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ABSTRACT

Understanding the fluid dynamics of a two-phase pipe flow is critical to piping system
designers in a variety of industries. Specifically, with the drastic increase in computer chip
technology over the past few decades, more efficient chip cooling systems are in high demand.
An efficient cooling mechanism for a computer chip will remove as much heat from the chip as
possible without drastically increasing the required pumping power. In an attempt to find a
solution to this problem, a study of the effect of varying the cross-sectional area of a pipe was
conducted and was compared to a pipe of constant diameter. The pipe was divided into small
segments so that vapor quality could be calculated as a function of axial distance. Homogeneous
equilibrium model equations and two-phase heat transfer equations were then used to calculate
the total pressure drop and average heat transfer coefficient for an assortment of input pipe
parameters. A parametric design study was performed to find the best pipe design using input
parameter ranges representative of an electronics cooling application. The parametric design
study found that for reasonable input pipe parameters, a straight pipe with no expansion angle
was the best design. However, when the heat input was increased, the study found that a pipe
with a small nonzero expansion angle resulted in a lower pressure drop and an overall more
efficient design. Furthermore, when the heat input was increased more, the expansion angle for
the best pipe design continued to increase. This study illustrates that as vapor generation rates
within piping systems become large, pipes with variable cross-sectional areas can yield increases
in cooling efficiency.
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Chapter 1
Literature Review

Sub-Chapter 1
Introduction to Two-Phase Flow and Forced Convective Boiling
A two-phase flow is a flow in which particles (solids, liquid droplets, or gaseous bubbles)
are suspended in a surrounding fluid. The fluid dynamics of a two-phase flow are difficult to
study because the different phases experience separate dynamics.1 Researchers study bubbly
flow, a flow of gas bubbles in a continuous liquid, extensively because of its relevance to the
nuclear, chemical processing, power generation, and supercomputer industries.
In the nuclear industry, reactors are cooled using a process called forced convective
boiling. Pumps are used to push water through pipes alongside the reactor, carrying away
unwanted heat.2 For a boiling-water reactor, the steam generated by the heat taken away from
the reactor runs the pumps that supply the coolant to the core. If the pump providing the coolant
to the core shuts down, the reactor must rely on only natural forces of convection to cool.
Typically, natural forces of convection do not provide the reactor with enough cooling, therefore
it is paramount that pumps continue to run a forced convective boiling flow to avoid reactor
meltdown.2 For example, in 2011 when a tsunami knocked out the power supply to the
Fukushima reactors, the pumps were disabled which led to catastrophic reactor meltdown.3
On a smaller scale, convective boiling in pipes is relevant to the supercomputer industry.
Over the past few decades, computer chip technology has expanded vastly.4 High performance
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computers are commonly used in government facilities, university research labs, and gaming
households throughout the world. Additionally, large corporations like Google and Facebook
seek to continually increase the power of their servers to provide their customers with efficient
websites. However, with an increase in computing power comes a large increase in computer
chip heat generation.5
Currently, researchers trying to make smaller and more powerful computer chips are
limited not because of microfabrication technology, but because of excess heat generation. The
central processing unit (CPU) and the graphics processing unit (GPU) inside a high-performance
computer chip give off a large amount of heat that can damage the chip’s internal circuitry if left
untreated.5 According to Gess of Auburn University, computer chip heat fluxes of up to 1000
W/cm2 can be expected in the next ten years.5 A viable way to remove this much heat is by
using a series of liquid filled microchannels as a heat sink.6 As a consequence, water cooled
supercomputers and servers are becoming more popular because water has a high specific heat
capacity and thermal conductivity.7 An image of a high-performance water-cooled computer is
shown in Figure 1. This image was reproduced in this thesis with the permission of AVADirect.

Figure 1. Avalanche II Hardline Liquid-Cooled Gaming Computer. 8
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Whether a two-phase flow is used to cool a nuclear reactor or a computer chip, the flow
patterns within cooling tubes remains the same. Initially, a liquid with a temperature below its
boiling point enters the pipe. In this region, the liquid properties and cooling performance can be
determined by using single-phase forced convection correlations. As the liquid travels further
through the tube, the wall temperature exceeds the saturation temperature of the liquid and the
liquid starts to vaporize. The vapor forms a layer near the walls of the tube; the layer thickness
increases as more heat is added into the system.9 Eventually, enough heat is added to the system
for the flow to enter the saturated flow boiling region. In this region, bubbles can exist at any
radial location within the pipe.
An important parameter to define in this region is the mean vapor mass fraction. The
mean vapor mass fraction at a certain axial location in a pipe is a ratio of the mass of superheated
vapor to the total mass of the liquid and vapor.9 Therefore, if the heat flux applied to the external
surface of the pipe is constant as a function of axial distance, the mean vapor mass fraction
increases as the fluid travels further through the pipe. Different flow patterns exist in the
saturated flow boiling region depending on the mean vapor mass fraction. For example, a slug
flow can arise when bubbles join to form larger clumps of bubbles, otherwise known as slugs.9
As the mean vapor mass fraction is further increased, the bubbles form a core in the middle of
the tube and the liquid is pushed to the walls forming a liquid film.9 Eventually, enough heat is
added to the pipe to turn all the liquid into superheated vapor. A diagram of the flow patterns for
flow in a convective boiling tube is shown on the left side of Figure 2.9 This diagram was
reproduced with permission from John Wiley & Sons.
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Figure 2. Forced convective flow boiling in a pipe.9

