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Abstract
An overview of classical numerical stabilization techniques for advection-dominated
problems is presented along with a more recent stabilization method called the
Virtual Multiscale Method (VMM). The VMM has been implemented by various
researchers using in-1house specilized codes. This thesis shows how the VMM can
be implemented in commercial finite element software like COMSOL Multiphysics® ,
without requiring access to the software native code. The COMSOL Multiphysics®
implementation of the VMM is demonstrated for two problems, the classical scalar
advection-diffusion problem and the steady Navier-Stokes problem. The numerical
stability of the VMM is presented as well as two studies to demonstrate the
comparison between the VMM implemented in COMSOL Multiphysics® and other
stabilization techniques employed for advection-dominanated problems.
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Chapter 1 |
Introduction
My journey in writing this thesis started with an interest in research in the
biomedical engineering field. I participated in a summer REU (Research Experience
for Undergraduates) at Penn State, my initial project that I was involved with
was investigating a computational model of blood under various flow conditions.
After that summer, I started down the path to write this thesis in earnest. The
mathematical model that describes the flood of blood has terms that are typical
of advection, reaction, and diffusion problems. Among the many mathematical
features of the blood model, two particular ones present some issues when solved
numerically. The focus of this thesis shifted from the actual model to the problem
features of the model. The two specific features that the blood model exhibits
are advection behavior in flows and the inf-sup condition. These features are not
specific to the model for blood. In fact they can be demonstrated separately in
simple 1D examples that will be presented later in this chapter.
Advection behavior occurs when the gradient of a field, say φ, is multiplied by
a velocity as in the term ∇φ · v. This behavior is exhibited in the Navier-Stokes
equations, where the advection term is typically in the form of (∇v)v. The NavierStokes equations also exhibit the inf-sup condition. The inf-sup condition comes
from constraints that are enforced through Lagrange multipliers. The Lagrange
multiplier in the Navier-Stokes equations is the incompressibility equation i.e.
∇ · v = 0. The term det Bκ = 1 in the blood model is a similar constraint that
results in the inf-sup condition.
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1.1 Advection-Dominated Flow
In order to demonstrate the numerical difficulties that advection-dominated flows
present, we will consider an example with both the Finite Difference Method
(FDM) and the Finite Element Method (FEM). Consider the 1D advection-diffusion
boundary value problem (BVP),
u ∂x φ = k ∂xx φ,

(1.1)

φ (0) = 0,

(1.2)

φ (L) = 1,

(1.3)

where u is the given flow velocity, k is the diffusivity of φ, and the length of the
domain is L. We assume that both u and k are positive and constant. The exact
solution to the BVP stated in Eqs. (1.1)–(1.3) is
Pe x

1−e L
,
φ=
1 − ePe

(1.4)

where Pe is the global Péclet number (Pe = u L/k). We can also define an elemental
Peclet number α as
uh
α=
,
(1.5)
2k
where h is the element size (see [1] for a more detailed description of this problem).
MATLAB was used to obtain the numerical solution for the FDM formulation
and COMSOL Multiphysics® was used for the FEM formulation. With an exact
solution available the error in the numerical solution is easily seen. First we consider
the solution from the FDM formulation. Figure 1.1 shows both the exact solution
and the numerical solution for several values for α (cf. [1]). For values of α less than
1, Figure 1.1 a, the relative error is small for the numerical solution. Once α reaches
1 the validity of the numerical solution diminishes very quickly, Figure 1.1 b. When
α is large enough, Figure 1.1 c, the numerical solution is physically meaningless.
This same behavior can be observerved in the FEM formulation. After a critical
value of α, further increases result in the degredation of the numerical solution.
Comparing the plots in Fig. 1.1 to that of Fig. 1.2, we can see that the solutions

2

a

b

c
Figure 1.1. The numerical and exact solutions: a) α = 0.5, b) α = 1, and c) α = 2.5
with the FDM

Figure 1.2. Three solutions to the advection diffusion problem using the FEM for
α = .5, 1, 2.5
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begin to degrade at similar points. Since these values of α are relatively low
compared to those in natural processes and others of interest to engineers and
scientists there is a need to stabilize this type of behavior.

