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ABSTRACT

Combustion instability, or the coupling between acoustic oscillations and heat release rate
fluctuations, is one of the most expensive problems facing power generation gas turbines today.
The push to produce power with fewer emissions and increased cycling requirements brought on
by alternative energy sources have made operating conditions prone to combustion instability
more prevalent and in need of effective control measures. The potential solution for controlling
these instabilities is active control systems, but a robust, active control system has not yet been
developed for implementation on a full-scale system.
Key to developing such a system is model parameter estimation. Without accurate model
parameters, active control cannot be done. This thesis details the design, construction, and data
acquisition capability of a modified Rijke tube built by the author for this investigation. The
thermoacoustic behavior of the Rijke tube is mapped as a function of co-flow velocity and flame
height. Sensitivity to system parameters is investigated. The results of the instability mapping
and sensitivity analysis are used to inform the optimal experimental design. Finally, optimal
experimental design for estimation of combustion model parameters of a linear time-delay
thermoacoustic instability model is performed and results discussed.
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Nomenclature
Variable

Meaning
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b
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[m]

c
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[m/s]

cp

specific heat of pressure

[J/kg*K]

f1

first acoustic mode

[Hz]

f2

second acoustic mode

[Hz]
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transfer function magnitude

L

length of Rijke tube

n
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P

pressure

P’n

pressure normalized by atmospheric pressure
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[Pa]
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[Pa]
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heat release rate (local)

[W]
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[W]

R

universal gas constant

[J/kg*K]

s
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[Hz]
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signal-to-noise ratio

t

time

[s]

T

temperature

[K]

u

acoustic velocity, bulk flow velocity

[m/s]

U’n

normalized acoustic velocity

[m]

[Pa]

vi
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distance

[m]

β

amplification factor

γ

ratio of specific heats

ΔT

temperature difference across flame

[K]

ρ

density

[kg/m^3]

τ

time delay

[s]
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Chapter 1
Introduction
Power generation gas turbines are increasingly important to energy production. As the push for
energy sources which generate fewer emissions and operate with higher efficiency continues, gas turbines
are seeing increased usage in power generation due to their ability to generate clean, efficient power
relative to other conventional methods. According to annual reports by the U.S. Energy Administration,
the percentage of U.S. power produced by gas turbine generation plants increased to 30% of the total U.S.
energy production in 2017, a 10% increase since 2007 [1, 2]. This growth will continue as the percentage
of power generated by coal-fired plants declines and more renewable power sources come online.
However, the increase in power output will come with an increase in intermittent and transient
operation; conditions that have not traditionally been considered in power generation gas turbine design.
According to the same reports, renewable energy will also increasingly contribute to U.S. power
production [1, 2]. The nature of renewable resources dictates that these methods can only generate power
when the resource is available. In the case of solar power, electricity can only be generated when the sun
is out. During times of high renewable availability, a gas turbine plant may need to cease operation in
order to balance the grid. Similarly, when demand increases, gas turbines must come back online in order
to meet demand. The cost of this increased cycling is generating significant concern within the power
generation gas turbine community due to the associated operational and reliability issues, including
combustion instability [3, 4]. This problem is exacerbated by the fact that in order to continually decrease
NOx emissions per federal mandates, gas turbines are increasingly operated in lean premixed combustion
modes, which are more susceptible to combustion instability.
Combustion instability is an operational risk that can occur with the combustor section of gas
turbines, and is one of the most costly problems associated with gas turbine operation. Generally,
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combustion instability occurs when heat release oscillations from the flame are within 90 degrees of
phase of acoustic pressure oscillations within the combustor. Rarely are the acoustic oscillations the
primary cause of these instabilities; typically a complex set of coupling mechanisms are excited by the
acoustic field and drive the instabilities at the flame [5]. Figure 1 shows the relationship between heat
release oscillations, acoustic oscillations, and coupling mechanisms.
In order to break this feedback cycle and alleviate the issues associated with combustion
instability, control strategies must be implemented. There are two options for controlling combustion

Figure 1: Relationship between heat release oscillations, acoustic oscillations,
and coupling mechanisms.

instability: passive and active control. At present, passive control methods are common on power
generation gas turbines. How they work to attenuate combustion instability is generally well understood,
but their effectiveness is limited due to the narrow range of operating points over which passive control
methods are effective. This deficiency associated with passive control can be solved using active control
methods. Active control offers the possibility of robust, multivariable control across all operating points,
but has not yet been developed to where it may be fielded on power generation gas turbines at large.
This work focuses on experimental design to support optimal instability control. The goal of this
work is to contribute to the knowledge base necessary to the development of robust, active combustion
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control methods for power generation gas turbines. Chapter 2 will review relevant areas of the existing
literature to provide the necessary background. Chapter 3 will cover the design and implementation of the
experiment used for this research, as well as information on data collection. Chapters 4, 5, and 6 will
detail the characterization of the experiment as well as the results from the optimal experiments.
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Chapter 2
Literature Review
In power generation gas turbines, combustion instability is defined as acoustic and heat
release rate oscillations within the combustion chamber that are dangerously high, threatening
the performance or longevity of the gas turbine. The onset of these oscillations has to do with the
relationship between heat release rate, acoustic fluctuations, and a coupling mechanism, as seen
in Figure 1 and compiled well by Ducruix et al. [5]. This coupling mechanism is the link
between acoustic oscillations and heat release rate fluctuations. Heat release rate fluctuations
transfer energy to the acoustic field. Now in a high energy state, the acoustic field is able to
cause flow and mixture oscillations, which in turn may cause further heat release oscillations. If
the phase of the pressure and heat release rate oscillations is 90 degrees, the amplitude of the
feedback loop will grow with time, and the continuation of this cycle is unstable.