The saturated flow boiling region is important for any two-phase cooling application
because it is accompanied by a large heat transfer coefficient as shown on the right-hand side of
Figure 2. A piping system designer desires a large heat transfer coefficient in his or her cooling
pipes to remove as much heat as possible from the apparatus in question.
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Sub-Chapter 2
Two-Phase Flow Regimes
As mentioned in the previous section, the dynamics of a two-phase pipe flow are not well
understood in comparison to single-phase pipe flow. Instead of the flow regime being classified
as laminar, transitional, or turbulent, two-phase flows are classified as separated, mixed, or
dispersed.10 Each of these classifications of flow patterns can then be further broken down into
several types. A table showing the different two-phase flow classifications created by Mamoru
Ishii10 is presented in Table 1. This table was reproduced with permission from Springer Science
& Business Media.
Table 1. Classification of two-phase flows from Ishii.10
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The separated flow regime is characterized by the two phases of the flow being separated
by an interface. In a separated flow, there are no vapor bubbles in the liquid flow and no liquid
droplets in the vapor flow. Separated flows are broken up into film flow, annular flow, and jet
flow.
In a film flow, one surface of a pipe holding stagnant liquid is heated until a film of
vapor separates the liquid from the heated surface. Once the film develops across the entire
heated surface, the liquid is no longer being cooled by natural convection heat transfer. Rather,
the liquid experiences radiative heat transfer through the vapor film; this is accompanied by a
drop in the heat transfer coefficient.11 Consequently, for cooling of a reactor core or
supercomputer, it is not advisable to have a film flow. An annular flow is separated into two
flow patterns: a liquid core with a gaseous film and a gaseous core with a liquid film. In the first
case, liquid travels through a channel and is heated until a layer of vapor separates from the
liquid and forms a film along the edges of the channel.12 Like film flow, no mixing of the two
phases across the liquid-vapor boundary occurs and the entire channel surface is covered by a
vapor film. Therefore, a significant drop in the heat transfer coefficient is expected. In the
second case, the two-phase flow is heated until the liquid phase travels to the edges of the
channel and the vapor forms a core in the center of the channel.12 Unlike the previous case, a
gaseous core with a liquid film flow pattern has a high heat transfer coefficient and is desirable
in cooling applications. 12
Contrary to the separated flow regime, the mixed flow regime has a combination of liquid
and vapor in the flow field. Additionally, mixed flows are often accompanied by a large heat
transfer coefficient because they reside in the saturated flow boiling region shown in Figure 2.
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Mixed flows can be separated into four distinct flow patterns: bubbly annular flow, slug flow,
droplet annular flow, and bubbly droplet annular flow.
In a slug flow, cap-like vapor bubbles surrounded by liquid travel through a channel.
Typically, slug flow is observed in vertical tubes and is unsteady.13 In other words, the ratio of
liquid to vapor at each cross section of the pipe changes as a function of time. Since the vapor is
less dense than the liquid, the slugs travel up through the liquid more rapidly. In a stable slug
flow, the slug retains a constant length throughout the duration of the flow by shedding off as
much liquid at its tail as it collects at its head.13 Next, a bubbly annular flow is distinguished by
a gaseous core with a bubbly liquid film. This type of flow arises when there is enough heat flux
added to a liquid film annular flow for gas bubbles to nucleate on the walls of the channel.13
Since only a small fraction of the internal channel wall is covered by vapor, this type of flow has
a lower heat transfer coefficient than a pure liquid film annular flow.14
The dispersed flow regime is the final category into which two-phase flows can be
classified. Researchers and practicing engineers often employ averaging techniques to classify
and quantify the dynamics of dispersed flows.15 Dispersed flows can be classified as bubbly,
droplet, or particulate flows. However, since this thesis considers only liquid-vapor flows,
particulates will not be discussed.
A dispersed bubbly flow is characterized by gas bubbles in a continuous liquid. When
the volume of vapor is low in comparison to the volume of liquid, the bubbles do not interact
with each other; this is classified as an ideally separated bubbly flow.16 As the volume of gas
increases, the bubbles can clump together to form clusters. Eventually, the gas volume fraction
will become large enough to form a slug flow.16 When most of the fluid is gaseous, the flow is
called a dispersed droplet flow. Dispersed droplet flow occurs when enough heat is added to the
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channel to turn most of the liquid into vapor. Generally, as more heat is added to a dispersed
droplet flow, the heat transfer coefficient continues to decrease. Eventually, all the liquid
droplets will turn into vapor and a single-phase vapor flow with a low heat transfer coefficient
will be present.17
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Sub-Chapter 3
Homogeneous Equilibrium Model
As mentioned previously, flow in the saturated flow boiling region is of particular interest
to flow system designers because of the high heat transfer coefficient associated with this region.
However, as explained in the previous sub-chapter, a multitude of flow patterns can exist in the
saturated flow boiling region. Since it is difficult to predict flow patterns and nearly impossible
to determine the flow pattern inside a solid pipe, practicing engineers often use two-phase flow
models, such as the homogenous equilibrium model (HEM), to predict the total pressure drop
and average heat transfer coefficient for a convective boiling pipe flow. Even though the HEM
is a gross simplification of complicated flow patterns, it serves as a useful starting point when
studying two-phase flow dynamics.
When using the HEM, a complicated two-phase flow is treated as a pseudo fluid which
obeys simple conservation equations similar to a single-phase flow.18 Since the HEM treats the
fluid as a homogeneous mixture of liquid and vapor, the HEM would be the most accurate at
determining flow dynamics for a dispersed flow. To use the HEM, an engineer must rely on four
basic assumptions to calculate the properties of the pseudo fluid. First, the flow is treated as onedimensional and the velocity of the liquid phase equals that of the gaseous phase.18 Second, the
pressure is uniform throughout the flow area.18 Therefore, the pressure of the liquid is equal to
the pressure of the gas. Third, the pseudo fluid properties are uniform across each crosssectional area of pipe.19 Fourth, when enough heat is added to boil the fluid, the temperature of
the liquid equals the temperature of the gas. This temperature is equal to the saturation
temperature of the fluid corresponding to its pressure.19
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Researchers have been developing refinements to the HEM to better understand twophase flow since the 1970s.20 In 1977, Ishii wrote a technical report about his drift-flux model
for two-phase flow.20 He realized that the velocities of the liquid and gas phases were not the
same. Contrary to assumptions made in the HEM, he found that the velocities can vary
significantly. In his research, he considered the geometry of the interface between the two
phases, the momentum transfer across the interface, and shear stresses between the phases to
develop his drift-flux model.20 To develop this model, he defined average and weighted mean
values of local flow parameters. Additionally, he defined a drift velocity of the gaseous phase
relative to the total flow velocity at any axial location in a pipe.20 Shortly after, in 1978, Bouré,
considered a two-phase flow as a homogeneous mixture. 21 In his study, he used the three
conservation equations to develop a crude mixture flow model that serves as an addition to the
HEM. In this study, Bouré also succeeded in explaining the limits of his model and future
improvements that could be made to increase its accuracy.21
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Sub-Chapter 4
Separated Flow Model
The Separated Flow Model (SFM) is another two-phase flow model that can be used to
predict overall pressure drop for two-phase forced convective boiling pipe flow. Rather than
treating the liquid and vapor phase as a pseudo fluid, the SFM separates the flow into two
streams; the liquid stream and the vapor stream.22 After analyzing the flow patterns explained in
Sub-Chapter 2, it is apparent that this flow model would be the most accurate for the separated
flow regime. The SFM relies on three basic assumptions. First, the velocities of the liquid and
the vapor phases are constant, but they are not necessarily equal.22 Second, a thermodynamic
equilibrium is reached between the two phases.22 Third, empirical correlations can be used to
relate the friction multiplier and the void fraction to independent variables of the flow.22 The
friction multiplier is a function that allows for more accurate pressure drop calculation and the
void fraction is a ratio of the volume of gas in a pipe to the total pipe volume.22
In 1948, Lockhart and Marinelli were the first to develop correlations for the two-phase
friction multiplier and the void fraction in terms of independent flow variables. To use the
Lockhart-Martinelli correlation, an exact portion of the flow area is assigned to each of the two
phases. Additionally, it is assumed that conventional frictional pressure drop equations can be
applied to each of the flows and interaction between the phases is ignored.23 To derive the
Lockhart-Martinelli correlation, four different flow patterns were defined based on the flow
behavior: turbulent liquid-turbulent gas, laminar liquid-turbulent gas, turbulent liquid-laminar
gas, and laminar liquid-laminar gas. Also, Lockhart and Martinelli assumed equal pressure drops
for the liquid and gas phases and that only friction contributed to overall pressure drop.23
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Even though the SFM developed by Lockhart and Martinelli was relatively accurate,
corrections to the SFM were subsequently developed. The main problem behind the LockhartMartinelli correlation was that it did not consider the influence of the velocity of the mass on the
frictional multiplier. Throughout the 1960s and 1970s, Baroczy24, Chisholm25, and Friedel26
developed correlations that attempted to fix this inaccuracy. Later, in 1982, Whalley27 evaluated
the accuracy of the flow correlations against a data bank of experimental results. He found that
for a liquid viscosity to gaseous viscosity ratio of less than 1000, the use of Friedel’s correlation
provided accurate results. For a liquid viscosity to gaseous viscosity ratio greater than 1000, and
for a mass flow rate per unit area greater than 100 kg/m2s, the Chisholm correlation yielded the
most accurate results. For a liquid viscosity to gaseous viscosity ratio greater than 1000, but a
mass flow rate per unit area less than 100 kg/m2s, the Lockhart-Martinelli correlation holds.27
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Sub-Chapter 5
Parameter Sensibility of a Two-Phase Flow
Two factors are of critical importance when studying cooling pipe flows: pressure drop
and heat transfer coefficient. In general, companies seek to minimize the total pressure drop of
their flow systems to cut down the cost of operating their pumps. Pumping power of a device or
system is determined by Eq. 1
P=

