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ABSTRACT
While machine learning is becoming an indispensable element in our modern society,
various algorithms are developed to help decision makers solve complicated problems. A
major theme of this study is to review and analyze popular algorithms with a focus on
Stochastic Gradient (SG) based methods in large-scale machine learning problems. While SG
has been the fundamental method playing an essential role in optimization problems, the
algorithm has been further modified by various researchers for improved performances.
Stochastic Gradient Descent with Variance Reduction (SVRG) is a method known for its low
computation cost and fast convergence rate in solving convex optimization problems.
However, in nonconvex settings, the existence of saddle points negatively influences the
performance of the algorithm. While the practical problems in the real-world majorly lie in
nonconvex settings, to further improve the performance of SVRG, a new algorithm is
designed and discussed in this study. The new algorithm combines traditional SVRG with two
additional features introduced by Perturbed Accelerated Gradient Descent (Perturbed AGD)
to expedite algorithm from escaping from saddle points, which ultimately leads to
convergence in nonconvex optimization. This study focuses on the elaboration of the modified
SVRG algorithm and its implementation with a synthetic and an empirical dataset.
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Chapter 1

Motivation of Study

Immersed in the age of internet, information and data, we have witnessed how the Internet
of Things is broadening the ways people live, think and make decisions. With artificial intelligence
continuously influencing our day to day activities, researchers are taking advantages of the
increasing availability of immense data pool to constantly search for revolutionary innovations
that could further help us progress in different industries such as healthcare, economics and natural
science.
Constructed with the basis of statistics and numerical computations, machine learning
algorithms have thrived in recent years and have made great contributions in the society. Our day
to day activities are filled with the applications of machine learning. From the “people you may
know” suggestions on social media platforms, the automatic spam filtering in our mailboxes, to
virtual assistants such as Siri and Alexa, machine learning has greatly influenced the way we live,
in one way or the other, and sometimes we do not even realize it. Moreover, machine learning has
been a popular topic in healthcare industry in recent years. With more and more patients’ data and
medical records available, researchers are able to develop algorithms enabling personalized
medical treatment for each individual patient. A recent study has developed a personalized
approach for type 2 diabetes management that efficiently improves the standard of care (Bertsimas
et al, 2017). Overall, machine learning has rooted in all types of different applications, and are
continuously bringing more contributions for the society.
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All machine learning applications are made possible through the development and
implementation of algorithms. Generally, programmed algorithms are designed to use unseen input
data to learn and optimize their operations which ultimately enable the prediction of output data.
Mathematical optimization, as the bedrock of all machine learning problems, is the process of
computing parameters for a problem designed for making decisions based on unseen data. While
some of the machine learning algorithms have been around for some time, researchers are
constantly searching for faster and cheaper algorithms to solve the underlying mathematical
optimization problems.
A main objective of this study is to review the existing machine learning optimization
algorithms, addressing its advantages and disadvantages. After a general overview of the common
algorithms, this thesis presents a modified algorithm. The modified algorithm is then applied to a
synthetic dataset and an empirical dataset.
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Chapter 2

Introduction and Literature Review

The goal of an optimization problem is to find an approximate solution of the optimization
problem, which is usually addressed by a regularized finite-sum minimization:
1

1

min 𝑓(𝛽) := 𝑛 ∑𝑛𝑖=1 𝑓𝑖 (𝛽) = 𝑛 ∑𝑛𝑖=1 L(𝛽, 𝑥𝑖 , 𝑦𝑖 ) + λR(𝛽)
Where 𝛽 ∈ 𝑅𝑑 is the model parameter and n is the number of samples (𝑥𝑖 , 𝑦𝑖 ). L(𝛽, 𝑥𝑖 , 𝑦𝑖 )
is the loss function, and λR(𝛽) term is the regularizer with a regularization parameter λ (λ ≥ 0).