Coupling Mechanisms

Velocity coupling is a coupling mechanism defined as velocity fluctuations within the
reactive flow causing heat release rate perturbations. For a flame to release heat in a constant
manner, the rate at which reactants are consumed and the size of the flame must stay constant.
Velocity coupling mechanisms change these conditions and cause heat release rate fluctuations
and are known as flame area perturbations and flame speed perturbations [6]. Flame area
perturbations are the direct changing of the flame surface area, which directly affects the heat
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release rate due to the change in reactant mass flux. Flame speed perturbations are changes in the
speed of the flame. In premixed flames, unburned reactants flow into the flame, are combusted,
and the products of combustion flow out. The velocity of the reactant flow must therefore be the
speed of the flame if the flame is stationary. Acoustic oscillations cause the reactive flow to
stretch, which has been shown to cause flame speed changes and consequent heat release rate
fluctuations [7, 8].
Mixture coupling is a coupling mechanism occurring when acoustic fluctuations cause
fuel flow rate to fluctuate. If fuel flow rate fluctuates, then the fuel-air mixture being combusted
fluctuates in composition, which in turn causes heat release rate fluctuations [9-20]. The fuel
nozzles are exposed to the acoustic field within the combustor. The acoustic oscillations that may
occur in the combustor cause pressure oscillations at the fuel nozzle or in the fuel lines
themselves. These pressure oscillations cause fuel flow rate pulsing, resulting in heat release rate
oscillations.

Control Methods

Given these causes for combustion instability, we now shift our focus to controlling
them. In order to quell combustion instability, the feedback loop causing the instability must be
broken. To do this, control measures must be implemented. Fundamentally, thermoacoustic
systems have some amount of driving and some amount of damping. The goal of control is to
ensure that at all operating points, there is more damping present than driving to prevent
instability. In order to accomplish this, a control system may either add more damping to the
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system or phase shift the instability away from resonance. Two control strategies are employed
to accomplish this: passive and active control.
Broadly speaking, passive control is attempting to create an environment within which
combustion instability cannot happen. Passive control is currently the most widely used method
of control and is consistently employed in power generation gas turbines [21, 22]. Passive
control works by either adding damping to the system or shifting the phase of pressure and heat
release rate oscillations beyond 90 degrees. Damping may be accomplished with devices such as
Helmholtz resonators, quarter-wave tubes, combustion chamber wall liners, and perforated plates
[23-28]. In the case of resonators and quarter-wave tubes, specific frequencies may be targeted
by causing adjacent tubes to resonate at the frequency of instability [21, 29]. The resonance of
these separate tubes removes acoustic energy from the combustor and damps out instability.
Combustion wall liners can absorb acoustic energy and dampen acoustic oscillations, and often
have holes of varying sizes to cool the combustor [30, 31-34]. The edges of holes in perforated
plates cause acoustic energy to be diffused into turbulence [23, 25, 26]. Phase change between
heat release rate oscillations and pressure oscillations in the combustor can also be accomplished
using passive methods with fueling control [35]. Examples of this are fuel staging and pilot fuel
injection. Fuel staging involves intentionally distributing fuel to certain injectors within the
combustor so that instability does not arise. Pilot fuel injection enhances flame stability by
providing a fuel-rich region at which the flame may be anchored.
The second control strategy is active control. Active controllers use closed-loop feedback
from sensors to detect the onset of instability and use various inputs to control it. Active control
has not yet been developed to the point where it may be widely implemented in power generation
gas turbines, and, to the best of the author’s knowledge, has been fielded on only one industrial
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gas turbine [36]. Active controllers work by using external acoustic excitation or intentional fuel
and air pulsing in order to break the thermoacoustic feedback loop and prevent the growth of
instability [37, 38]. An important component of active control that prevents it from being widely
implemented is the thermoacoustic instability model used by the controller to inform its action.
Heuristic models have predominantly been used in this sense, but they do not capture the physics
of what is actually occurring in the combustor to cause instability, and therefore are limited in
their ability to know what must be changed in order to regain control [39]. The interaction
between acoustic oscillations and heat release rate perturbations are commonly described as
closed-loop feedback using an amplitude (n) and time-delay (τ) model [40], described in the
equations below. A physics-based model would be preferred, but has not yet been achieved.
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Robust control of combustion instability is the ultimate goal of the overarching research
on this project. Many combustion instability problems do not manifest themselves until the
development or production phase [37]. Implementing passive hardware at that stage is possible,
but can be expensive and lack the bandwidth to be effective at all operating conditions,
significantly limiting the effectiveness of passive control. If an active controller could be
developed, instabilities could be handled as they occur without expensive modifications late in
development. In order to obtain a robust active controller, the uncertainty and sensitivity of the
parameters comprising the model it employs must be quantified. Similarly, an optimal controller
must be able to optimize controller parameters. To make such controllers possible, estimation
methods for combustion model parameters must be developed.
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Optimal Experimental Design