ΔPṁ
ρ

,

(1)

where P, 𝛥P, ṁ, and ρ correspond the pumping power, the pressure drop, the mass flow rate, and
the density, respectively.28 Therefore, the less flow rate and pressure drop required to cool
something, the more efficient the system. Additionally, companies attempt to maximize the heat
transfer coefficient for their flow systems to take away unwanted heat from their cooled
components. Newton’s law of cooling is used to calculate the heat released in Eq. 2
q = hAsur (T − Tf ) ,

(2)

where q, h, Asur, T, and Tf represent the heat released, the heat transfer coefficient, the pipe’s
surface area, the temperature of the surface, and the initial temperature of the surface,
respectively.29
Certain input pipe parameters such as flow rate, diameter, length, heat input, and
geometry have a large impact on the pressure drop and heat transfer coefficient of a pipe flow.
However, increasing one of these input pipe parameters is often a compromise; parameter
changes that decrease the pressure drop will also decrease the heat transfer and vice versa. For
example, a pipe with a high mass flow rate will have a great amount of heat transfer because
more fluid is traveling through the pipe per unit time, transporting away more heat. However, a
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pipe with a high mass flow rate typically has a high pressure drop and requires a lot of energy
from a pump. Additionally, a pipe with a large diameter will remove more heat than one with a
smaller diameter because there is a larger surface area in contact with the pipe walls in which to
take away heat. However, a larger diameter holds a greater volume of fluid per unit length that
must be pumped; this comes at a cost to the pumping power of the flow system. Therefore, it is
beneficial for flow system operators to perform an input parameter sensibility study to design the
most efficient piping system.
A simple, yet effective method of performing a parameter sensibility study is to create a
Pareto frontier. A Pareto frontier is a curve that represents all the best possible designs for a
system.30 Typically, the two objectives of a design problem are placed on the horizontal and
vertical axes of a plot. Then, a coded algorithm systematically varies all input parameters in
question and plots each respective output until all possible combinations have been used. A
performance space plot with a Pareto frontier is generated like the one shown below in Figure 331
where both objectives are to be maximized. This plot has been reproduced with permission from
American Political Science Review. This graph shows a classic economics example of a
company that can produce both guns and butter, but producing more of one item reduces the
amount of the other item that the company can produce.31 In this example, the company can
produce all combinations of guns or butter within the region bounded by the Pareto frontier, with
the combinations falling on the frontier boundary being deemed Pareto efficient. For example, a
company producing products at point A shown in Figure 3 is not Pareto efficient, whereas a
company producing products at points B, C, or D is Pareto efficient. It is impossible for this
company to produce products beyond the Pareto frontier with their current technology, therefore
producing at point X is impossible.31
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Figure 3. Pareto frontier for a company that can produce both guns and butter.
To conduct a parameter sensibility study of a two-phase pipe flow, a slight modification
of the previously discussed Pareto frontier method must be conducted. Since it is desirable in
cooling applications for the pressure drop to be minimized while the heat transfer is maximized,
it is advantageous to transform heat transfer into a parameter that also needs to be minimized. It
is possible to do this by taking the inverse of heat transfer coefficient. This enables an easy
determination of the optimal design because that design will correspond to a point closest to the
origin.
Another important difference in this parameter sensibility study is that a design that
simultaneously optimizes both pressure drop and heat transfer coefficient is desired. This is
different from the guns and butter example because a company producing anywhere on the
frontier is efficient, however there is no overall most efficient way to produce both guns and
butter. Consumer needs determines the best combination of guns and butter to produce. For the
purposes of this thesis, the best design is defined as the combination of parameters that yield the
point closest to the origin in the plot. An example of this calculation is shown in Figure 4. The
red data point is closest to the origin and therefore represents the best compromise between
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minimizing pressure drop and minimizing the inverse of the heat transfer coefficient for the
given input ranges.

Figure 4. Modified Pareto sensibility study for two-phase pipe flow.
A parameter sensibility study of a two-phase pipe flow with a varying cross-sectional
area has not yet appeared in the literature, but researchers have conducted similar studies for
single-phase flow. In 2007, Husain and Kim32 conducted an optimization study for a
microchannel heat sink with single-phase flow. Microchannel depth, microchannel width, and
fin width were chosen as input parameters and pressure drop and heat transfer coefficient were
chosen as outputs. The pair used two optimization methods called surrogate analysis and hybrid
multi-objective evolution to arrive at their optimized design.32 Additionally, Guilan33 conducted
a similar microchannel optimization study at the University of Guilan. He used a genetic
algorithm to successfully determine input microchannel parameters that led to an optimized
design in terms of pressure drop and heat transfer coefficient.33
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Sub-Chapter 6
Research Goals and Overview of Thesis
The primary goal of this research is to develop an algorithm that performs a Pareto
parameter sensibility study for four input pipe condition ranges. This parameter sensibility study
finds the design that has the lowest pressure drop (ΔP) and highest heat transfer coefficient (h)
for the given input parameter ranges. The input pipe conditions tested are mass flow rate (𝑚̇),
pipe diameter (D), heat input (q), and pipe expansion angle (Φ). The coded algorithm used to
perform the Pareto investigation also determines the vapor quality and void fraction at each
incremental axial distance along the length the pipe. A diagram of the pipe input conditions
(black) and outputs (red) is shown in Figure 5. In this figure, the first diagram shows a constant
diameter pipe with no pipe expansion angle, whereas the second diagram shows a pipe with Φ as
the pipe expansion angle.

Figure 5. Diagram of pipe input conditions (black) and outputs (red). The bottom diagram
shows a pipe with a pipe expansion angle Φ.
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The effect of pipe expansion angle has not yet been investigated in two-phase flow
literature. In the following study, the HEM and correlations to predict two-phase heat transfer
coefficients are implemented in Matlab for a pipe of varying cross-sectional area. The HEM was
utilized in this thesis because of its simplicity. A study of this nature has never been conducted,
therefore using the HEM is a logical first step in solving this complex problem.
The conclusions of this study are expected to be of considerable use to industry and
research. A piping system designer in a nuclear plant could use this study to design the best size
and shape of cooling pipes in a nuclear reactor that allow for optimum cooling. On a smaller
scale, a computer chip designer could use this study to determine the best shaped pipe that would
allow for maximum heat transfer and minimum pumping power for a micro cooling application.
With 3D printing technology improving dramatically over the past decade, pipes with complex
geometries can be printed relatively easily. Therefore, a complex design generated from this
sensibility study could be 3D printed and installed in a supercomputer in a short amount of time.
The remainder of this thesis is organized into three sections: methods, results, and
conclusions. The methods section includes details about how the optimization algorithm was
developed and coded. Following the methods section, the results section displays all significant
graphs and tables created by the sensibility study. Finally, the conclusion section will summarize
all the results, further explain the impact of this thesis on the scientific community, and
recommend ways to improve the algorithm in the future.
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Chapter 2
Methods
This chapter gives an overview of the methods used to calculate two-phase pressure drop
and heat transfer coefficient. This chapter also describes the procedure that was followed in
order to complete the parameter sensibility study. First, single-phase pipe flow equations are
derived because they are needed in HEM calculations. Then, HEM equations are derived to
determine the two-phase pressure drop and two-phase heat transfer correlations are used to
calculate the heat transfer coefficient. Finally, a synopsis of exploring the performance space to
visualize the Pareto set from two-phase pressure drop and heat transfer coefficient concludes the
chapter.

