter is introduced. With regularization, the equation we need to solve becomes:
𝑇
2
2
𝑚𝑖𝑛 ∑𝑖−1
𝑗=1|𝑑(𝑗) − 𝒖(𝑗) 𝒘| + 𝜆‖𝒘‖

(2.3)

𝜆‖𝒘‖2 is the norm penalizing term, also named as regularization term. 𝜆 is a positive parameter,
usually very small. This parameter changes the equation for weight coefficients and P
initialization. Equation 2.4 and 2.5 provides the updated version for computing w and P.
𝒘(𝑖) = (𝑼(𝑖)𝑼(𝑖)𝑇 + 𝜆𝑰)−1 𝑼(𝑖)𝒅(𝑖)

(2.4)

𝐏(0) = 𝜆−1 𝐈

(2.5)

One fact about regularization term is that its influence will be subtle or even unnoticeable
once we have enough data feed to the matrix.
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2.3 Exponentially-weighted RLS Algorithm with Forgetting Factor
Besides regularization factor, another component was introduced to a regular RLS
algorithm. The normal case when using RLS is that we usually feed the algorithm a massive
amount of data in order to train the w matrix. However, not all data should have the same effect
on w. Once more newer data comes in, the older data should have less and less influence on the
current w value. In the other word, we need to way to “forget” old data. That’s why forgetting
factor  come to the stage.
 is a positive value and its range is from 0 to 1, including 0 and 1. The smaller the value
of , the faster the data gets discarded. [5] Therefore, a small value of forgetting factor makes the
algorithm hard to learn because the new data got discarded very fast. Normally,  with a range
[0.95,1] is reasonable for the algorithm to learn and forget.
Combining the regularization term and forgetting factor, exponentially weighted RLS
was created. Figure 2-2 provides the new algorithm equations.
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2.4 Example of RLS for Noise Cancellation with Volterra Filter
Volterra filter is a type of non-linear filter that can be used to separate linear and
nonlinear echo components in contrast-enhanced ultrasound application. Compared to pulse
inversion, the good side of a third-order volterra filter is that it can roughly produce the same
results as pulse inversion without sacrificing bandwidth or frame work. The detailed input output
equation for volterra filter is attached in Appendix C. [6]
Recursive least square can be combined with volterra filter by calculating coefficients for
volterra filter. RLS achieves fast convergence while producing small steady-values of the
ensemble average error. The algorithm that combines them will also be provided in Appendix C.
Figure 2-3 is RLS and volterra filter on an ultrasound image of brain. The left upper
corner named ‘One Frame Data-RLS’ displays the original data. And the rest of the three images
display the result after filtering with volterra filter. Since it’s a third-order volterra filter, it
contains results in linear, quadratic and cubic form. There are two things in the image can be
used to indicate that this algorithm did work. On ‘One Frame Data-RLS’ image, there are two
red circles which are the area that can be used to tell the difference. Looking at larger red circle
and check the same location in the other three images, what we can notice here is that the shape
of this area becomes more and more clear, it is closer to a “heart” shape. This is because the
noises are filtered. The color bar on the right side of each image indicates the color range of the
given image, the larger the number, the more information it contains in the image. Therefore, the
original data only has range less than 20 while all the rest images have much larger range.
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Figure 2-2 Ultrasound Image Filtering with RLS & VF

I will be using the same original ultrasound image and apply it with KRLS combined
with volterra filter and compare the difference between them in Chapter 4.
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Chapter 3
Kernel Adaptive Filter

3.1 Kernel Adaptive Filtering Introduction
[7]Kernel adaptive filter is a special type of adaptive filter which combines kernel
method with adaptive filter. The following image gives a block diagram of kernel adaptive filter
that can be used for nonlinear system identification. According to the diagram, the input X will
be transformed into a high-dimension feature space and get its kernel matrix. Combined with
some type of adaptive algorithm, the coefficients of the filter will be calculated, along with the
error en