Much of this thesis will deal with optimal experimental design. This refers to designing
an experiment such that parameters of a thermoacoustic instability model may be most
accurately estimated from experimental data. As previously mentioned, the thermoacoustic
instability model used is known as an amplification time-delay model (n-τ model) and is well
characterized in the literature [41, 42, 43-45]. The experimental data taken to do this design will
be subject to statistical uncertainties as any sensor-derived data can be. To quantify this
uncertainty and thus the uncertainty of model parameters, an established method for uncertainty
quantification will be used known as Fisher information analysis [46, 47, 48].

Rijke Tubes

These experiments will be done a natural gas-fired Rijke tube with flame location control,
equivalence ratio control, and bulk flow velocity control. Rijke tubes have been used to study
combustion instability since the phenomenon was first observed by P.L. Rijke in 1859, for whom
the tube is named. Consequently, these devices have been studied extensively and much
literature on them is available. The coupling mechanisms in Rijke tubes are well understood and
have been summarized by Raun et al. [49]. Much work exists on instability control in Rijke
tubes, but the most commonly used method to achieve this is using a phase shift controller [49].
Additionally, extensive work has been done in the area of modeling thermo-acoustic phenomena
in Rjike tubes. McIntosh et al. [50], Mateev et al. [51], and Bittanti et al. [52] created empirical
models from laboratory data, while still others have studied the phenomena purely
computationally [53]. These models generally are able to accurately predict important aspects of
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the tube’s behavior such as the locations of instability and oscillation frequency. However, to the
best of the author’s knowledge, no work has been done to experimentally quantify parameter
uncertainty within these Rijke tube models. It is a benefit to the author that thermoacoustic
instabilities in Rijke tubes are well studied will allow for new work to be done in an environment
which is not entirely unknown.
The literature currently possesses gaps in active control. Specifically, there is a lack of
work in the area of robust control studies. The goal of this thesis is to contribute to this
knowledge base by experimenting with optimal experimental design of a Rijke tube for
thermoacoustic model parameter estimation.
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Chapter 3
Experiment
A natural gas fired Rijke tube was designed rather than an electrically heated one due to the area
of study being combustion instability. A simplified schematic of the Rijke tube can be seen in Figure 2,
and a picture of the actual experiment can be seen in Figure 3. The Rijke tube can be broken down into

Figure 2: Rijke tube schematic.

three parts: the inner flame tube, the outer tube, and data acquisition features. The inner tube is 0.787 m
long and 0.0222 m in diameter and able to travel vertically within the larger outer tube, through which coflow air passes. The outer tube has an outer diameter of 0.1016 m, an inner diameter of 0.0889 m, and a
length of 0.875 m. An important feature of a Rijke tube is the ability to vary the flame height in order to
cause thermoacoustic instability. The premixed flame stabilizes on a perforated plate on top of the inner
flame tube. The height of the inner flame tube relative to the outer co-flow tube may be changed in two
ways: by holding the inner tube still and translating the outer tube, or by holding the outer tube still and
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Figure 3: Rijke tube experiment with parts labeled.

translating the inner tube. Either has its own benefits. Moving the inner tube while keeping the outer tube
still can quickly be done by hand while also being able to use the entire available travel. For this
experiment, this method is preferred. However, moving the outer tube while keeping the inner tube still
allows the hard mounting of any optical sensors aimed at the flame without the need to move the sensors
themselves, as the flame remains stationary. This method is not typically used because travel distance of
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the outer tube is limited due to the travel of the linear translation stage it is mounted to. The height of the
flame from the bottom of the tube is measured by lining up the top of the inner flame tube with the
desired location on a ruler mounted to the inside of the outer co-flow tube, which can be seen in Figure 4.
The size of the flame, equivalence ratio, and co-flow air velocity can all be controlled with
calibrated rotameters on a separate control panel. The rotameter controlling co-flow has the ability to vary

Figure 4: Near image of the flame with yellow ruler visible behind flame
(left). Distant view of Rijke tube with flame (right).

the bulk flow velocity inside the tube from 0.85 m/s to 2.40 m/s. The rotameters feeding fuel and air to
the flame operate independently, but are set to produce a flame burning near an equivalence ratio of 1.
The flame itself is shown in Figure 4. To ensure good mixing of the fuel and air, they are mixed far
upstream of the flame and allowed to travel several meters in a fully developed turbulent manner. A
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pocket of ball bearings is used to create a laminar flame. Co-flow air enters at two locations in the bottom
of the co-flow manifold and diffuses evenly across ball bearings before entering the large outer tube. This
manifold also serves to create a hard acoustic boundary condition at the lower end of the tube. The upper
end of the outer co-flow tube is open to the atmosphere, giving it an open acoustic boundary condition.
In order to ensure lab safety and obtain consistent results, standard operating procedures were
established. The flame must be ignited, the outer tube must be given time to reach steady-state
temperature, a data quality check is done, and the flame must be extinguished and gas drained upon
finishing experiments. All experiments were carried out with the proper personal protective equipment
and safety equipment in place.