2.1 Gradient Descent Methods: Batch and Stochastic

The fundamental method of solving this minimization function is through gradient descent,
attempting to move to the global minimum of the function. Gradient descent is updated by
iteratively moving in the direction of the steepest descent, while the steepest descent is the negative
of the gradient of the function at current point.
Gradient descent methods generally fall into two categories: batch and stochastic. While
both methods have their trade-offs, stochastic method is usually more popular in large-scale
machine learning as it is cheaper in computation.
The most fundamental approach in batch methods is full gradient descent with the
following update rule with a step-size of 𝜂:
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𝛽𝑡 = 𝛽𝑡−1 −

𝜂𝑡
𝑛

∑𝑛𝑖=1 ∇𝑓𝑖 (𝛽𝑡−1 ).

This method computes the gradient of cost function to parameter 𝛽 for the entire training
dataset, and finds the ϵ-first order stationary point in O(1/ϵ2) iterations (Nesterov, 1998), however
this standard method is extremely expensive in computation since it requires the evaluation of n
derivatives at each step, in other words, a sum of n calculations of the inner product 𝛽𝑇 𝑥𝑖 = is
needed, which can be extremely costly when we have a large sample.
In order to achieve cheaper computation, Stochastic Gradient Descent is introduced, where
at each iteration, we draw a random sample 𝑖𝑡 from {1,2,…,n}, and gradient is updated by
𝛽𝑡 = 𝛽𝑡−1 – 𝜂𝑡 ∇𝑓𝑖𝑡 (𝛽𝑡−1 ) = 𝛽𝑡−1 − 𝜂𝑡 𝑔𝑡 (𝛽𝑡−1 , 𝜉𝑡 )
Each step relies only on one derivative ∇𝑓𝑖𝑡 , and the calculation cost is independent of n,
thus its computational cost is 1/n of the full batch method. However, the underlying trade-off is
that the variance generated from random sampling can be very large since we are approximating
the full gradient by a noisy estimate with the noisy estimate being unbiased. SGD updates causes
the objective function to fluctuate heavily as illustrated in the Figure 1:

Figure 1: SGD Fluctuations(Wikipedia)
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2.2 Variations of GD: SGD with Variance Reduction

To further solve the problem of high variance generated from random sampling, Johnson
and Zhang proposed a method based on traditional SGD – Stochastic Variance Reduction Gradient
Descent method (SVRG) (Johnson & Zhang, 2012) which leads to superior convergence properties
in solving convex problems. The key innovation of this algorithm is through exploiting a full
gradient estimation explicitly or implicitly to reduce the variance of the noisy stochastic gradient.
In practice, the algorithm includes a snapshot of 𝑔̃ taken after every m SGD iterations,
𝑔̃ =

1
𝑛

∑𝑛𝑖=1 ∇𝑓𝑖 (𝛽̃ ).

the gradient is then updated in the following rule:
𝛽𝑡 = 𝛽𝑡−1 – 𝜂𝑡 (∇𝑓𝑖 (𝛽𝑡−1 ) − (∇𝑓𝑖𝑡 (𝛽̃) + 𝑔̃ )
It is proved that learning rate 𝜂𝑡 for SVRG does not have to decay with this algorithm,
making it a superior algorithm in convex problem setting.
Here rises another major problem in modern machine learning. While traditional
algorithms perform well in convex settings, most of the complex practical problems nowadays
appear to be non-convex in nature. Since first-order stationary points includes local minima, saddle
points or local maxima, traditional gradient- based algorithm can have poor performance in solving
these problems.
The existence of saddle points is the main challenge in nonconvex optimizations, where
traditional gradient descent gets stuck at. While Johnson and Zhang mainly focused on the proof
of SVRG’s superiority in convex settings, they have not proved its superiority in nonconvex
optimization.
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2.3 Variations of GD: Momentum Based GD

Besides variance reduced Gradient Descent, another variation of Gradient Descent is
developed and commonly known as Accelerated Gradient Descent, an instance of “momentum
methods”. Nesterov (1983) has showed that the accelerated version of gradient descent (AGD)
finds 𝜖-suboptimal point in O(1/√𝜖) steps, faster than O(1/ 𝜖) steps required by GD

Figure 2: Comparison of SGD without Momentum(Left) And with Momentum(Right)
(Willamette.edu)
This momentum-based method performs a traditional step of gradient descent with sliding
a little bit further in the direction given by the previous point, as indicated in Table 1.