Sub-Chapter 1
Single-Phase Convective Pipe Flow
A valuable starting point when analyzing two-phase forced convective boiling flow is to
study horizontal single-phase pipe flow with heat addition. These equations are important
because parameters calculated using these single-phase pipe flow equations are used in the HEM.
Since typical liquids used in cooling applications are incompressible, the addition of heat to the
surface of a pipe has little effect on the overall pressure drop. To calculate the single-phase
pressure drop, the Reynolds number first needs to be calculated using Eq. 3
Re =

ρuDh
µ

.

(3)

In this equation, Re, ρ, u, Dh, and µ represent the Reynolds number, the density of the fluid, the
velocity of the fluid, the hydraulic diameter of the pipe, and the dynamic viscosity of the fluid,
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respectively. The hydraulic diameter is a characteristic diameter that can be used for any pipe
geometry and can be calculated using Eq. 4
4A

Dh = P

per

.

(4)

In Eq. 4, A represents the cross-sectional area of the pipe and Pper represents the perimeter of the
pipe. Also, since the dynamic viscosity of a fluid is dependent on its temperature, an average
viscosity is used to calculate the Reynolds number. If the calculated Reynolds number is lower
than 2,000, the flow is laminar. If the Reynolds number is between 2,000 and 2,500, the flow is
transitional. If the Reynolds number is greater than 2,500, the flow is turbulent.34
The Darcy-Weisbach equation is then used to calculate the pressure drop in the pipe and
is shown in Eq. 528
ΔP =

fLρu2
2Dh

.

(5)

In the Darcy-Weisbach equation, ΔP, f, and L represent pressure drop, Darcy friction factor, and
pipe length, respectively. For laminar flow, the Darcy friction factor is a constant and can be
calculated using Eq. 628
f=

64
Re

.

(6)

Plugging Eq. 5 into Eq. 6 yields the overall pressure drop equation for laminar single-phase flow
as shown in Eq. 728
ΔP =

128µṁ
πρDh 4

.

(7)

In this equation, ṁ represents the mass flow rate of the fluid in the pipe.
When the flow is turbulent, the Darcy friction factor is not a constant and must be taken
off of a Moody diagram or calculated using the Churchill equation.28 To determine the Darcy
friction factor for a turbulent flow, often a Moody diagram is used as shown in Figure 6. This
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diagram was reproduced with permission from Tata McGraw Hill Education Private Limited. To
use this diagram, the relative pipe roughness needs to be calculated by using Eq. 828
ε

εrel = D ,

(8)

h

where εrel and ε represent relative pipe roughness and pipe roughness, respectively.

Figure 6. Moody diagram used to compute Darcy friction factor for turbulent flow.28
Additionally, it is possible to calculate the Darcy friction factor more accurately by using the
Churchill equation as shown in Eq. 9, Eq. 10, and Eq. 1135
8 12

f = 8 [(Re)

1/12

+ (A + B)−1.5 ]
7

A = {−2.457 ∗ ln [(Re)
B=(

0.9

37530 16
Re

)

(9)
ε

16

+ 0.27 D]}

(10)

.

(11)

Once a Darcy friction factor is calculated for the turbulent flow, the Darcy-Weisbach equation
(Eq. 5) can again be used to calculate the overall pressure drop. For flow in the transition region,
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the Darcy friction factor falls somewhere in between the factors calculated for the laminar and
turbulent regimes.
The average heat transfer coefficient for a single-phase pipe flow can be calculated using
a number of heat transfer correlations. Again, it is important to calculate the Reynolds number
for the flow to determine if the flow is laminar, transitional, or turbulent. An important
dimensionless number that needs to be calculated before determining average heat transfer
coefficient is the Nusselt number. The Nusselt number is the ratio of convective to conductive
heat transfer across a boundary.36 When laminar flow in a pipe experiences a constant heat flux
per unit length, the Nusselt number is a constant and is given by Eq. 129
Nulam =

hDh
k

= 4.36 .

(12)

In this equation, Nulam, h, and k represent the laminar Nusselt number, the average heat transfer
coefficient, and the thermal conductivity of the fluid. Eq. 12 can be rearranged to solve for the
average heat transfer coefficient for the laminar pipe flow.
The process for calculating the heat transfer coefficient for turbulent flow is more
complicated than for laminar flow. For this analysis, a smooth pipe is assumed because turbulent
flow through rough pipes is out of the scope of this thesis. Another dimensionless parameter
must be defined called the Prandtl number. The Prandtl number is the ratio of the fluid’s
momentum diffusivity to its thermal diffusivity.37 Again, the Nusselt number must be calculated,
but by using the Gnielinski correlation as shown in Eq. 139
Nuturb =

f
8

( )(Re−1000)Pr
1
f 2
8

2

1+12.7( ) (Pr3 −1)

.

(13)
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In this equation, Nuturb and Pr represent the turbulent Nusselt number and the Prandtl number,
respectively. The Darcy friction factor, f, is calculated in the same way mentioned previously.38
The Prandtl number for a fluid can be calculated using Eq. 149
Pr =

µcp
k

,

(14)

where cp is the specific heat of the working fluid. Additionally, it is important to note that all
parameters and constants are to be calculated using the mean fluid temperature inside the pipe.
Once the turbulent Nusselt number is calculated, rearrangement of Eq. 15 yields the average heat
transfer coefficient9
Nuturb =

h𝐷ℎ
k

.

(15)

Again, the average heat transfer coefficient of a single-phase flow in the transitional region is
calculated by using relationships for both laminar and turbulent flow and will not be discussed
further.
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Sub-Chapter 2
HEM Equations Used to Determine Vapor Quality
As discussed in Sub-Chapter 2 of Chapter 1, the HEM can be used to predict the pressure
drop of a two-phase flow. However, the vapor quality as a function of axial pipe distance first
needs to be calculated to use in the pressure drop equations. As discussed previously, an
engineer must rely on four basic assumptions to use the HEM:
1) The flow is one-dimensional and the velocity of the liquid phase is equal to that of the
gaseous phase as shown in Eq. 1622
ul = ug = u.

(16)

2) The pressure is uniform throughout the flow area, therefore the pressure of the liquid is
equal to the pressure of the gas as shown in Eq. 1722
Pl = Pg = P.

(17)

3) The pseudo fluid properties are uniform across the area occupied by each phase..22
4) When the fluid is boiling, the temperature of liquid is equal to the temperature of the gas.
This temperature is equal to the saturation temperature of the fluid corresponding to its
pressure as shown in Eq. 1822
Tl = Tg = Tsat .

(18)

The first parameter to calculate when using the HEM is the vapor quality. The vapor
quality is defined as the mass fraction of vapor in a saturated mixture divided by the total mass of
mixture as shown in Eq. 1939
mg

x = m +m .
l

g

(19)
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In this equation, x, mg, and ml represent the vapor quality, the mass of gas, and the mass of liquid,
respectively. Therefore, a vapor quality of one signifies that the fluid is a saturated vapor,
whereas a vapor quality of zero signifies that the fluid is a saturated liquid. Although the vapor
quality is defined by Eq. 19, it is impossible to use this equation to calculate the vapor quality
axially down the pipe because the mass of gas and liquid is unknown. Further analysis is
required to determine a suitable method for calculating vapor quality.
The HEM must obey the same three conservation laws that any physical system must
obey: mass, momentum, and energy conservation. Before using these three conservation laws,
one must first define an average density of the pseudo fluid as shown in Eq 2022
1
̅
ρ

x

=ρ +
g

1−x
ρl

.