Experimental Operating Procedures
Ignition is accomplished by flowing a rich fuel-air mixture through the flame tube and placing a
spark just above the perforated plate. The spark is generated using a modified piezo-electric natural gas
grill ignitor. To access the flame tube located within the outer tube, wires attached to the sparker are fed
through the pressure transducer holes shown in Figure 3. The operator can view the location of the
sparker wires through the viewing windows. Buildup of flammable gas within the tube is prevented by
co-flow air flowing through the outer tube and into the fume hood above. The amount of natural gas being
burned is comparable to a natural gas fired stove found in many homes, so the amount of gas used is at a
very safe level.
Once ignited, the outer tube must be allowed to heat up to a steady-state temperature in order to
ensure a consistent temperature distribution inside the tube. To do this, the flame is set to an equivalence
ratio near 1 and is moved to a height of 0.30 m. Experiments may begin once the temperature of the outer
tube equilibrate. It has been determined experimentally that this will occur if the experiment is allowed to
burn for at least 40 minutes.
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After experiments have been run, fuel is cut off to extinguish the flame. The hottest portion of the
tube reaches 100°C, so the tube is allowed to cool while the residual natural gas and air are allowed to
drain out of the experiment and into the fume hood to depressurize the tubes.

Data Acquisition
Incorporated into the outer co-flow tube are several data acquisition features. Two borosilicate
glass windows span the length of the outer co-flow tube to allow for visibility of the flame as well as the
ability to acquire optical data. Pressure transducer bungs to accommodate PCB 113B28 pressure
transducers span the length of the tube at approximately 2.5 cm intervals, and can be seen in Figure 3 and
Figure 4 . Separate, permanent k-type thermocouple ports also exist on the outer co-flow tube opposite of
the viewing windows with thermocouples installed.
All data acquisition was done using a dSPACE DS1104 R&D controller board and ControlDesk
software. Pressure data was taken using PCB 113B28 pressure transducers and the signal passed through
PCB model 482C series signal conditioners with a gain of 200 before being sampled at 20 kHz. The
speaker used for acoustic forcing was a 100 watt NS1000 that received an amplified sinusoidal voltage
signal from an Agilent 33210A function generator. A photomultiplier tube (PMT) was also used to take
emissivity data on light being emitted from the flame, and the signal was also sampled at 20 kHz.
Temperature measurements within the tube were taken manually by inserting thermocouples of the
desired length into the pressure transducer hole of the desired height and recording the temperature
displayed on a digital readout.
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Data Processing
PMT and pressure transducer data were captured as voltage signals in the time domain.
Frequency of oscillation and oscillation amplitude were of particular interest to the research team. As
such, Matlab was used to convert time-domain voltage data into frequency domain pressure data.
Pressure transducer data was captured for several reasons. The system input is acoustic driving
from the speaker. The system output is the acoustic oscillations within the tube as a result of the input.
Additionally, pressure data is needed for acoustic velocity calculations in order to obtain the system
transfer function. For these experiments, the acoustic velocity was calculated at the lowest pressure
transducer in the tube. The voltage data was read into Matlab and converted to PSI. This was then taken
and divided into one second data segments. Using a Fourier transform, each segment was transformed
into the frequency domain, giving multiple frequency domain vectors for one data sample. These vectors
were ensemble averaged to provide a mean amplitude at each frequency. This would then output a
spectral plot showing any frequencies of oscillation and their amplitudes.
PMT data provides insight into heat release occurring at the flame. If heat release rate oscillations
can be detected, the presence of combustion instability can be confirmed. Although there is no sensor in
existence that can directly measure heat release rate, a PMT functions as a good replacement. A PMT can
capture chemiluminescence emissions, whose intensity scales with heat release at the flame [54]. The
voltage signal from the PMT did not undergo a unit conversion. Rather, the signal-to-noise ratio in the
frequency domain could be examined in order to determine if flame oscillation was present, and if so, at
what frequency.
Signal-to-noise ratio was calculated using the following equation.
𝑆𝑆𝑆𝑆𝑆𝑆 =