Table 1:Momentum Based Method Update Rule
𝑣0 ← 0
𝑓𝑜𝑟 𝑡 = 0,1,2 …
𝛽𝑡

= 𝛽𝑡 + (1 − θ)𝑣𝑡

𝛽𝑡 +1 = 𝛽𝑡 − 𝜂 ∇𝑓 (𝛽𝑡 )
𝑣𝑡 +1 = 𝛽𝑡+1 − 𝛽𝑡
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While the momentum-based algorithm has been proved to have fast convergence in convex
problems, the question of its potential performance in non-convex settings with second-order
stationary points attracted various researchers.

2.3 Variations of GD: Perturbed AGD

Some researchers have focused on the convergence to a second-order stationary point to
eliminate common types of saddle points, allowing only local minima and higher-order saddle
points. It is proved by researchers that for most machining learning problems, neither higher-order
saddle points nor spurious local minima exist, thus, all second-order stationary points are
approximately global minima (Kawaguchi, 2016).
Based on the proof of non-existence of higher-order saddle points and spurious local
minima, as well as Nesterov’s AGD algorithm, Jin and Netrapalli (2017) proposed an innovative
variation of AGD with 2 main additional features: Perturbation and Negative Curvature
Exploitation. These two techniques enable algorithm to escape saddle points faster at non-convex
settings.
With the traditional AGD gradient update, the perturbation step is added no more than once
in a certain number of steps when the gradient is too small to ensure that gradient does not stuck
at saddle points. The perturbation ξt is sampled uniformly from d-dimensional ball with radius r.
The algorithm is illustrated in Table 2.
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Table 2: Perturbation Algorithm
PERTURBATION
for s = 0,1,…,
if ∥ ∇𝑓( 𝛽̃ 𝑠 ) ∥ < = 𝜖 and no perturbation done in last 𝜏 steps
𝛽̃ 𝑠 = 𝛽̃ 𝑠 + 𝜉𝑠
𝜉𝑠 ∈ 𝑈𝑛𝑖𝑓 (𝐵𝑜 (𝑟))

Negative Curvature Exploitation ensures the gradient moves through the direction where
the function value decreases. Table 3 shows the algotirhm of NCE.
Table 3: Negative Curvature Exploitation Algorithm
Negative Curvature Exploitation
𝛾
if 𝑓 (𝛽̃ 𝑠 −1 ) <= 𝑓 (𝛽̃ 𝑠 ) + <∇𝑓(𝛽̃ 𝑠 ), 𝛽𝑚 − 𝛽̃ 𝑠 > - 2 ∥ 𝛽̃ 𝑠 − 𝛽̃ 𝑠 −1 ∥2
𝑣 = 𝛽̃ 𝑠 − 𝛽̃ 𝑠 −1
if ∥ 𝑣 ∥ <= 𝑘
𝛽̃ 𝑠 +1=𝑎𝑟𝑔𝑚𝑖𝑛 𝛽∈{𝛽̃ 𝑠 +𝛿, ̃𝛽 𝑠 −𝛿 } 𝑓(𝛽), where 𝛿 = 𝑘 ∗ 𝑣/∥ 𝑣 ∥

With these two techniques, it is proved that the Perturbed AGD finds an ϵ-second order
7

stationary point in 𝑂̃ (1/𝜖 4) iterations, much faster than 𝑂̃ (1/𝜖 2 ) required by Perturbed GD (Jin et
al, 2017).
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Chapter 3

Problem Statement and Formation

Now the question is that how we can further improve the optimization algorithm so that it
stays cheap in computation, maintains fast convergence but also does not stuck at saddle points
while solving nonconvex optimization problems. This question serves as the main theme of this
research study.
Based on related work, it is shown that SVRG can satisfy fast convergence as well as cheap
computation in convex problems, and Perturbed AGD presents two techniques to ensure that
gradients do not stuck at saddle points in non-convex settings. Intuitively, the combination of
SVRG with Perturbation, NCE techniques from Perturbed AGD would be a more an efficient
algorithm comparing the original SVRG, as well as the PAGD.
This project takes a step further to verify that whether this intuition can be proved to be
numerically validated, in other words, this thesis study aims to verify that whether Modified SVRG
algorithm with techniques from Perturbed AGD can reach convergence efficiently while solving
large scale nonconvex problems.
The following sections of this paper then focuses on elaborating how to modify the original
SVRG by adding additional feature and how it is implemented with the following objectives:
•