(20)

In this equation, ρ̅ is the average density of the mixture. The conservation laws can be simplified
if changes in kinetic and potential energy are negligible. By making this simplification, the
conservation of mass equation becomes Eq. 21
ṁ = ρ̅uA .

(21)

For a horizontal pipe, the conservation of momentum equation simplifies to
du

dP

ṁ dz = −A dz − τf Pf,

(22)

where z, P, τf, and Pf represent the axial distance starting from one of the pipe, the pressure, the
wall shear stress, and the wetted perimeter, respectively.22 Finally, the conservation of energy
equation becomes Eq. 2322
dh

dx

ṁ dz = ṁhlg dz .
In this equation, hlg represents the latent heat of vaporization of the fluid.

(23)
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Combining the conservation of mass and conservation of energy equations, it is possible
to again define an equation for vapor quality. The vapor quality as a function of axial distance is
defined in Eq. 2422
x(z) =

−cp (Tsat −Ti )
hlg

πdq"

+ ṁh z .
lg

(24)

In this equation, Ti represents the inlet fluid temperature and q” represents the heat flux into the
system.
Additionally, the void fraction of the mixture is often desired and can be calculated using
the vapor quality. The void fraction is the fraction of the pipe volume that is occupied by the
gaseous phase and can be calculated using Eq. 2540
α=

1
1+

ρg 1−x

.

(25)

ρl x

where ρg and ρl represent the density of the gas and liquid, respectively. Now that a useable
equation for vapor quality has been developed, it is possible to determine the pressure drop for a
two-phase pipe flow.
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Sub-Chapter 3
HEM Equations Used to Determine Overall Pressure Drop
The pressure gradient for pipe flow in the HEM is made up of three components:
frictional, accelerational, and gravitational pressure gradients as shown in Eq. 2622
dP

dP

dP

dP

− dz = − ( dz ) − ( dz ) − ( dz ) ,
F

A

(26)

G

where the subscripts F, A, and G represent frictional, accelerational, and gravitational pressure
gradients, respectively. Since the pipe is assumed to be horizontal, the gravitational pressure
gradient can be neglected.
To determine the frictional pressure gradient, a two-phase friction factor must first be
calculated. Before calculating the two-phase friction factor, a liquid only friction factor must be
calculated from Eq. 2722
ffo =

c
̅ uDh
ρ
(
)n
µl

.

(27)

In this equation, ffo is the liquid only friction factor and the constants c and n are found using
Table 2. Additionally, a liquid only Reynolds number must also be defined and is shown in
Refo =

̅uDh
ρ
µl

,

(28)

where Refo is the liquid only Reynolds number.
Table 2. Determining c and n constants for liquid only friction factor.22
c

n

Refo < 2,300

16

1

4,000 < Refo < 20,000

0.079

0.25

Refo > 20,000

0.046

0.20
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A two-phase friction factor can now be determined from the liquid only friction factor.
However, an average viscosity must first be determined. According to Cicchitti, the equation to
calculate mean viscosity is shown in Eq. 2941
µ̅ = xµg + (1 − x)µl .

(29)

The two-phase friction factor can now be determined by Eq. 3022
µ̅

fTP = ffo (µ )n ,

(30)

f

where fTP represents the two-phase friction factor. Finally, the frictional pressure gradient is
given by Eq. 31.22
dP

2

1

1

g

l

− ( dz ) = Dρ fTP (ρ̅u)2 [1 + x(ρ − ρ )ρl ]
F

f

(31)

Next, the accelerational pressure gradient needs to be determined to find the overall
pressure gradient. The accelerational pressure gradient is found using Eq. 3222
dP

1

1 dx

− ( dz ) = (ρ̅u)2 (ρ − ρ ) dz .
A

g

(32)

l

dx

Additionally, it is necessary to calculate dz by taking the derivative of the flow quality
(Eq. 24) and plugging it into Eq. 32. This yields
dP

1

1

g

l

πDq"

− ( dz ) = (ρ̅u)2 (ρ − ρ ) (
A

hlg

).

(33)

Combining Eq. 31 and Eq. 33 and integrating yields the overall pressure gradient equation shown
in Eq. 34
L 2f

1

1

1

1

g

l

g

l

πDq"

(ρ̅u)2 [1 − x ( − ) ρf ] + (ρ̅u)2 ( − ) (
∆P = ∫0 {D TP
ρ
ρ
ρ
ρ
ρ
h f

hlg

)} dz .

(34)
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Sub-Chapter 4
Equations Used to Calculate Average Heat Transfer Coefficient
Now that the equations used to calculate overall pressure drop for a two-phase forced
convective boiling flow have been derived, it is possible to derive equations for the average heat
transfer coefficient. According to Kandlikar42, two correlations are of importance when
determining the average heat transfer coefficient. However, three parameters are needed before
Kandlikar’s correlations can be used: the single-phase convection coefficient, the stratification
parameter, and the surface-fluid combination constant.42
The single-phase convection coefficient is related to the liquid forced convection region
of a forced convective boiling flow. The value of this coefficient is calculated using the
turbulent Gnielinski equation (Eq. 13), outlined in Chapter 2 Sub-Chapter 1. The single-phase
convection coefficient is shown below in Eq. 359
k

hsp = D {

f
8

[ (Re−1000)Pr]
1
f 2
8

2

}.

(35)

1+12.7( ) (Pr3 −1)

In Eq. 35, hsp is the single-phase convection coefficient and all other liquid properties are
evaluated at the saturation temperature of the fluid.
Next, the stratification parameter must be calculated. The stratification parameter
accounts for the arrangement of the liquid and vapor phases that can be present in a horizontal
pipe.9 To calculate the stratification parameter, another non-dimensional parameter, the Froude
number, must be calculated. The Froude number (Fr) is defined as the ratio of flow inertia to
gravitational pull experienced by the fluid and can be calculated using Eq. 369
2

ṁ

1

Fr = (Aρ ) (gD ),
l

h

(36)
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where g represents the gravitational constant. If the pipe is aligned vertically or the calculated
Froude number is greater than or equal to 0.04, the value of the stratification parameter is unity.
For a horizontal pipe with a Froude number less than 0.04, Eq. 37 is used to calculate the
stratification parameter9
f(Fr) = 2.63Fr 0.3 ,

(37)

where f(Fr) represents the stratification parameter.
Third, the surface-fluid combination constant (Gsf) depends on the fluid used and must be
taken from Table 3.
Table 3. Surface-fluid combination constants for different fluids.9
Fluid in Copper Piping

Surface-Fluid Combination Constant, Gsf

Kerosene

0.488

Refrigerant R-134a

1.63

Refrigerant R-152a

1.10

Water

1.00

Finally, Kandlikar’s correlations can be used and are shown as Eq. 38 and Eq. 3942
0.1

ρ

h = hsp [0.6683 (ρ l )
g

ρl

0.7

lg

0.45

h = hsp [1.136 ( )
ρg

q"A

x 0.16 (1 − x)0.64 f(Fr) + 1058 (ṁh )
x

0.72 (1

− x)

0.08

f(Fr) + 667.2 (

q"A

ṁhlg

0.7

)

(1 − x)0.8 Gsf ]

(38)

(1 − x)0.8 Gsf ] .

(39)

To use Kandlikar’s correlations, four additional considerations must be made. First, if the pipe is
experiencing a constant heat flux, it is important to note that the vapor quality increases as a
function of axial distance along the pipe. When determining an average value of the heat
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transfer coefficient for the entire pipe length, an average of the axial heat transfer coefficients
must be determined.
Second, when using Eq. 38 and Eq. 39, it is crucial to first use both equations to calculate
the heat transfer coefficient. The larger value calculated using these correlations should be the
value used when determining the average heat transfer coefficient.9
Third, the Kandlikar correlations are only valid when the inner diameter of the pipe is
large relative to the bubble diameter in the pipe. In other words, the dimensionless confinement
number (Co) must be less than or equal to one half, as shown in Eq. 409
σ

Co =

√g(ρ −ρ )
l g
D

1

≤2.