𝑃𝑃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
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Chapter 4
Stability Mapping
As previously mentioned, Rijke tubes are an attractive option for studying combustion instability
phenomena because they experience self-excited oscillations. In the tube used for these experiments,
these oscillations are a function of co-flow velocity and flame height. The ultimate goal of studying
parameter estimation accuracy is achieved by acoustically driving the tube with a speaker at certain
frequencies and measuring the resulting response of the tube. If the co-flow velocity and flame location
are such that the tube is already undergoing self-excited oscillations, the behavior of the tube will not be
the result of the input acoustic driving frequency, and results will be meaningless. Thus, the self-excited
behavior of the tube must be mapped in order to run experiments with stable flame location and co-flow
velocity combinations. Additionally, the temperature distribution within the tube was mapped to obtain
gas medium mean values.
Temperature distribution data was taken upstream and downstream of the flame. To ensure
accurate measurements, ceramic ball thermocouples and radiation compensation were used. Upstream of
b=20cm, u=2.0m/s
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Figure 5: Visual representation of Rijke tube temperature
distribution.
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the flame, the co-flow air temperature was uniform along the length of the tube and was measured only at
a few locations. Downstream of the flame, the temperature varied greatly as a function of downstream
distance and radial location. Temperature measurements were taken at 2.5 cm intervals and at the
following radial locations: the center of the tube, half of the radius of the tube, and at the tube wall. A
visual representation of the temperature distribution in the tube can be seen in Figure 5.
It was found that the temperature distribution downstream of the flame did not vary as a function
of flame height within the tube. However, it should be noted that the location of the flame determines the
temperature distribution of the entire tube, and this distribution is indeed affected by flame location. Coflow velocity does have an impact on temperature distribution in the tube. Figure 6 does show that a slight
difference could be seen for the different co-flow velocities. This matches expectations, as higher co-flow
velocity means the same heat addition is heating more air, causing the outlet temperature of the air to be

Figure 6: Temperature in Rijke tube as a function of distance from
tube bottom for three radial locations at both co-flow velocities.

lower than in the lower co-flow velocity case. The impact this has on the acoustics of the combustor is
minor, as the tube resonant modes are nearly the same in either case.
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In addition to characterizing the temperature distribution of the tube, the regions of self-excited
instability within the tube were also characterized. The height of the flame was varied along the
observable length of the tube and pressure data was taken to determine the locations of instability for each
co-flow velocity and their respective oscillation frequencies. To do this, the flame was ignited at the
highest point in the tube b=0.62 m and pressure data was taken at 0.01 m increments from this upper

Figure 7: Instability plots for 2 m/s co-flow velocity. Top plot shows flame
moving down. Bottom plot shows flame moving up.
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location downward until the bottom was reached or the flame blew out from becoming too unstable. The
flame was then reignited as low in the tube as possible without blowing out, and the process was repeated
with the flame moving upward in order to check for possible hysteresis until reaching the top. This
resulted in an instability mapping of the tube for each co-flow velocity. Figure 7 shows the instability
mappings at a co-flow velocity of 2 m/s for both the upward and downward flame travel cases. These
experiments showed two regions of instability for each co-flow velocity. In the upward case, the 120 Hz
instability is not shown as the flame was unable to be ignited in this region. As the flame moves from the
top of the tube to the bottom, it undergoes a region of instability around 283 Hz, followed by a region of
stability, followed by another region of instability around 120 Hz. It should be noted that the data for each
case ends before the flame reached the bottom of the tube. This is due to the 120 Hz oscillations causing
the flame to blowout. This was not an issue at higher flame locations because the flame was able to
remain lit in the region where it underwent self-excitation at 283 Hz.
To determine the acoustic modes being experienced by the tube, an analysis of tube acoustics

was done. If we assume one-dimensional acoustics, zero heat release, linear acoustics, and no
viscous damping, the following equation governs the acoustics in the tube.
𝜕𝜕 2 𝑃𝑃′
𝜕𝜕 2 𝑃𝑃′
2
−
𝑐𝑐
=0
𝜕𝜕𝑡𝑡 2
𝜕𝜕𝑥𝑥 2

The solution to this equation is below. Given the acoustic boundary conditions at each
𝑃𝑃�(𝑥𝑥) = 𝑃𝑃�+ 𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖 + 𝑃𝑃�− 𝑒𝑒 −𝑖𝑖𝑖𝑖𝑖𝑖

end of the tube, the properties of the gas within the tube, and the volume-averaged temperature
of the tube, the resonant mode frequencies of the tube may be calculated with the following two
equations, which in turn yields the resonant modes found in Table 1.
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 1: 𝑓𝑓1 =
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 2: 𝑓𝑓2 =

𝑐𝑐
4𝐿𝐿

3𝑐𝑐
4𝐿𝐿
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Table 1: First and second acoustic modes, calculated and observed in tube.

Calculated

Observed in Tube

f1

107 Hz

120 Hz

f2

321 Hz

283 Hz

Table 1 shows the calculated resonant frequencies are near those observed in the tube during
testing. The discrepancy between values is due to the simplifying assumptions made about the
system, particularly the difference in temperature distributions. The formula for the speed of
sound below shows the speed of sound is a function of temperature, and so the change in sound
speed also changes the resonant acoustic mode in the combustor.
𝑐𝑐 = �𝛾𝛾𝛾𝛾𝛾𝛾

These self-excited oscillations displayed hysteretic behavior. Figure 8 shows the starting and
ending location of the upper and lower regions of instability is dependent on which direction the flame is
being moved. The oscillation of the flame carries a kind of momentum; it prefers to continue acting as it
currently is. An example of this can be seen at the upper instability transition point. Figure 8 shows that
when moving downward and transitioning from unstable to stable, the flame becomes stable at a height of
roughly 42 cm. However, Figure 8 shows that when moving upward and transitioning from stable to
unstable, the flame becomes unstable at a height of roughly 50 cm. Thus, the flame exhibits hysteretic
behavior with respect to self-excited stability transitioning.
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Figure 8: Peak amplitudes from Figure 7 shown in 2D.