1.2 Inf-Sup Condition
The inf-sup condition or the Ladyzhenskaya-Babuska-Brezzi (LBB) condition [2] is
a stability condition that must be satisfied by both the pressure and velocity spaces.
The LBB condition is a mathematical device that if satisfied is sufficient to yield a
unique solution to a saddle point problem. Let us consider the Stokes problem,
−∇p + µ∆v = 0

in Ω,

(1.6)

∇·v =0

in Ω,

(1.7)

in ∂Ω,

(1.8)

v = vgiven
Z
p dV = 0,

(1.9)

Ω

where v is the flow velocity, p is the pressure, and µ is the fluid viscosity. Looking
closer at Eqs. (1.6)–(1.9), the first term, −∇p, is a Lagrange multiplier that is needed
to enforce the incompressibility constraint, Eq. (1.7). The implications of the LBB
condition are that the spaces for v and p must be chosen in a coordinated way. In the
case of the Stokes problem or the Navier-Stokes problem, this coordinated approach
means that linear elements are chosen for the pressure and quadratic elements are
used for the velocity. While the LBB condition and its FEM satisfaction has been
extensively studied in the context of the Stokes and Navier-Stokes problems, its
study in a host of other applications is much less understood. And it is not always
clear what the correct and convenient choice of function spaces should be to solve
non-standard problems as they do arise in many engineering and physics problems.
Therefore, there are many reasons to be able to circumvent the restriction on the
choices of the elements imposed by the LBB condition. In addition, it is always
desirable to be able to make arbitrary choices of finite elements in a problem,
especially one with a host of unknown fields as is typically the case in multi-physics
problems. And so, we again arrive at the need for stabilization of numerical
procedures. It is because of these needs that there has been much effort put toward

4

developing stabilization scheme for advection-diffusion problem and problems with
kinematic constraint constraints like incompressibility [3].
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Chapter 2 |
Review of Stabilization Techniques
2.1 Advection-Diffusion
Let us consider the steady advection-diffusion problem, which is defined by the
following equation
∇·(au − µ∇u) − f = 0 in Ω,
(2.1)
where a is a given velocity field, µ is a positive constant that represents a viscosity,
f is a given input to the problem, and u is the concentration of the diffusing
substance of interest. The field a is often assumed to be divergence free, i.e.,
∇·a = 0 in Ω.

(2.2)

A BVP can be formulated by finding u in an appropriate function space that
satisfies Eq. (2.1) along with following the boundary condition:
u=g

in ∂Ω,

(2.3)

where g is a given function with domain over the boundary ∂Ω of Ω.
Letting V denote the space of all functions with domain Ω that are square
integrable, have square integrable gradient, and satisfy the boundary condition in
Eq. (2.3), the standard Galerkin approach yields the following weak form: find

6

u ∈ V such that

Z

Z

Z

ũ ∇·(au) +
Ω

∇ũ · µ∇u −
Ω

ũf = 0,

(2.4)

Ω

for every ũ ∈ V0 , where V0 is the space of square integrable functions with sqare
integrable gradient that satisfy the homogeneous Dirichlet boundary condition
ũ = 0 on ∂Ω. The equivalence between the problem in Eq. (2.4) and the strong
form of the problem in Eqs. (2.1) and (2.3) has been discussed in various textbooks
(cf. [4]).
When V ≡ V0 , i.e., when the g = 0, the integrals in Eq. (2.4) can be interpreted
as inner products and Eq. (2.4) can then be given the more compact form
(ũ, ∇·(au))Ω + (∇ũ, µ∇u)Ω − (ũ, f )Ω = 0 ∀ ũ ∈ V,

(2.5)

where the expression (u, v)Ω represents the inner-product of the functions u, v ∈ Ω.