(40)

In this equation, σ represents the surface tension of the liquid at its saturation temperature.
Fourth, the Kandlikar correlations are only valid when the vapor quality of the flow is
less than 0.8.9 Additional correlations exist for determining the heat transfer coefficient in the
subcooled flow boiling region, the annular region, and the mist region. Furthermore, when the
vapor quality is high, a critical heat flux can occur that can cause catastrophic melting of the pipe
material.9 Therefore, it is advisable to operate a forced convective boiling flow at a low vapor
quality.

32

Sub-Chapter 5
Implementation of Two-Phase Flow Equations
Eq. 3 – Eq. 40 were coded into MATLAB and are shown in Appendix A. Additional
equations were derived to account for a pipe of varying cross-sectional area. The surface area of
the pipe must first be calculated using inlet diameter and pipe expansion angle inputs
Asur = πD0 L +

πL2 tan(Φ)
2

.

(41)

In Eq. 41, D0 is the inlet pipe diameter and Φ is the pipe expansion angle. Once the surface area
of the pipe is calculated, dividing the heat input by the surface area yields the heat flux. Then,
the pipe length is broken up into N incremental axial z distances. Additionally, since a pipe with
an expansion angle has a varying diameter, equations were derived to find the diameter and
cross-sectional area at each incremental axial z distance. For the varying diameter, different
equations are used depending on whether the pipe is expanding or contracting at the diameter’s
axial distance. A piecewise function determines the pipe’s diameter and then cross-sectional
area is calculated. This piecewise function is shown in Eq. 42 and Eq. 43
If z < L/2, D(z) = D0 + 2z ∗ tan(Φ)
If z > L/2, D(z) = D0 + 2Ltan(Φ) − 2z ∗ tan(Φ)
π

A = 4 D(z)2 .

(42)
(43)

The flow quality as a function of axial distance is then calculated using the incremental
axial z intervals using Eq. 24. Then, the void fraction is determined using Eq. 25.
The flow quality is used in the calculation of the heat transfer coefficient. First, the
Reynolds number for each set of inputs is calculated. The set of inputs must yield a turbulent
flow for the two-phase heat transfer equations to be valid. The heat transfer coefficient at each
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interval of axial distance down the pipe is then calculated using Eq. 38 and Eq. 39. Then, these
incremental heat transfer coefficient calculations are averaged to determine the average heat
transfer coefficient along the pipe length using Eq. 44
1

h = N ∑N
i=1 hinc .

(44)

After the average heat transfer coefficient is determined, the confinement number is checked to
ensure the equations used were valid for the chosen parameters.
To calculate the pressure drop, the two-phase friction factor is calculated first using Eq.
30. Then, the flow quality is used to determine the pressure drop between each axial increment
through the pipe using Eq. 34. After, the pressure drops across each pipe increment are summed
to find the overall pressure drop throughout the entire length of the pipe using Eq. 45
ΔP = ∑N
i=1 Pinc .

(45)

Once all of the average heat transfer coefficients and the pressure drop for each input
parameter variation have been calculated, a Pareto parameter sensibility plot is created. As
mentioned in Sub-Chapter 5 of Chapter 1, an inverse of the average heat transfer coefficient must
be computed. Additionally, the pressure drops and inverse of heat transfer coefficients must be
normalized so that each have equal weight when determining the best input parameter solution.
The h and ΔP outputs for each input set are then plotted on the horizontal and vertical axes.
Finally, the distance formula is used to find the output set that is closest to the origin. This
output set is then mapped back to find which parameter inputs yielded the optimal design. A
summary of how the equation solution is implemented is shown in a flow chart in Figure 7.
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Figure 7. Process followed to find the best input parameter set.
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Chapter 3
Results
This chapter presents the results of the Pareto parameter sensibility study. The first subchapter serves as a validation to ensure that all equations were coded into MATLAB correctly.
Then, the results of a parameter sensibility study of a constant diameter pipe are included as a
first step to analyzing a pipe with a varying cross-sectional area. Finally, a parameter sensibility
study of a pipe with varying cross-sectional area is included.

Sub-Chapter 1
Validation
To ensure that the MATLAB program ran properly, certain tests were conducted to
validate the coded equations. The first test that was conducted was running the code with no
heat input and ensuring that the pressure drop calculated was the same as a single-phase pressure
drop calculation. With no heat input, none of the liquid would vaporize and the flow quality
should always equal zero. When using mass flow rate of 𝑚̇ = 1 kg/s, an inlet diameter of D0 = 1
cm, a pipe expansion angle of Φ = 0, a length equal to L = 30 cm, and a heat input of q = 0 W,
the code found that the total pressure drop equals 34.5 kPa. Using Eq. 5 along with Churchill
Eq. 9, Eq. 10, and Eq. 11, the hand-calculated pressure drop for a smooth pipe was also 34.5 kPa.
Another validation technique used was to choose input conditions that led to vaporization
of all the liquid in the pipe and to then graph vapor quality and void fraction as functions of axial
distance. According to Collier and Thome22, the graph of vapor quality vs axial pipe distance is
linear until the quality reaches unity. The quality then stays at unity throughout the rest of the
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pipe. Additionally, the void fraction vs axial pipe distance graph looks similar to an asymptotic
curve. Like the vapor quality graph, the void fraction graph also reaches a maximum of one and
remains at unity throughout the rest of the pipe length.22 However, unlike the vapor quality, the
void fraction graph initially increases more quickly because vapor takes up substantially more
volume than liquid due to its much lower density.22 With a length equal to one meter, input pipe
parameters were selected such that all of the liquid in the pipe would vaporize to allow the vapor
quality and void fraction trends to be analyzed. For a fully vaporized fluid, vapor quality and
void fraction as functions of axial distance are plotted below as solid lines in Figure 8. To better
see the shape of the asymptotic void fraction curve, results are also plotted from input conditions
that led to the fluid being only partially vaporized. For these inputs, vapor quality and void
fraction as functions of axial distance are plotted as dashed lines in Figure 8.

As for validating

these graphs, these plots qualitatively match the trends shown by Collier and Thome.22

Figure 8. Vapor quality and void fraction vs axial distance for fully vaporized liquid shown
as solid lines. Partially vaporized liquid vapor quality and void fraction vs axial distance
are shown as dashed lines.
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Sub-Chapter 2
Constant Diameter Pipe
For this thesis, a parameter sensibility study was conducted for a small-scale computer
chip cooling pipe application. To begin, a parameter sensibility study was completed for a one
meter constant diameter pipe with no pipe expansion angle. The input ranges used were in line
with typical computer chip cooling pipe specifications and are shown in Table 4. These ranges
were then divided into ten linearly-spaced intervals.
Table 4. Constant diameter pipe input parameter ranges.
Input Parameter