Despite this, a region does exist in the tube at which no self-excited behavior occurs. Observing
Figure 8 shows that the tube does not undergo resonance at either co-flow velocity when the flame is
positioned at 30 cm to 41 cm. This region will be important for later tests where the response of the tube
to acoustic stimuli is observed.
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Chapter 5
Sensitivity Tests
The stability mapping showed that flame locations of b=0.30 m to b=0.40 m at various
co-flow velocities did not experience self-excited oscillations and could be used for parameter
estimation experiments. These two flame heights were chosen along with co-flow velocities of 1
m/s and 2 m/s to be the experiment settings at which to design the first optimal experiments to
determine the system parameters.
In theory, the conditions under which an experiment is run are always known beforehand
and always repeatable. However, in practice, this is often not the case. Errors or inconsistencies
in test setup can lead to variations in results. In this case, flame height and co-flow velocity may
not be the nominal value from test to test. These are set between experiments by hand, involving
some human error. Additionally, the calculated driving frequencies are direct functions of these
values. Thus, the sensitivity of the system to variations in these values was tested.
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Variation in Driving Frequency

First, the effect of driving frequency on system response was measured. For each test
case detailed in Table 2, the driving frequency was varied +/-50 Hz at 10 Hz intervals from the
nominal value and the system response of both the flame and tube were measured.
Table 2: Driving frequency for each test case will be varied +/- 50 Hz.

Test Case

1

2

3

4

5

6

7

8

Co-Flow Velocity [m/s]

1

1

2

2

1

1

2

2

Flame Height [m]

0.30

0.30

0.30

0.30

0.40

0.40

0.40

0.40

Driving Frequency [Hz]

510

723

501

710

534

736

525

726

Figure 9: PMT and pressure transducer data for u=1.0 m/s and b=0.40 m, nominal driving frequency 736 Hz.
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Five runs at each of the eleven frequencies were done to ensure repeatability. Figure 9 shows
three-dimensional plots detailing the heat release oscillations at the flame (PMT) and the
acoustic oscillations within the tube (pressure transducer) during one of the test cases. The upper
plot shows the frequencies detected by the PMT sensor, while the lower plot shows pressure
transducer data. For both waterfall plots, the oscillation spectrum axis shows the spectral data
derived from the time series data taken by the respective sensors. The driving frequency axis
shows the frequency at which the system was driven by the speaker, with each test case
corresponding to a line of data starting at this axis. Finally, the vertical axis indicates the
amplitude of the signal, which corresponds to the amplitude of the system response. These two
plots show the pressure oscillations of the tube (bottom) and the heat release rate fluctuations at
the flame (top).

Figure 10: PMT peaks at indicated frequencies for for u=1.0 m/s and b=0.40 m, nominal driving
frequency 736 Hz.

Each test case showed similar system response results as the case shown in Figure 9. The
calculated optimal driving frequencies in each case did not illicit the highest magnitude system
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response. Figure 9 shows a gradual increase in magnitude of acoustic response as the frequency
was varied below the optimal. This means the optimal driving frequency was always slightly
higher than one of the tube’s resonant modes. It was also noted that the behavior of the flame did
not necessarily match the system response of the tube. Figure 10 shows the peaks from the PMT
data in a more understandable form. Regardless of the driving frequency, the flame was found to
oscillate at either 120 Hz or 283 Hz, the first two resonant modes of the tube, as discussed
earlier. The amplitude of these oscillations varied greatly, but the frequency of oscillation of the
flame was always within 4.6% of 120 or 283 Hz. It is interesting to note that the largest
amplitude pressure oscillations in the tube were not occurring at the frequencies at which the
flame oscillated. Although acoustic oscillation was occurring at the first two resonant modes, it
was small in amplitude when compared to the acoustic oscillations at the driving frequency.

Variation in Flame Location

In a similar manner to the frequency variation experiments, flame location was also
varied for each co-flow and driving frequency setting. Eight combinations of co-flow velocity
and driving frequency were used, and each test case is displayed in Table 3. For each test case,
flame height was varied 1 cm above and below the nominal value at 0.5 cm increments. As
Table 3: Flame height will be varied for each test case.