Figure 3-1 Block Diagram of Kernel Adaptive Filter

The main difference between linear adaptive filters and kernel adaptive filter is their
ability to deal with non-stationary data. The size of kernel matrix will grow along with the input
size, therefore, tracking data is one of the problem remains in kernel-based algorithm.
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3.2 Kernel Recursive Least Square
Kernel recursive least square is a combination of kernel method and RLS algorithm. It
can solve learning process for nonlinear inputs by putting them into a feature space, which is
high dimensional. Then in the feature space, kernel method is able to treat the nonlinear inputs as
linear inputs. As introduced in chapter 1, with kernel methods, everything will be in feature
space. Therefore, data u(i) into feature space becomes (u(i)), weight vector becomes (𝑖). The
equation we need to solve becomes:
𝑇
2
2
𝑚𝑖𝑛 ∑𝑖−1
𝑗=1|𝑑(𝑗) −  (𝑗)| + 𝜆‖‖

(3.1)

The general form does not change for RLS, the only difference is that now everything is
in feature space by using Mercer theorem. However, the way to solve this equation needs to be
changed. Figure 2-2 cannot be directly applied here. By using matrix inversion lemma and some
math manipulation, we have:

(𝑖) = (𝑖) ((𝑖)𝑇 (𝑖) + 𝜆𝑰)−1 𝒅(𝑖)

(3.2)

With (𝑖) = [(1), … , (i)]
The importance of equation 3.2 is that it makes the weighted vector  becomes a linear
combination of input data and some coefficient a, which equals to ((𝑖)𝑇 (𝑖) + 𝜆𝑰)−1 𝒅(𝑖) .
(𝑖)𝑇 (𝑖) can then be solved using kernel trick as introduced in chapter 1. Ultimately, the
algorithm for kernel recursive least-square algorithm becomes:
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Figure 3-2 Algorithm of Kernel RLS

e(i) is an error vector and a(i) is the weight matrix we are looking for.

3.3 Sliding Window Kernel Recursive Least Square
From chapter 1 and chapter 2, the basic ideas of kernel method and recursive least square
algorithm are discussed. In this section, a new approach which combines sliding-window
approach and kernel recursive least square will be introduced. The core idea behind sliding
window approach is that it fixes the size of kernel matrix. One of the main problem with kernel
method is that the kernel matrix size will increase along with the input size and this makes it
computationally time-consuming. By fixing the size of kernel matrix, we can reduce the
computation for implementing the algorithm. [8]
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Figure 3-3 Sliding Window Kernel Matrix

Figure 3-3 demonstrate the idea behind sliding window. For each kernel matrix, instead
of having its size grown with the input size, sliding window KRLS makes it in a fixed size. In the
figure, the fixed size is M. The new kernel Kn will be derived by first removing the 1st row and
̂ n-1. Then adding a new row and column to 𝐊
̂ n-1.
column from previous matrix Kn-1, this leads to 𝐊
By doing those two steps, the kernel matrix size stays fixed but the kernel matrix content is
updated. Using the figure 3-4 and equation 3.3 to explain, the blue frame stands for Kn-1 and area
̂ n − 1. Area 1 is 𝐊𝑛 − 1(𝑿𝑛), area 2 is 𝐊𝑛 − 1(𝑿𝑛)𝑇 and area 3 is knn + c. The red
4 stands for 𝐊
frame represents the new Kn. [9]
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Figure 3-4 Helper Graph for Kernel Update

̂n − 1
𝐊
𝐊𝑛 = [
𝐊𝑛 − 1(𝑿𝑛)𝑇

𝐊𝑛 − 1(𝑿𝑛)
]
𝑘𝑛𝑛 + 𝑐

(3.3)