Input Parameter Symbol

Range

Mass Flow Rate

ṁ

0.07 – 1.5 kg/s

Diameter

D

6 – 100 mm

Heat Input

q

5 – 5000 W

Two-axis plots of pressure drop and heat transfer coefficient versus each of the input
parameters are plotted and shown below. While developing these graphs, two of the input pipe
parameters were held constant, while the third parameter was varied over the range specified in
Table 4. From analyzing the results of these two-axis plots, it was possible to ensure that the
calculations made physical sense.
First, mass flow rate was varied from 0.07 to 1.5 kg/s, while the diameter and heat input
were held constant at 10 mm and 500 watts, respectively. A plot of pressure drop and heat
transfer coefficient as functions of mass flow rate is shown below in Figure 9.
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Figure 9. Pressure drop and heat transfer coefficient as functions of mass flow rate.
Figure 9 shows that both pressure drop and heat transfer coefficient increase as mass flow
rate increases. A higher mass flow rate requires more pumping power, which corresponds to a
larger pressure drop. Also, if more fluid mass is moving through the pipe per unit time, more
heat can be taken away; this corresponds to a larger heat transfer coefficient. Therefore, the
results shown in Figure 9 agree with physical intuition.
Next, diameter was varied from 6 mm to 100 mm, while mass flow rate and heat input
were held constant at 0.5 kg/s and 500 watts, respectively. A plot of pressure drop and heat
transfer coefficient verses diameter is shown below in Figure 10.
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Figure 10. Pressure drop and heat transfer coefficient as functions of inlet diameter.
As inlet diameter increases, both pressure drop and heat transfer coefficient decrease. A
larger pipe diameter will have less surface area per unit volume and therefore the fluid will
experience less wall friction per unit length. This will decrease the amount of pumping power
required to move the fluid. Additionally, since the flow velocity is decreasing as the diameter
increases, the heat transfer coefficient will also decrease.
Finally, heat input was varied from 5 to 5000 W, while mass flow rate and diameter were
held constant at 0.5 kg/s and 10 mm, respectively. A plot of pressure drop and heat transfer
coefficient versus heat input is shown below in Figure 11.
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Figure 11. Pressure drop and heat transfer coefficient as functions of heat input.
As shown in the graph, both pressure drop and heat transfer coefficient increase as the
heat input increases. Additionally, one can see that the pressure drop increases linearly. As
more heat is added to the system, the vapor quality increases linearly as a function of axial
distance. The pressure drop is linearly related to the vapor quality of the system according to Eq.
34, therefore the pressure drop should increase linearly as the heat input increases. In two-phase
flow systems, the heat transfer coefficient increases with increasing heat flux in the saturated
boiling regime, therefore, this graph also makes physical sense.22
A performance space plot for the constant diameter pipe was then conducted and is
shown in Figure 12. Figure 13 shows a zoomed in portion of the same plot near the origin. The
red dot marks the design that is closest to the origin, the solid blue dot marks the design that has
the highest pressure drop, and the green dot marks the design that has the highest inverse heat
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transfer coefficient. To generate this parameter sensibility plot, a scatterplot of normalized
pressure drop verses normalized inverse of heat transfer coefficient was created.

Figure 12. Pareto plot for a pipe of constant diameter.

Figure 13. Zoomed in portion of Pareto plot near the origin.
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This study found that the best design had a mass flow rate of 0.07 kg/s, a diameter of 16.4
mm, and a heat input of 5000 W. Therefore, the algorithm selected a design with the lowest
mass flow rate, a diameter in the middle of the range, and the highest heat input. The design
could not pick a flow with a mass flow rate less than 0.07 kg/s because the flow would become
laminar. This is also why the curve that the best design lies on seems to suddenly stop. To
obtain a best design that has all input parameters near the middle of their ranges, the heat input
maximum must be increased to 5 MW. For these parameter input ranges, the algorithm chooses
a design that has a mass flow rate of 1.34 kg/s, a diameter of 58.2 mm, and a heat input of 2.22
MW. This corresponds to a heat flux of 1214 W/cm2.
It is worth noting that the best designs found using this coded algorithm may not be the
best design for a piping system designer for a particular application. For example, a designer
may require a system that demands more pumping power and not as much heat transfer. In this
case, the designer would pick a design that follows the trend to the right in Figure 13.
Conversely, if a designer wants to pick a design that has greater heat transfer and he or she is not
as concerned about required pumping power, a design that follows the trend to the left would be
selected.
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Sub-Chapter 3
Varying Pipe Expansion Angle

After performing a Pareto sensibility study of a constant diameter pipe, a Pareto
sensibility study of a pipe with a varying expansion angle was conducted. Input ranges for the
input parameters are shown in Table 5. Input ranges for inlet diameter and heat input stayed the
same as the straight pipe study. The low end of the mass flow rate had to be increased to 0.5
kg/s because flow with a lower mass flow rate in an expanding tube becomes laminar. All
correlations used in this thesis are for turbulent flows.
Table 5. Input parameter ranges for expansion angle parameter sensibility study.
Input Parameter

Input Parameter Symbol

Range

Mass Flow Rate

ṁ

0.5 – 1.5 kg/s

Inlet Diameter

D0

6 – 100 mm

Heat Input

q

5 – 5000 W

Expansion Angle

Φ

0 – 45 degrees

First, a two-axis plot of pressure drop and heat transfer coefficient as functions of pipe
expansion angle was generated. This plot was created to get an understanding of the general
effect of expansion angle on pressure drop and heat transfer coefficient in a pipe. The pipe
expansion angle was varied from 0 to 45 degrees, while the mass flow rate, the inlet diameter,
and the heat input were held constant at 0.5 kg/s, 10 mm, and 500 W, respectively. The results
are shown in Figure 14 below.
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Figure 14. Pressure drop and heat transfer coefficient as functions of pipe expansion angle.
Since the diameter for a variable area pipe is becoming greater as the length approaches
the midpoint, the pressure drop and heat transfer coefficient should decrease as the pipe
expansion angle increases. Therefore, this plot makes sense physically.
A Pareto parameter sensibility study was then conducted for varying pipe expansion
angle input ranges and the scatterplots are shown in Figure 15 and Figure 16. Notice that the
axes in Figure 16 are zoomed in more so that the max values shown of normalized pressure drop
and normalized heat transfer coefficient are 0.001. This was necessary because more points were
plotted with the addition of a fourth input parameter making it difficult to locate the optimum
point given previous axis limits.
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Figure 15. Pareto plot with pipe expansion angle as the fourth input.

Figure 16. Zoomed in portion of Pareto plot with the red dot marking the best design.
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The best design has a mass flow of 0.833 kg/s, an inlet diameter of 37.3 mm, a heat input
of 5000 W, and a pipe expansion angle of 0 degrees as the input conditions. Therefore, for
reasonable inputs for a cooling computer chip application, a pipe with no expansion angle is the
best design. Also, it is important to notice that the other three input parameters are not the same
as the parameters chosen in the straight pipe parameter sensibility study. This can be attributed
to the fact that the lower extreme for mass flow rate tested had to be increased to 0.5 kg/s to
maintain a turbulent flow.
Even though this parameter sensibility study may not have yielded significant results for
modern day computer chip cooling applications, the study found interesting results when
increasing the heat input further. When the upper extreme of heat input was increased to 50 kW,
the algorithm found that the best design had a mass flow rate of 0.5 kg/s, an inlet diameter of
37.3 mm, a heat input of 50 kW, and a pipe expansion angle of 0.91 degrees. Instead of dividing
the pipe input into ten linearly spaced intervals, 100 linearly-spaced intervals were used to
increase the resolution of the pipe expansion angle input. Additionally, as the heat input was
increased another two orders of magnitude to 5 MW, the parameter sensibility study found that a
pipe with a mass flow rate of 1.5 kg/s, an inlet diameter of 79.1 mm, a heat input of 2.8 MW, and
a pipe expansion angle of 1.8 degrees was the best design. When analyzing these high heat
inputs, the algorithm chose a pipe with a higher mass flow rate and a larger diameter than
previous selections. Also, the algorithm chose a pipe with a greater pipe expansion angle than
the previous study. Therefore, it can be concluded that as the heat input is increased, a moderate
expansion angle becomes beneficial to the design of a pipe with superior cooling efficiency. The
zoomed-in Pareto plots for these studies are shown in Figure 17 and Figure 18.
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Figure 17. Pareto plot for a heat input range up to 50 kW.