Test Case

1

2

3

4

5

6

7

8

Co-Flow Velocity [m/s]

1

1

2

2

1

1

2

2

Flame Height [m]

0.30

0.30

0.30

0.30

0.40

0.40

0.40

0.40

Driving Frequency [Hz]

510

723

501

710

534

736

525

726
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Figure 11: Effect of flame height variation on acoustic oscillation amplitude.

previously mentioned, the height of the flame is set by hand. Experience in setting the flame
showed that inaccuracy of more than 0.5 cm from the nominal value was unlikely due to ease
with which the height may be set, so the range was chosen to cover more than the possible error.
The results can be seen in Figure 11, which shows the magnitude of pressure transducer
measurements taken at the driving frequencies for each test case. Five runs were done for each
test case in order to ensure repeatability.
The results show that there is not a strong dependence on the response of the tube as the
flame height is varied around the test location. For a 2 cm change in flame height, the largest
observed difference in system response was roughly 12%. The slight increase is likely due to the
changing temperature distribution within the tube. As the flame moves up, the source of heat
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addition rises within the tube, shifting the hot section of the tube upward, decreasing the average
temperature, and therefore changing tube acoustics. However, this change is small due to the
length of the tube being much larger than the variations in flame height, causing these changes to
have a small impact.

Variation in Co-Flow Velocity

Finally, co-flow velocity was varied for each flame height and driving frequency
combination. The eight combinations of flame height and driving frequency tested are displayed
in Table 4. For each test case, flame height was varied 1 cm above and below the nominal value
at 0.5 cm increments. The co-flow velocity is set manually, and experience showed that
inaccuracy of more than 0.1 m/s from the nominal value was unlikely, so the range was chosen
to cover more than the possible error.
Table 4: Co-flow velocity is varied for each test case.

Test Case

1

2

3

4

5

6

7

8

Co-Flow Velocity [m/s]

1

1

2

2

1

1

2

2

Flame Height [m]

0.30

0.30

0.30

0.30

0.40

0.40

0.40

0.40

Driving Frequency [Hz]

510

723

501

710

534

736

525

726

28

Figure 12: Effect of co-flow velocity variation on acoustic oscillation amplitude.

Figure 12 shows the maximum acoustic oscillation amplitude at both driving frequencies
for a given flame height and co-flow velocity condition. Five runs were done for each test case to
ensure repeatability. Variations in co-flow velocity show a stronger influence on system response
than did changes in flame height. The system behavior seems to mirror itself on either side of the
nominal value for both driving frequencies. For driving frequencies near 500 Hz, the change in
system response was not as significant as driving frequencies near 700 Hz. In order to ensure
good repeatability in future results, extra care must be given to setting the co-flow velocity
accurately and checking during testing that this value is remaining constant.
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Chapter 6
Optimal Experiments
The goal of this work is to design experiments that allow for the most accurate estimation of the
parameters of a linear time-delay combustion model: β and τ. β is an amplification factor and τ is a timedelay. All other variables in the combustion instability model may be specified initially or measured
directly from experiments. The acoustic behavior of the tube measured by the pressure transducers
produces the transfer function magnitude for the system, which may then be used to determine the model
parameters of β and τ. However, due to measurement noise inherent to data collection via sensors, there
exist statistical uncertainties in the accuracy of β and τ. Thus, optimal experimental design strives to
achieve the optimal combination of driving frequencies and sensor locations for a given flame height and
co-flow velocity to achieve maximum accuracy of β and τ. The accuracy of β and τ is determined using
Fisher information analysis [55]. The result of this optimization is the two optimal excitation frequencies
and the optimal pressure transducer sensor location longitudinally on the Rijke tube for each flame
location and co-flow velocity combination.
Two rounds of optimal experiments were done to demonstrate the convergence of β and τ with
iteration and show that an optimized experiment estimates these parameters more accurately than a nonoptimized experiment. The calculations for this optimization were done by a graduate student working on
the project.

Optimal Experimental Design 1
As discussed in Chapter 4, flame locations from b=0.4 m to b=0.3 m for all tested co-flow
velocities do not experience self-excited instability, and therefore may be used for parameter estimation
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experiments. The temperature distribution inside the tube detailed in Chapter 4 was used to generate mean
gas property values for use the thermoacoustic model, which was then used with the acoustic driving to
generate the transfer function of the system. The input of the open-loop forcing system is the acoustic
driving by the speaker near the bottom of the tube normalized by the bulk flow velocity. The output is the
pressure oscillation measured at one location along the Rijke tube length normalized by atmospheric
pressure. The transfer function is shown below.
𝐻𝐻𝑛𝑛 (𝑥𝑥, 𝑠𝑠) =

𝑃𝑃𝑛𝑛′ (𝑥𝑥, 𝑠𝑠)
𝑈𝑈𝑛𝑛′ (𝑠𝑠)

For the first round, all variables in the combustion instability model were known except β and τ.
In order to design the first experiment, β and τ are chosen based on likely values published in the
literature [56]. This information provides a starting point and allows the optimal driving frequencies and
sensor location to be selected. The second round of optimal experiments used the more accurate values of
β and τ achieved from the first run in its optimization, theoretically improving the experimental design.
Table 5: Optimal experimental design 1 parameters.