2.1.1 Artificial diffusion and SU/PG
Artificial diffusion is a stabilization method that attempts to improve the numerical stability of the FEM for the advection-diffusion problem and does so rather
successfully [1]. In the artificial stabilization method, stabilization is achieved by
adding an extra diffusion term to Eq. (2.5), hence the name, which is defined as:
Z
∇ũ · K∇u

D=

(2.6)

Ω

where K is a positive definite tensor. K behaves like a diffusivity, similar to µ in
Eq. (2.1). The artificial diffusion approach has some drawbacks when applied to
more complex problems, namely, when generalized to multidimensions crosswind
diffusion appears in the solution. In addition, the added diffusion does pollute the
representation of the physics in the governing equations. Hence, this type of stabilization is generally not seen as viable when striving for an accurate representation
of the physics.
The Streamline-upwind diffusion method addresses some of the shortcomings
of the artificial diffusion method. In the streamline-upwind diffusion method the
diffusion is constructed such that it only acts in the direction of the velocity
field a. Here the diffusivity tensor is defined as K := τ a ⊗ a. Recalling that

7

(x ⊗ x)y = (x · y)x, we can see that ∇u in Eq. (2.6) is projected onto the span(a),
thus the diffusivity acts only in the direction of the given velocity field a and
the unwanted crosswind diffusion is eliminated [1]. Admittedly, there remains the
problem of justifying the addition of extra diffusivity along streamlines.
The above concern notwithstanding, streamline diffusion can also be achieved
by modifying the advective term in Eq. (2.4). We begin by defining the first integral
in Eq. (2.4) as
Z
ũ ∇·(au)

A :=

(2.7)

Ω

to which we expand and apply the assumption made in Eq. (2.2). Recalling that a
is assumed to be diverge-free, this yields
Z
ũ(∇u · a)

A=

(2.8)

Ω

We then replace the test function ũ with ũ + τ ∇ũ · a where τ is a scalar parameter.
Due to the fact that (p ⊗ q)r = (q · r)p (see [5]) we then obtain
Z

Z
τ (∇ũ · a)(∇u · a) +

Anew =
ZΩ

ũ ∇·(au)

∇ũ · (τ a ⊗ a)∇u + A.

=

(2.9)

Ω

(2.10)

Ω

The result is exactly the streamline-upwind diffusion method. Historically, when
modifying the test functions in this fashion the method is called a Petrov-Galerkin
type method.1 Thus, this method is referred to in the literature as the streamlineupwind/Petrov-Galerkin (SU/PG) [1].
If we only modify the test function in the advection term we obtain streamlineupwind diffusion method. Doing this, however, leads to an inconsistent formulation,
that is a formulation such that the exact solution of the problem does not solve
the approximate form of the governing equations. From a physics perspective, this
is again a method that does not accurately represent the physics of the model
that generates the governing equations. The solutions generated from numerical
simulations using the inconsistent formulation have been shown to be inaccurate
1

In the Galerkin method, the basis functions for the representation of the solution u and its
associated test functions ũ are the same. In a Petrov-Galerkin formulation, the basis functions
used for interpolation purposes need not be the same as those used for the test functions.
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and produce the same unwanted spurious oscillations as previous methods. Brooks
and Hughes demonstrate this effect with the rotating cone test in [1]. To avoid the
inconsistent formulation all the test functions in Eq. (2.4) are modified so as to
guarantee a consistent formulation. This approach leads to what is called a residual
based SU/PG formulation. To illustrate this last type of formulation, we consider
the SU/PG method for the steady advection-diffusion problem with homogeneous
Dirichlet boundary conditions: find u ∈ H01 (Ω) such that
(ũ, ∇u · a) + (∇ũ, µ∇u) + (τ ∇ũ · a, ∇u · a − ∇·(µ∇u)) − (ũ, f )
− (τ ∇ũ · a, f ) = 0 ∀ ũ ∈ H01 (Ω). (2.11)
Now we turn our attention to the determination of τ . The choice for τ can have
a significant impact on the numerical solutions. As a demonstration consider the
BVP defined by Eqs. (1.1)–(1.3). Earlier we demonstrated the need for stabilization
when P e ≥ 1. Brooks and Hughes also show that stabilization is necessary when L
is large [1]. With the SU/PG method in 1D the test function becomes ũ + τ aũ0 .
Using the same uniform element size h as before and a linear interpolation it can be
shown that the following definition of τ is necessary and sufficient for exact values
at each node [1].
ah
τ=
[coth(α) − α−1 ]
(2.12)
2
where α is the elemental Péclet number defined by α := ah
. In [6, 7], Franca et al.
2µ
have extensively explored techniques for determining τ in the general advectiondiffusion problem. If we let kkp be the p-norm of an underlying vector space, then
we have the following expression for τ :
τ :=

h
ξ(αK ),
2kakp

(2.13)

where
αK =

mkakp h
,
2µ

ξ(αK ) = minαK , 1,
1
m = min , 2C,
3

9

(2.14)
(2.15)
(2.16)

k∇ũk2L2 (Ω) ≥ C

X

h2 k∆ũk2L2 (K)

∀ ũ ∈ V.