Develop Modified SVRG algorithm based on Original SVRG and Perturbed AGD
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•

Implement the modified algorithm in a coding environment to solve a synthesized
nonconvex optimization problem, and compare the numerical results of Modified SVRG
and Perturbed AGD

•

Apply the modified algorithm to an empirical dataset and report the numerical result

•

Propose how further improvements may be made and what the open problems there are for
other researchers

11

Chapter 4

Modified Stochastic Variance Reduction Gradient Descent Algorithm

To further improve SVRG’s performance in nonconvex optimization, modified SVRG
algorithm is developed combing the Perturbation and Negative Curvature Exploitation technique,
shown in Table 4.
Table 4: Modified Stochastic Variance Reduction Gradient Descent Algorithm
MODIFIED SVRG (𝛽̃ 0 , 𝜖, 𝜂, 𝛾, 𝑘, 𝜏, 𝑟)
STEP 1 Add Perturbation
if ∥ ∇𝑓( 𝛽̃ 𝑠 ) ∥ < = 𝜖 and no perturbation in last 𝜏 steps
𝛽̃ 𝑠 = 𝛽̃ 𝑠 + 𝜉𝑠
𝜉𝑠 ∈ 𝑈𝑛𝑖𝑓 (𝐵𝑜 (𝑟))
STEP 2 SVRG update
Initialize 𝛽̃ 0
Iterate: for s = 1,2,…
𝛽̃ = 𝛽̃ 𝑠−1
1
𝑔̃ = ∑𝑛𝑖=1 ∇𝑓𝑖 (𝛽̃ )
𝑛

𝛽0 = 𝛽̃

Iterate: for t = 1,2,…m
Randomly pick 𝑖𝑡 from {1,2,…,n} and update
𝛽𝑡 = 𝛽𝑡−1 – 𝜂(∇𝑓𝑖𝑡 (𝛽𝑡−1 ) − (∇𝑓𝑖𝑡 (𝛽̃) + 𝑔̃ )
end
set 𝛽̃ 𝑠 = 𝛽𝑚

end
STEP 3 Negative Curvature Exploitation
𝛾
if 𝑓 (𝛽̃ 𝑠 −1 ) <= 𝑓 (𝛽̃ 𝑠 ) + <∇𝑓(𝛽̃ 𝑠 ), 𝛽𝑚 − 𝛽̃ 𝑠 > - 2 ∥ 𝛽̃ 𝑠 − 𝛽̃ 𝑠 −1 ∥2
𝑣 = 𝛽̃ 𝑠 − 𝛽̃ 𝑠 −1
if ∥ 𝑣 ∥ <= 𝑘
𝛽̃ 𝑠 +1=𝑎𝑟𝑔𝑚𝑖𝑛 𝛽∈{𝛽̃ +𝛿, ̃𝛽 −𝛿 } 𝑓(𝛽), where 𝛿 = 𝑘 ∗ 𝑣/∥ 𝑣 ∥
𝑠

𝑠
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Similar with Perturbed AGD, perturbation step is added first to fluctuate the gradient in
order to make the gradient escape from saddle points or near saddle points. When the gradient is
smaller than pre-set parameter 𝜖, and perturbation has not been done is the past 𝜏 steps, a small
perturbation is sampled uniformly and added to the gradient. This perturbation step mitigated the
possibility that the algorithm is stuck at or near saddle points.
After the perturbation step, Standard SVRG update is then followed.
NCE is then added at the end when the function becomes too nonconvex along the 𝛽̃ 𝑠 −
𝛽̃ 𝑠 −1. We reset the gradient and decide which direction we should exploit at the current step by
comparing which direction would leads to the decrease of the function value.
In the following chapter of this study, the modified algorithm is applied to a synthetic
dataset and an empirical dataset. Both applications are done through MATLAB.