To solve the equation 1.4 in the sliding window condition,  = K-1 y, the inverse of
kernel matrix K-1 needs to be calculated. The exact mathematical implementation of how to get
the inverse of upsize and downsize matrix is provided in Appendix A. The summarized steps of
sliding window KRLS are listed below:
1. Initialize K0 = (1+c)I, where c is regularization parameter, get K0-1 = I / (1+c)
̂ n − 1 from Kn-1 as it is shown in figure 3-4
2. Obtain 𝐊
̂ n − 1)-1
3. Using inverse of downsized matrix equation from Appendix A to calculate(𝐊
4. Obtain the new Kn from equation 3.3
5. Using inverse of upsized matrix equation from Appendix A to calculate Kn-1
6. Get  = K-1 y
7. Repeat step 2 to step 6 for each new input data
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3.4 Fixed-budget Kernel Recursive Least Square
Similar to sliding window KRLS, fixed budget KRLS contains the same kernel matrix
size to reduce computation burden. [10] The essential difference between sliding window KRLS
and fixed-budget KRLS is that, instead of growing and pruning the first row and column, fixedbudget KRLS actually grow and prune the least significant data. Therefore, sliding-window
KRLS always discards the oldest value, but fixed-budget discards the least significant data.
In order to achieve it, first of all, we need to know which data is the least significant data
using a discarding criterion. According to the fixed-budget KRLS paper [10],the input-output
pair that bears least error after it is omitted will be regarded as the least significant. The equation
is 3.4.
𝑑(𝑥𝑖 , 𝑦𝑖 ) =

| 𝛼𝑖 |
̆ 𝑛 −1 ]𝑖,𝑖
[𝐊

(3.4)

̆ 𝑛 −1 is the invers of original kernel matrix at iteration n. The convenience of equation
𝐊
̆ 𝑛 −1 have been calculated. No extra
3.4 and the proposed discarding criterion is that both 𝛼𝑖 and 𝐊
computation is produced here.
After finding the least importance pattern, we then need to eliminate it from the matrix.
The difference here compared with sliding window KRLS is that we need to remove ith row and
column here. i is calculated in 3.4 and could be any random number within the matrix. The
specific mathematical steps to compute inverse of matrix after downsize with random row and
column is in Appendix B. The summarized steps of fixed-budget KRLS are listed below:
̆ 𝑛 𝑖 = Pi𝐊
̆ 𝒏 Pi , (𝐊
̆ 𝑛 𝑖 )−1 = Pi𝐊
̆ 𝒏 −𝟏 Pi using equations in Appendix B, pre and post
1. 𝐊
multiplying by Pi is essentially exchanging the first and i-th row and column.
̆ 𝑛 𝑖 to Kni
2. Remove the 1st row and column from 𝐊
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𝑖 −1

̆𝑛 )
3. Calculate the inverse (𝐊

by Appendix A

4. Obtain Kn-1 = Qi (𝐊 𝑛 𝑖 )−1Qi using Appendix B, pre and post-multiplying by Qi puts
its i-th row and column in front of others.

Table 1 SW-KRLS & FB_KRLS Comparison

SW-KRLS

FB-KRLS

PROS

PROS

for fast adaptive non-linear filtering

non-linear, tracking ability

dimensions of the kernel matrix is fixed

dimensions of the kernel matrix is fixed

able to operate in a time-varying environment and
tracks abrupt changes in either the linear filter or
the nonlinearity

introduced a label update procedure to equip the
algorithm with tracking capability
able to delete the i-th row and column from kernel
matrix

CONS

CONS

Prune the oldest data point in every time instant,
not necessarily the least significant

Practical implementation issue, still not
computational fast enough

all samples are given the same importance

Better than SW-KRLS, but error is still high
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Chapter 4
Result and Discussion

4.1 KRLS with Volterra Filter (Noise Cancellation)

As the example demonstrated in chapter 2, RLS combined with Volterra Filter provides a
decent result. In this section, I will modify upon it and use KRLS instead of Volterra Filter. The
KRLS I use regularization factor as 0.05 and forgetting factor to be 0.999, which is the same
value as they are in RLS. Otherwise, those values might influence the final result. The reason to
choose such a large forgetting factor is because within the range from 0 to 1, the larger the value,
the more information it will keep and learn from it. A forgetting factor with value 0.01 means the
algorithm does not learn anything. The kernel parameter is 1. As we can see from table below
and figure 4-1, there is a slight difference between them regarding the range but the difference is
not huge in this particular case. But the image does look more focuses on the core part.
Table 2 Comparison of RLS and KRLS combined with VF