(2.17)

K∈T

2.1.2 Galerkin-Least-Squares
From a conceptual point of view the Galerkin-least-squares (GLS) method is a
simplification of the SU/PG method with a wider range of application [8]. In order
to demonstrate the method here we will first rewrite Eq. (2.5) in a bilinear form,
B(, ), and a linear form, L(), so that it looks as follows: find u ∈ V such that
B(ũ, u) = L(ũ) ∀ ũ ∈ V,

(2.18)

B(ũ, u) = (ũ, ∇·(au))Ω + (∇ũ, µ∇u)Ω

(2.19)

where

L(ũ) = (ũ, f )Ω .

(2.20)

Now, we add an extra term to Eq. (2.18) with the intent of providing numerical
stability to the advection-diffusion problem. But, before that we will take a moment
to consider an abstract problem. Suppose we have a differential equation with
the form Lu = b where L is a linear differential operator. Next, we define the
quadratic functional I as follows:
Z
I[u] =

(Lu − b) · (Lu − b) ≡ kLu − bk2L2 (Ω)

(2.21)

Ω

Let’s assume that u is the unique minimizer of I. If we then calculate the directional
derivative evaluated at t = 0, we obtain
d
0=
dt

Z
I[u + tũ] = 2

Lũ · (Lu − b)

(2.22)

Ω

t=0

holds for all admissible ũ.
From the derivation of the abstract problem above we have derived a variational
formulation that will inform the GLS stabilization for the advection-diffusion
problem. The variational formulation is as follows:
(τ Lũ, Lu − b) = 0
10

(2.23)

for all admissible ũ. If we apply the same strategy as above to Eq. (2.1) we have
that the GLS stabilization for the advection-diffusion problem [6] is as follows: find
u ∈ V such that
BGLS (ũ, u) = LGLS (ũ) ∀ ũ ∈ V
(2.24)
where
BGLS = B(ũ, u) + (τ (∇ũ · a − µ∆ũ), ∇u · a − µ∆u),

(2.25)

LGLS = L(ũ) + (τ (∇ũ · a − µ∆ũ), f ).

(2.26)

By letting Lu := ∇u · a − µ∆u and then adding Eq. (2.23) to Eq. (2.18) we
obtain the result in Eq. (2.24). Now we choose the τ defined in Eq. (2.13) as the
stabilization parameter for the GLS method.

2.1.3 Virtual Mutiscale Method
In 1995, Thomas Hughes introduced the VMM stabilization scheme [9]. The main
idea of the technique is to separate the original BVP into a coarse scale and a fine
scale problem by making specific modifications to the test function. The coarse
scale problem, also known as a the resolved scale, is now the problem of interest.
The fine scale problem, known as the unresolved scale, defined at the element level,
provides a stabilization effect.
Again consider the BVP defined in Eq. (2.5). Now we introduce the decomposition for u and ũ, where u = uR + uU and ũ = ũR + ũU . Here R represents the
coarse scale and U represents the fine scale. The fine scale functions uU and ũU
are assumed to vanish on the boundary of each element and to be time independent.
Applying the above assumptions to Eq. (2.5), we obtain the following form:
(ũR + ũU , ∇·(auR ) + ∇·(auU ))Ω + (∇ũR + ∇ũU , µ∇uR + µ∇uU )Ω
− (ũR + ũU , f )Ω = 0. (2.27)
The next step is to split Eq. (2.27) into two separate problems, one for the coarse
scale and one for the fine scale. First we consider the coarse scale problem. By
letting ũU = 0 we can isolate the coarse scale problem and we are left with the
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following:
(ũR , ∇·(auU ))Ω + (∇ũR , µ∇uR )Ω − (uR , f )Ω
+ (ũR , ∇·(auU )Ω + (∇ũR , µ∇uU )Ω = 0 ∀ ũR ∈ V. (2.28)
Now we direct our attention to the last two terms in Eq. (2.28), (ũR , ∇·(auU )Ω
and (∇ũR , µ∇uU )Ω . The objective is to manipulate these terms so they take the
form of (, ũU ). To this end, we apply the divergence theorem to both terms. The
resulting terms are (a · ∇ũR , uU ) and −(∇·(µ∇ũR ), uU ), respectively. Therefore,
the coarse scale problem takes the following form:
(ũR , ∇·(auU ))Ω + (∇ũR , µ∇uR )Ω − (uR , f )Ω
− (a · ∇ũR + ∇·(µ∇ũR ), uU )Ω = 0 ∀ ũR ∈ V. (2.29)
The fine scale problem is derived in a similar fashion. We set ũR = 0 to isolate
the fine scale problem. The fine scale problem is then:
(ũU , ∇·(auU ))Ω + (∇ũU , µ∇uU )Ω − (uU , f )Ω
+ (ũU , ∇·(auR )Ω + (∇ũU , µ∇uR )Ω = 0 ∀ ũU ∈ V. (2.30)
Taking the last two terms and again rearranging so that they take the form of
(ũU , ) we are left with the following fine scale problem:
(ũU , ∇·(auU ))Ω + (∇ũU , µ∇uU )Ω + (ũU , r)Ω = 0 ∀ ũU ∈ V,