Test Case

1

2

3

4

Co-Flow Velocity [m/s]

1.0

2.0

1.0

2.0

Flame Height [m]

0.30

0.30

0.40

0.40

Driving Frequencies [Hz]
Sensor Location [m]

510

723
0.0

501

710
0.0

534

736
0.0

525

726
0.0

Table 5 shows the first-round optimization results for all combinations of flame heights and coflow velocities, where flame height may be b=0.4 m and b=0.3 m and co-flow velocity may be 1 m/s and
2 m/s. An encouraging result of this optimization is the sensor location’s independence from flame height.
This allows for the sensor to be placed once and remain in that location for all experiments regardless of
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changing flame location. Additionally, being located upstream of the flame greatly reduces thermal
loading on the sensor.

Figure 13: Pressure magnitude (top), acoustic velocity (middle), and transfer
function magnitude plotted against run number for the first optimal experimental
design. 50 runs were done for each test case.
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Figure 13 shows the results for each optimized case. Each case was run 50 times in order to
ensure repeatability and generate many values of β and τ (one for each run). Each plot’s x-axis shows the
run number, and the y-axis shows the pressure magnitude, acoustic velocity, and transfer function
magnitude, respectively. Each repeat represents the results from one run of that test case, and the red and
blue dots show the system response at each frequency.
These plots are an indication of the identifiability of β and τ. Each run produces a value of β and
τ, and the average value of all of these runs for β and τ becomes the nominal value for optimal
experimental design 2. A visual representation of the values for β and τ can be seen in Figure 14. Spread
of the data points represents the identifiability of β and τ. The larger the spread, the higher the uncertainty
in the estimate of β and τ.

Figure 14: β and τ clusters for each optimal experiment case.

Optimal Experimental Design 2
After achieving values for β and τ from optimal experimental design 1, the optimization is redone
using the new values in order to gain a more accurate estimation of β and τ. The optimal driving
frequencies and sensor locations for each test case were recalculated, and the tests rerun. In theory, using
the experimentally determined values of beta and tau should give new combinations of driving
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frequencies and sensor location which will improve the accuracy with which the next beta and tau and
may be approximated.
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Figure 15: Pressure magnitude (top), acoustic velocity (middle), and transfer function magnitude
plotted against run number for the second optimal experimental design. 50 runs were done for each
test case.
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Figure 15 shows the results of optimal experiment run 2 in the same format as seen above, and
Figure 16 shows the new distribution of values for β and τ.

Figure 16: β and τ clusters for the second round of optimal experiment cases.

Table 6 is a comparison of driving frequency values and FIM determinants for each case between optimal
experiment 1 and optimal experiment 2. The FIM determinant is a scalar value which may be
Table 6: Driving frequencies and FIM determinant values for each case. Values compared between optimal experimental
designs.

Case 1

Case 2

Case 3

Case 4

f1,f2 Run 1 [Hz]

510, 723

501, 710

534, 736

525, 726

f1,f2 Run 2 [Hz]

500, 702

527, 729

478, 757

467, 743

FIM Det Run 1

1.0e15

3.1e15

7.7e13

7.7e13

FIM Det Run 2

4.5e21

4.7e15

2.2e23

4.6e15

used as a metric for how identifiable the parameters β and τ are; the higher the determinant, the more
identifiable the parameters. As Table 6 shows, β and τ were more identifiable in the second optimal
experimental runs. This demonstrates that experimental design may be optimized in order to better
estimate the parameters of a model.
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Chapter 7
Conclusion and Future Work
The stability mapping experiments yielded important insight into the behavior of the tube. The
self-excited oscillations displayed hysteretic behavior. The starting and ending location of the upper and
lower regions of instability is dependent on which direction the flame is being moved. Despite this, a
region does exist in the tube at which no self-excited behavior occurs between flame locations of 30 cm to
41 cm.

The Rijke tube is most sensitive to variations in driving frequency. The calculated
optimal driving frequencies in each case did not illicit the highest magnitude system response.
The optimal driving frequency was always slightly higher than one of the tube’s resonant modes.
It was also noted that the heat release oscillations at the flame did not necessarily match the
acoustic response of the tube. Regardless of the driving frequency, the flame was found to
oscillate at either 120 Hz or 283 Hz, roughly the first two resonant modes of the tube.
Variations in flame location do not have significant effect on system response. The
results show that there is not a strong dependence on the response of the tube as the height is
varied around the test location. This makes sense, as a small change in the location of the flame
does not greatly impact the temperature distribution within the tube.
Variations in co-flow velocity show a stronger influence on system response than did
changes in flame height. The system behavior seems to mirror itself on either side of the nominal
value for both driving frequencies. For driving frequencies near 500 Hz, the change in system
response was not as significant as driving frequencies near 700 Hz. In order to ensure good
repeatability in future results, extra care must be given to setting the co-flow velocity accurately
and checking during testing that this value remains constant.

Repetition of optimal experimental runs showed that β and τ were more identifiable with
iteration. This demonstrates that experimental design may be optimized in order to better estimate the
parameters of a model.
The discrepancy between acoustic oscillation frequencies within the tube and heat release rate
oscillation frequencies at the flame will be the subject of future work. It could provide insight into the
coupling mechanisms within the tube or elucidate important information on frequencies of instability.
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