RLS & VF

KRLS & VF

Linear Max Range

22

22

Quadratic Max Range

36

36

Cubic Max Range

48

50
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Figure 4-1 Ultrasound Image of KRLS with Volterra Filter

4.2 Signal Prediction Using SW-KRLS and FB-KRLS

4.2.1 Prediction of Input and Output Pair in Each Channel with SW-KRLS
The data used for this section is explained by figure 1-1. The way I use SW-KRLS for
prediction is as follows:
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1. Extract the data from database. For each electrode, for example, RA1, the data base
contains 201056 values. If I want RA1 to be my input, then I will extract 201056
values from RA1. Need to choose an input-output pair.
2. Normalize the data extracted. Select the maximum among all absolute values and
divide the whole matrix with the same value.
3. Select the first 1000 values from input vector x and first 1000 values from output
vector y as my input-output pair for training. This train size can be manually changed
to get a better result, I tried two sizes and comparisons will be given.
4. The training process is done by SW-KRLS algorithm and the matrix of coefficients
will be generated after the training. The fixed size for SW-KRLS in this paper is 250,
which means the dictionary has the size 250.
5. Give the rest of the data from input vector and use SW-KRLS to evaluate the
estimated result. The actually expected result will be the rest of the y values from
output vector.
6. Calculate the mean square error (MSE) of the estimated output and expected output.
Then translate it into dB.

There are many input-output pairs to train the algorithm. Since the input and output can
be completely arbitrary here, in one probe, all the possibilities will be tested. Firstly, I will do the
same independent test for all probes on the right side. For each probe, I will test all 10*10=100
possibilities and calculate their mean square error. The less the value, the more likely this pair of
input-output is the true case. There are four probes in the right side, named RA, RAH, RPH and
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ROF. The exact location in which part of brain can be found in figure 1-1. Secondly, I did the
same thing but with a different train size for each of them.

Figure 4-2 MSE for RA with Train Size 1000

The image above provides a surf image for MSE values of RA. The x-axis is the input
RA, the number 1 in X-axis represents the input is RA1. The y-axis is the output RA, the number
1 in Y-axis represents the output is RA1. The z-axis represents the MSE value in dB. Different
color represents different value of MSE and the right image is the 2D view of the image on the
left. The same interpretation method can be used for all the rest of surf images. As we can
observe in the figure, the MSE value in the diagonal line is the smallest. This is expected because
in the diagonal line, both input and output is the same data itself. However, this does not
contribute to the final result too much. In fact, those values will be ignore when getting the final
input-output pair.
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Figure 4-3 MSE for RA with Train Size 5000

By directly looking at the 2D view, it is hard to say there is a huge different between MSE values
for MSE with train size either 1000 or 5000. However, the exact value will be given in a
comparison table for the train size.

Figure 4-4 MSE for RAH with Train Size 1000
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Figure 4-5 MSE for RAH with Train Size 5000

Figure 4-6 MSE for ROF with Train Size 1000
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Figure 4-7 MSE for ROF with Train Size 5000

In the case of MSE for ROF, by roughly looking the color map on the left, train size 5000
actually provides larger MSE value compared to the train size 1000. In the same area, figure of train size
1000 has darker color than figure of train size 5000. A darker color means less MSE value and more
accurate prediction.

Figure 4-8 MSE for RPH with Train Size 1000
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Figure 4-9 MSE for RPH with Train Size 5000

As it is the same in RAH, RA, RPH and ROF, by directly looking at the color bar
distribution, we cannot see the difference between different train sizes. Therefore, table 3 is
needed. Since the smaller MSE value indicates the prediction is more accurate, for each channel,
I will find the least MSE value and compared the least value in different sizes.
Table 3 Comparison of MSE Result with Different Size

Channel

Least MSE with Train Size
1000

Total
run

Least MSE with Train Size
5000

time
RA

-29.36dB (input PA5, output

115s

PA6, runtime: 1.26s)
RAH

-35.2dB (input RAH9, output
RAH10, runtime: 1.08s)

Total
run
time

-35.01dB (input RA6, output

275s

RA7, runtime: 2.79s)