(2.31)

where
r = ∇·(auR ) − ∇·(µ∇uR ) − f.

(2.32)

The significance of the term r is found by considering the original problem in
Eq. (2.1). In fact, r is nothing but the residual of the original problem. This fact
suggests an interpretation for Eq. (2.31): the solution of the fine-scale problem
would be trivially equal to zero if the solution of the coarse-scale problem were
exact. As a consequence, we have that the solution of the fine-scale problem would
be driven to zero, as the coarse-scale solution converges to the exact solution.
If one were to consider for a moment the term r as a given, Eq. (2.31) would
12

define a linear BVP uU as it unknown. The solution, therefore, would take the form
uU = −τ r,

(2.33)

where τ is a linear operator acting on problem’s data r. This linear operator, has
a natural approximate representation in the context of a FEM scheme. In fact,
the finite-dimensionality of the underlying FEM makes it so that τ is represented
by a matrix at the element level. In turn the size of this matrix depends on the
approximation functions for uU . Furthermore, the form of this matrix is also readily
identified by considering that the operator τ maps −r into uU linearly. Therefore,
if r is treated as a given the problem and prescribed to be a negative unit input,
i.e., r = −1 then,
τ = uU r=−1 .
(2.34)
Now we return to the coarse scale problem, Eq. (2.29), and substitute Eq. (2.33)
into Eq. (2.29) to obtain the following problem:
(ũ, ∇·(au))Ω + (∇ũ, µ∇u)Ω + (a · ∇u + ∇ · (µ∇u), τ r) = 0 ∀ u ∈ V.

(2.35)

The above problem is the VMM stabilized form of the advection-diffusion BVP.
We drop the R subscript from u for simplicity. In the end, the problem is solved
by identifying an approximation for τ , and then using this approximation in the
solution of u in Eq. (2.35).
Previously in the literature, Masud et al. [10–12] determine τ by constructing
a closed form approximation based on bubble functions. Determining τ in this
fashion allows for the matrix to be assembled simultaneously with the matrix for
Eq. (2.35). This approach, however, requires access the the low level programming
objects. Defining the closed form for τ can typically be done with codes that are
produced by a research group. This cannot be done with proprietary software,
e.g. COMSOL Multiphysics® , as the user cannot access the code necessary to
specify the closed form for τ . This potentially poses a significant limitation in the
applicability of the VMM when it comes to using proprietary software for FEM
problems.

13

Chapter 3 |
Numerical Examples
Here we present the results of several numerical examples from both the advectiondiffusion problem and the Navier-Stokes problem. This is done in order to demonstrate the implementation of the VMM in COMSOL Multiphysics® . As previously
discussed, implementing the VMM in proprietary software comes with a unique
set of challenges that are not present when developing in-house codes to solve the
FEM problems. Namely, the low level programming objects are unavailable for
modification, which would be necessary in order to specify a closed form solution
for τ . In light of this, we were able to determine τ by specifying a separate BVP,
by holding r constant, to be solved in sequence with the coarse scale BVP.