Figure 18. Pareto plot for a heat input range up to 5 MW.
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An investigation into why the algorithm was not choosing a pipe with variable area for a
modern day computer chip cooling application was conducted. Graphs of pressure drop and heat
transfer coefficient vs axial pipe distance were created for a constant diameter pipe and for a pipe
with a fifteen degree expansion angle. The heat input was help constant at 5000 W for the
entirety of this investigation. These graphs make it possible to analyze the effect of pipe
expansion angle on pressure drop and heat transfer coefficient at each axial distance through a
pipe.
First, pressure drop was plotted for a constant diameter pipe in Figure 19 and for a pipe
with a fifteen degree expansion angle in Figure 20. From analyzing these plots, it is apparent
that a pipe expansion angle decreases the pressure drop and is therefore beneficial. Particularly,
Figure 20 shows that as the diameter of the pipe becomes larger near the midpoint of pipe, the
pressure drop increases minimally.

Figure 19. Pressure drop vs axial distance for a constant diameter pipe.
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Figure 20. Pressure drop vs axial distance for a pipe with a fifteen degree expansion angle.

Next, heat transfer coefficient vs axial distance for a constant diameter pipe and for a pipe
with a fifteen degree expansion angle were plotted as Figure 21 and Figure 22, respectively. In
Figure 22, one can see that an expansion angle is very unfavorable for the heat transfer
coefficient, particularly near the midpoint of the pipe.
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Figure 21. Heat transfer coefficient vs axial distance for a constant diameter pipe.

Figure 22. Heat transfer coefficient vs axial pipe distance for a pipe with a fifteen degree
expansion angle.
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After analyzing the results of this investigation, it is concluded that a pipe expansion
angle harms the heat transfer coefficient more than it helps the overall pressure drop for a low
heat input. However, if a piping system designer does not need to design a system with a high
heat transfer coefficient, a pipe with an expansion angle would be the best possible design.

52

Chapter 4
Conclusions
The goal of this thesis was to perform a Pareto parameter sensibility study to determine
the best input conditions for a computer chip cooling pipe application. In order to perform this
parameter sensibility study, the homogeneous equilibrium model and two-phase heat transfer
equations were derived to calculate the total pressure drop and average heat transfer coefficient
for each set of input parameters. Additionally, the pipe had to be segmented into linearly spaced
length intervals so that surface area, cross-sectional area, vapor quality, and void fraction could
be calculated as functions of axial distance. Normalized pressure drop and normalized inverse of
heat transfer coefficient were calculated to ensure equal weighting of parameter outputs in the
Pareto parameter sensibility study.
Using typical input ranges for computer chip cooling pipes, parameter sensibility studies
were conducted for a constant diameter pipe and for a pipe with varying expansion angle. The
study found that a pipe with a mass flow rate of 0.07 kg/s, an inlet diameter of 16.4 mm, a heat
input of 5000 W, and a pipe expansion angle of 0 degrees led to the best design. However, when
the upper extreme of the heat input range was increased by an order of magnitude to 50 kW, the
parameter sensibility study chose a pipe with an expansion angle equal to 0.91 degrees. When
the upper extreme of the heat input range was increased even further to 5 MW, the parameter
sensibility study chose a pipe design with an expansion angle equal to 1.8 degrees. Therefore, it
can be concluded that as the heat input into a pipe is increased further, a moderate expansion
angle becomes beneficial to cooling efficiency.
The results found by performing these Pareto parameter sensibility studies are significant
to piping system designers in a variety of industries. Even though the pipe expansion angle
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findings of this thesis may not be relevant to modern day computer chip cooling applications, the
results may be significant in the near future. With the drastic increase in computer chip
technology over the past few decades, it is not impossible to think that a computer chip could
give off 50 kW of heat in the next few decades. Also, with the vast increase in 3D printing
technology, a piping system designer could use the methods in this thesis to create the optimal
pipe profile for his or her system. In the future, when heat inputs may be on the magnitude of 50
kW, 3D printing could be used to easily create a pipe with the slight taper given by this
parameter sensibility study. Finally, it is worth noting that the coded algorithm generated as a
result of this thesis can be used for any two-phase pipe flow. Therefore, using this algorithm to
find the best input pipe parameters for a nuclear reactor cooling application could also benefit
reactor designers.
A number of improvements could make this coded Pareto parameter sensibility study
more accurate and more beneficial to piping system designers. First, HEM equations rely on
numerical simplifications and unlikely assumptions. Using a different model like the separated
flow model may yield more accurate results. Recently, researchers Kim and Dunsheath 43
presented an improved homogeneous equilibrium model for two-phase pipe flows. Additionally,
since there are so many different types of two-phase flow regimes, using a piecewise function in
the coded algorithm with correlations for each of the different flow regimes could make the
algorithm very accurate.
Another improvement that could be made to these methods would be to use specific
correlations for calculating two-phase heat transfer coefficient. The two-phase heat transfer
coefficient as a function of axial pipe distance depends greatly on the vapor quality at the
corresponding axial distance. Therefore, using another piecewise function to calculate the heat
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transfer coefficient in each of the different vapor quality flow regimes would increase the
accuracy of two-phase heat transfer calculations.
A final improvement to this parameter sensibility study would be to use an algorithm that
finds the overall optimal pipe input parameters. The Pareto parameter sensibility study was used
to find the best design for given input parameter ranges, but there are other algorithms that exist
that can be used to detect the optimal pipe design for an infinite range of all input parameters.
The gradient method44 and the genetic variation method45 are two popular optimization
techniques that could be used to find the optimal pipe design for any application. Overall, careful
design of pipes and flow channels shows promise as a means of increasing the energy efficiency
of our engineered thermal-fluids systems. Further investigation into these design optimization
techniques could yield real efficiency gains for future applications.
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Appendix A
Nomenclature
A – Cross-sectional area
Asur – Surface area
Co – Confinement number
cp – Specific heat at constant pressure
D – Diameter
D0 – Inlet diameter
Dh – Hydraulic diameter
f – Darcy friction factor
f(Fr) – Stratification parameter
ffo – Liquid only friction factor
Fr – Froude number
fTP – Two-phase friction factor
g – Gravity
Gsf – Surface fluid combination constant
h – Heat transfer coefficient
hinc – Incremental heat transfer coefficient
hlg – Latent heat of vaporization
hsp – Single-phase convection coefficient
k – Thermal conductivity
L – Pipe length
m – mass
𝑚̇ – Mass flow rate
N – Number of pipe elements
Nulam – Laminar nusselt number
Nuturb – Turbulent nusselt number
P – Power
PF – Wetter perimeter
Pinc – Incremental pressure drop calculation
Pper – Perimeter
Pr – Prandtl number
q – Heat input
q” – Heat flux
Re – Reynolds number
Refo – Liquid only Reynolds number
T – Surface temperature
Ti – Inlet Temperature
Tsat – Saturation temperature
u – Flow Velocity
x – Vapor quality
z – Incremental axial distance
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α – Void fraction
ΔP – Pressure drop
ϵ - Pipe roughness
ϵrel – Relative pipe roughness
ρ – Density
σ – Surface tension
µ - Viscosity
τF – Wall shear stress
Φ – Pipe expansion angle

*subscript l refers to liquid and subscript g refers to gas
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Appendix B
MATLAB Coded Algorithm
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