118.7s

-34.46dB (input RAH9,
output RAH10,
runtime:2.68s)

275.73s

31
ROF

-28.21dB (input ROF4, output

118s

ROF5, runtime: 1.29s)
RPH

-37.5dB (input RPH9, output

-26.15dB (input ROF5, output

275s

ROF5, runtime:2.74s)

116.88s

RPH10, runtime: 1.1s)

-38.81dB (input RPH9, output

276.4s

RPH10, runtime:2.59s)

The first thing we can notice above is that, with different train size, the MSE value
actually does not differ a lot. Except for the case of ROF, which has a difference of 2dB, in other
probes, the difference is so small and can be ignored. Another thing observed from table 3 is that
with the least MSE, the input-output pair result with size 1000 and size 5000 is different. They
are close though, for example, (ROF7-ROF8) and (ROF6-ROF8), those nodes are adjacent to
each other. Therefore, the result of input output pair does not differ hugely.
But there is one huge drawback with a larger train size, the running time. The run time
provided above is for one test case. And there are 100 test cases for each probe. Overall, with
train size 1000, it will only take half time than with train size 5000. For test case 100, the time
difference is still acceptable, roughly 100 seconds as shown above. However, it will become a
severe problem when test case grows.
In summary, a larger train size provides the similar results as smaller train size does for
the brain cortex case in this paper. But a larger train size sacrifices much more time. Hence, in
the later test cases, larger train size is not preferred.

4.2.2 Prediction of Input and Output Pair in Each Channel with FB-KRLS
To keep the comparison fair, all the other components and steps in exactly the same as it
is in 4.2.1, the only difference is that, instead of using SW-KRLS for training the data, FB-KRLS
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is used for training. I will provide the surf image as above and then use a table to compare the
results in SW-KRLS and FB-KRLS. The train size is 1000 in all of the cases.

Figure 4-10 MSE for RA Using FB-KRLS

Figure 4-11 MSE for RAH Using FB-KRLS
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Figure 4-12 MSE for RPH Using FB-KRLS

Figure 4-13 MSE for ROF Using FB-KRLS

By directly looking at the four surf graphs, they exhibit a similar behavior. All the values
in the diagonals are the smallest MSE values in all. This is reasonable because in the diagonal
case, both the input and output data for train is the data itself. RA and RAH display a similar
behavior according to figure 10 and 11 above. The upper area of and the lower area of the
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diagonal have quite different MSE values. And for both of them, the lower area has a better MSE
result. This hints another fact that for a electrode, once it sends the signal, it is more likely that it
will be received in later electrodes. In another word, compared to PA10 received by PA1, it its
more likely that PA10 receives PA1. For image of RPH and ROF, we can notice that either upper
or lower area of diagonal actually contains similar MSE value. Since it is hard to tell a lot details
only using surf image, detailed table with specific value is provided below for further
comparison of SW-KRLS and FB-KRLS. I will compare them in the same way as I did when
comparing different train size. The case when the input and output are the same data will be
ignored when choosing smallest MSE data. When train size for both case is 1000.
Table 4 Comparison of SW-KRLS and FB-KRLS

RA

RAH

ROF

RPH

SW-KRLS

FB-KRLS

-29.36dB (input PA5, output PA6,

-37.4dB (input RA9, output RA10,

runtime: 1.26s)

runtime: 0.52s)

-35.2dB (input RAH9, output

-34.3dB (input RAH8, output

RAH10, runtime: 1.08s)

RAH10, runtime: 0.5s)

-28.21dB (input ROF4, output

-27.6dB (input ROF4, output

ROF4, runtime: 1.29s)

ROF5, runtime: 0.56s)

-37.5dB (input RPH9, output

-36.8dB (input RPH4, output

RPH10, runtime: 1.1s)

RPH5, runtime: 0.5s)