13

Chapter 5

Application and Numerical Results

The algorithm is applied in two datasets: a synthetic dataset with arbitrary objective
function, and an empirical dataset retrieved from an online open source.
The following applications starts by applying the modified algorithm and the benchmarks
in a synthetic dataset. As the main techniques of this modified algorithm is derived from Perturbed
AGD, Perturbed AGD will serve as the benchmark algorithms for the synthetic dataset. The
modified algorithm will then be applied to an empirical dataset retrieved from an online open
source, followed by the conclusions and other open problems.
While various programming languages such as Python, R or Julia, can be used for the
application, this specific application is developed through MATLAB. A sample code of modified
SVRG algorithm for empirical data can be found in this chapter for reference purpose.

5.1 Synthetic Data

5.1.1 Dataset Formation and Objective Function

A three-dimensional dataset was generated with a preset parameter β, and a randomly
generated X, Y matrices with 100 data samples. X = randn(100,3) and Y = X* β + randn(100,1)

14
to solve a nonconvex optimization function 1/100 (Xβ-Y)'(X β -Y) -10β2 +β4. The
objective function consists a least-square term: (Xβ-Y)'(X β -Y) and two additional terms: -10β2
+ β4 . Since the least square is convex by itself, the two additional terms are added for the purpose
of creating a non-convex optimization problem.

5.1.2 Computational Efficiency

Perturbed SVRG’s code is run in MATLAB for 200 times. The number of iterations needed
each time for convergence is used as the criteria of determining the computational efficiency of
the algorithm. Figure 3 shows distribution of number of iterations for each run, where the average
number of iterations of the total 200 runs is 6500.

Figure 3: Number of Iterations for 200 Runs
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To compare the results with the benchmark algorithm: Perturbed AGD, PAGD’s code is
also run in MATLAB for 200 times.

Figure 4: Comparison of Perturbed AGD and Modified SVRG
Figure 4 shows the comparison of number of iterations while using Perturbed AGD and
Modified SVRG. While Perturbed AGD requires around in average 23,000 iterations to converge,
the Modified SVRG only needs around 6500 iterations to converge. It is showing that Modified
SVRG takes significantly smaller average number of iterations to converge comparing to
Perturbed AGD, further proves that Modified SVRG is potentially a much more efficient algorithm
comparing to Perturbed AGD.

To further investigate the Modified SVRG algorithms, an empirical dataset is used to
evaluate their performances in a more complicated non-convex setting.
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5.2 Empirical Data

5.2.1 Overview of Dataset

Implementing machine learning algorithm has been a popular approach of providing
personalized services in various industries including the banking and financial industry. With the
increasing availability of customer data, banking industry has invested in providing more
personalized services for customers. With customers’ past investment data stored in the database,
decision makers can further predict each customers’ potential future investment so that they can
tailor down customers’ specific needs and offer personalized investment package.
The dataset chosen for this study is the Santander Value Prediction Data, extracted from
an open source data sharing website: www.kaggle.com (Kaggle). The dataset contains a training
set as well as a testing set.
The training set contains 4993 columns, with the first column being the customer ID, the
second column being the prediction target, and the rest of columns have either 0 or the value of
customers’ past recorded investment. Figure 5 provides an overview of the dataset.

Figure 5: Overview of Santander Dataset
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5.2.2 Objective Function Formulation

Because of the complexity of the dataset, to prevent the problem of over fitting, a
regularization term is added in this experiment to control the model complexity by using a penalty
term, with the objective function being:
min 𝑓(𝛽)= 𝐿(𝛽) + λ 𝑅(𝛽)

While the loss function term 𝐿(𝛽)measures the discrepancy between the model and the
actual observation, and 𝑅(𝛽) serves as a penalty to prevent over fitting.
In this experiment, the loss function is the widely-used least squares loss function, a convex
property, and the regularization term is the Log Sum Penalty (LSP), a non-convex regularizer.
𝑅(𝛽)= log(1 + | 𝛽𝑖 |/θ) (θ > 0)

These two terms together present a non-convex optimization problem. The functions are
defined in MATLAB as shown in Figure 6.