Overall, the result from SW-KRLS and FB-KRLS in this case is close. They have similar
MSE value and similar input-output pair. This actually make sense because the train size is 1000
and fixed kernel matrix size is 250. This is not a huge gap, therefore, either eliminating the oldest
value or the least-significant value actually does not matter too much. But FB-KRLS gives a
twice faster run time. Therefore, when test cases grow, FB-KRLS is preferred.
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4.2.3 Prediction Result of Input-Output Pair in Single Channels with FB-KRLS
In this section, FB-KRLS and normalized database will be used to provide the final result
of input-output pair prediction. The method to normalized input database is to first get absolute
value of all values and find the maximum value. Then divided all value in database with this
database. With normalization, we are trying to adjust values measured on different scales to be in
the same scale. For each input, there could be 10 possible outputs, I chose the one with lease
MSE value. The case that both input and output is the same data will be ignored.
Table 5 Input-Output Pair Prediction Result Using FB-KRLS

This table provides a summary of predicted input-output pair using FB-KRLS algorithm.
Each channel has their similarity and difference. For example, in all the channel, it is very likely
that the deep electrode will be detected by the most superficial electrode. The other fact is that
adjacent electrodes is more likely to detect the signal sent by pervious node.
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Chapter 5
Conclusion
In this paper, I explored the power of KRLS algorithm with sliding window and fixed
budget feature. Instead of simply having a mathematically understanding of the algorithm, I also
tried to apply it with other components to accomplish noise cancellation and signal prediction.
For the noise cancellation, the result from chapter 4 section 1 shows that KRLS can be
combined with volterra filter and produce a better result than RLS with VF. The small
components such as regularization term and forgetting factor will cause different results of the
ultrasound image. There is a range for forgetting factor and I tried several of them to test
different image outputs. In the end, I used 0.999 as my forgetting factor.
Therefore, I think besides the sliding window algorithm and fixed-budget KRLS
algorithm, more complicated computations should be added to predict the signal in brain cortex.
One of the finding when using SW-KRLS is that a larger train size does not necessarily
train the systems to be smarter. A larger train size produces the similar result while costing much
more run time. The difference between SW-KRLS and FB-KRLS regarding the output result is
also similar. Because when the train size is 1000 and fixed dictionary size is 250, it does not
matter too much whether eliminating the oldest pair or the least significant pair. However, FBKRLS gives faster run time.
In this project, four channels have similarity in their input-output pair behavior because a
lot of deep electrode signals will be received by most superficial electrode. Also, since several
inputs will lead to the same output result, it might be possible that those signals are essentially
the latency delay of the previous one.
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Chapter 6
Future Work
There are many improvements can be done for this project. And in fact, there will never
be an ultimate perfect solution to bestow a 100% accurately prediction of the output when given
an input. In my mind, there are several things that can be done.
First of all, there are more combinations can be tested for the given signals collected by
electrodes. What I tested and compared in chapter 4 is one to one pair. By one to one pair, I only
test all the condition with one input and one output. However, there is also possibility that two
signals are simply the latency to each other and they send out the same output signal. Hence, it is
definitely another thing to work on. Besides the mapping from several input to one output, I can
also predict input and output pair across the channel.
Another thing can be done is the choose of parameters. There are many parameters that
can affect the result and it would be good if I can find which combination of them provides the
best result. These parameters include the kernel matrix size to be fixed, train size of the
algorithm, forgetting factor value and regularization term. In the previous chapter, I’ve already
showed the different results for different train size. But the train size I chose was manual and do
not have too much supported reason. I think later on, I should either find a way to do brute and
force test for all combination of parameters or find a way to limit them into certain range.
The last thing I think that’s worth doing is to implement kernel recursive least square
with a Bayesian approach. Derive kernel recursive least square in a Bayesian perspective can
take advantage of the framework of Bayesian and enable the algorithm to perform tracking in
non-stationary scenarios. [5]This approach will take a prior assumption and then keep modifying
the posterior in Gaussian process.
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Appendix A
Matrix Inversion Formulas for Sliding-Window KRLS
The Inverse of a Downsized Matrix
𝐓
𝐊 = [a 𝐛 ]
𝐛 𝐃

{

𝐊 −𝟏 = [e
𝐟

𝐟𝐓]
𝐆

𝐛e + 𝐝𝐟 = 0
𝐛𝐟 𝐓 + 𝐃𝐆 = I

𝐃−1 = 𝐆 − 𝐟𝐟 𝐓 / e

The Inverse of an Upsized Matrix

𝐊=[

𝐀
𝐛𝐓

𝐛
]
d

𝐊 −𝟏 = [

𝐄
𝐟𝐓

𝐟
]
g

𝐀𝐄 + 𝐛𝐟 𝐓 = 𝐈
{ 𝐀𝐟 + 𝐛𝐠 = 𝟎
𝐛𝐓 𝐟 + dg = 1
𝐀−𝟏 (𝐈 + 𝐛𝐛𝐓 𝐀−𝟏𝐇 g) −𝐀−𝟏 𝒃𝑔
𝐊 −𝟏 = [
]
−(𝐀−𝟏 𝒃)𝑻 𝑔
g
𝒘𝒊𝒕𝒉 𝒈 = (𝒅 − 𝒃𝑻 𝑨−𝟏 𝒃)−𝟏
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Appendix B
Matrix Permutation for FB-KRLS

Steps to remove an arbitrary row and column from a matrix

Pi = [

0
0
1

0
𝐈𝑖−2
0

0

0

0 𝐈𝑖−1
0
Qi = [1
0
0

1
0
0
0

0
0
0
𝐈𝑀−𝑖+1

0
0 ]
𝐈𝑀−𝑖

With Pi-1 = Pi and Qi-1= QiT

]
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Appendix C
Volterra Filter Equation with RLS

𝑚−1

𝑥[𝑛 + 1] = ∑ 𝑥[𝑛 − 𝑖]ℎ𝐿 [𝑖]
𝑖=0
𝑚−1 𝑚−1

𝑚−1 𝑚−1 𝑚−1

+ ∑ ∑ 𝑥[𝑛 − 𝑖]𝑥[𝑛 − 𝑗]ℎ𝑄 [𝑖, 𝑗] + ∑ ∑ ∑ 𝑥[𝑛 − 𝑖]𝑥[𝑛 − 𝑗]𝑥[𝑛 − 𝑘]ℎ𝐶 [𝑖, 𝑗, 𝑘]
𝑖=0 𝑗=0

𝑖=0 𝑗=0 𝑘=0

𝑋[𝑛] = [𝑥[𝑛], 𝑥[𝑛 − 1], … , 𝑥[𝑛 − 𝑚 + 1], 𝑥 2 [𝑛], 𝑥[𝑛] ∗ 𝑥[𝑛 − 1], … , 𝑥 2 [𝑛 − 𝑚 + 1], 𝑥 3 [𝑛], 𝑥 2 [𝑥]
∗ 𝑥[𝑛 − 1], … , 𝑥 3 [𝑛 − 𝑚 + 1]]^𝑇

𝐻(𝑛) = [ℎ𝐿 [0], ℎ𝐿 [1], … , ℎ𝐿 [𝑚 − 1], ℎ𝑄 [0,0], ℎ𝑄 [0,1], … , ℎ𝑄 [𝑚 − 1, 𝑚 − 1], ℎ𝐶 [0,0,0], … , ℎ𝐶 [𝑚 − 1, 𝑚
− 1, 𝑚 − 1]]𝑇
𝑥[𝑛 + 1] = 𝐻 𝑇 [𝑛]𝑋[𝑛]

𝑘[𝑛] =

𝑃[𝑛−1]𝑋[𝑛]
𝜆+ 𝑋 𝐻 [𝑛]𝑃[𝑛−1]𝑋[𝑛]

𝜀[𝑛] = 𝑥[𝑛 + 1] − 𝐻 𝐻 [𝑛 − 1]𝑋[𝑛]

𝐻[𝑛] = 𝐻[𝑛 − 1] + 𝑘[𝑛]𝜀 ∗ [𝑛]

𝑃[𝑛] = 𝜆−1 (𝑃[𝑛 − 1] − 𝑘[𝑛]𝑋 𝐻 [𝑛]𝑃[𝑛 − 1])

With 𝜀[𝑛] as prior estimate error, P[n] the inverse of the correlation matrix, k[n] as the Kalman gain vector.
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