Figure 6: Objective Function in Coding Environment
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5.2.3 Algorithm in Coding Environment

Since it is known to be challenging to solve non-convex optimization with non-convex
regularizer, the General Iterative Shrinkage and Thresholding (GIST) (Gong, 2013) algorithm is
used for calculate the gradient outside of the modified SVRG’s epoch along with the modified
SVRG algorithm for the dataset.
The gradient is updated with the following rule:
1

1

2

𝑡

𝛽𝑘+1 = 𝑎𝑟𝑔𝑚𝑖𝑛 || 𝛽 − 𝑢 𝑘 ||2 + 𝑟(𝛽)
where 𝑢 𝑘 = 𝛽𝑘 − ∇𝑙(𝛽𝑘 )/𝑡 and 𝑡 is the stepsize. A findmin function is created in
MATLAB to determine the 𝛽𝑘+1 in each update. The function is coded in MATLAB, shown in
Figure 7.
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Figure 7: Findmin Function in Coding Environment
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To ensure that the algorithm will sufficiently escape the saddle points, the Perturbation and
NCE steps are added in MATLAB as shown in Figure 8.

Figure 8: Perturbation Step in Coding Environment
The code indicated that if the norm of the gradient is smaller than the arbitrary parameter
epsi (refer to 𝜖 in Table 1), and no perturbation is done in the recent zeta (refer to 𝜏 in Table 1)
steps, then we are drawing a random sample from d-dimensional ball with radius r and adding it
to the current 𝛽.
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The standard SVRG update is then followed, shown in Figure 9.

Figure 9: SVRG in Coding Environment
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At the end of the SVRG update, the NCE step is added as shown in Figure 10.

Figure 10: NCE Step in Coding Environment
At this step, we are first checking if we should reset the gradient. If so, then we check
which direction we should exploit at the current step by comparing which direction would leads to
the decrease of the function value. The gradient is then reset to be the one that leads to the decrease
of the function value.

5.2.4 Computational Efficiency and Estimator Quality

The algorithm is run for 10 times in MATLAB with step size 𝜂 = 0.0001, the average
number of iterations for convergence is 284,000.
To measure the quality of the estimator, mean squared errors are calculated with function:
1
̂ )2
MSE = 𝑛 ∑𝑛𝑖=1(𝑌𝑖 − 𝑌𝑖

This step was also realized in MATLAB with built in function err = immse(X, Y).
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The MSE is 1.2907*106. This value may seem large, but the target values are large in
nature with an average value of 7,000,300, and the MSE value is only 18.44% of the average
target value. The quality of the estimator is therefore more than acceptable. This application has
again illustrated the modified SVRG’s ability in solving large-scale, complex non-convex
problems.
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Chapter 6

Conclusion and Open Problems

In this project, a variant of SVRG is introduced and it is shown to be capable of escaping
saddle points in non-convex optimization. The numerical results have shown that the Modified
SVRG outperforms the Perturbed AGD significantly in a synthetic dataset application. The
modified SVRG algorithm requires in average 6,500 interations to converge to global minima,
which is much less than Perturbed AGD that requires in average 23,000 iterations for convergence.
It has also shown its ability to solve real-world non-convex optimization problems through the
application of the Santander Value prediction data with an average iteration number of 284,000 to
find global minima.
Intuitively, adding the extra two steps of perturbation and NCE would improve the
algorithm’s ability to escape from saddle points, however, the modified SVRG’s convergence
efficiency would be more convincing with further theoretical proof. Due to the scope of this thesis,
theoretical proves are not provided in this project and it remains an open problem for other
researchers to further prove that the two add-in techniques would be theoretically improving
algorithm’s ability in escaping saddle points and converging to global optimal.
Another important note is that, for stochastic optimization algorithms, the performance of
the algorithm is strongly influenced not only by the data, but also by the step-size selection. While
various literatures have extensively studied how to select step-size for algorithms, how to
effectively set the step-size remains an open question for the modified SVRG algorithm.
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Meanwhile, due to the nature of the modified SVRG algorithm, there are also other
arbitrary parameters to be set while applying the algorithm, such as parameters 𝜖, 𝜏 involved in
the perturbation step, as well as 𝛾 involved in the NCE step. It remains an open question for others
to further investigate how to find the values for these arbitrary parameters in order to ensure the
optimal performance of the algorithm.
The field of machine learning is evolving rapidly, with new concept being introduced and
various new algorithms being developed. It is extremely important for any researcher to keep pace
with the innovations in the industry. With the collaborative and continuous effort from the research
community, there is no doubt that machine learning will keep improving the ways we live, think,
and make decisions.
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