3.1 Advection-Diffusion Problem
In this section, we present convergence studies for the scalar valued advectiondiffusion problem, both steady and transient. Letting Ω = [0, 1] × [0, 1], recall
that the general scalar valued advection diffusion BVP with homogeneous Dirichlet
boundary conditions looks as follows:
∂t u + ∇·(au − µ∇u) − f = 0 in Ω,
u = 0 on ∂Ω.

(3.1)
(3.2)

Restating the results from above, the VMM yields the following weak formulation:
for all ũ ∈ V find u such that
(ũ, ∇ · (au)) + (∇ũ, µ∇u) + (ũ, ∂t u − f ) + (a · ∇ũ + ∇ · (µ∇ũ), τ r) = 0
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(3.3)

(τ, ∇ · (au0 )) + (∇τ, µ∇u0 ) + (τ, r) = 0

(3.4)

where the residual r is given by
r = ∂t u + ∇ · (au) − ∇ · (µ∇u) − f.

(3.5)

3.1.1 Steady Convergence Study
The general advection-diffusion problem in Eq. (3.1) can be easily modified to
describe the steady case by setting ∂t u = 0. Doing this changes the variational
formulation in Eqs. (3.3) and (3.4) to the following: for all ũ ∈ V find u such that
(ũ, ∇ · (au)) + (∇ũ, µ∇u) − (ũ, f ) + (a · ∇ũ + ∇ · (µ∇ũ), τ r) = 0

(3.6)

(τ, ∇ · (au0 )) + (∇τ, µ∇u0 ) + (τ, r) = 0

(3.7)

where the residual r is now given by
r = ∇ · (au) − ∇ · (µ∇u) − f.

(3.8)

As previously stated, our approach for obtaining the stabilization parameter τ is
to first solve Eq. (3.7), with r held constant, in order to find a solution for τ . This
solution for τ is then used in Eq. (3.6) to solve for the scalar concentration of interest,
u. Using the “Weak Form PDE” interface of COMSOL Multiphysics® (see [13]) we
implemented the numerical solution to the problem specified in Eqs. (3.7) and (3.6).
Bubble functions are used to approximate τ in the fine scale solution and Lagrange
quadratic elements are used for the coarse scale problem. Uniform meshes with
16, 64, 256, 1024, 4096 and 16384 elements are used. Recalling the definition of
the elemental Péclet number, α := ah
, the diffusivity was held constant and the
2µ
magnitude of the prescribed velocity field a was swept over the following values
for each number of elements: 1, 5, 20, 50, 100, 200 and 400. The resulting Péclet
numbers far exceed the limit for stability in the unstabilized case, the highest being
α = 200. For the convergence study, the method of manufactured solutions is
used [14] to determine the convergence rates. Our manufactured solution u, shown
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Figure 3.1. Manufactured solution u in the steady case

in Fig. (3.1), is the following:
u = sin

 2π(x + y) 
L

.

(3.9)

If we let eu denote the error estimation of the concentration u, we can see from
Fig. 3.2 that the rates of convergence are comparable to the theoretical convergence
rates, that is,
||eu ||L2 = O(h3 ),

(3.10)

||ev ||H 1 = O(h2 ).

(3.11)

3.1.2 Transient Convergence Study
Now we turn our attention to the transient case of the advection-diffusion problem.
The transient case is exactly what is specified in Eqs. (3.1) and (3.2), thus the
variational formulation is stated in Eqs. (3.3) and (3.4). We employ the same
strategy as above in determining τ only now it is calculated at each time step.
Again, the “Weak Form PDE” interface of COMSOL Multiphysics® (see [13]) is used
to implement the variational formulation. Bubble functions are used to approximate
16

Figure 3.2. Convergence rates for L2 and H 1 norms for u in the steady advection-diffusion
problem

the fine scale solution and Lagrange quadratic elements for the coarse scale problem.
Uniform meshes with 16, 64, 256, 1024, 4096 and 16384 elements are used. The
method of manufactured solutions is used [14] to determine the convergence rates.
Our manufactured solution u, shown in Fig. 3.3, is the following:
u = sin

 2πt 
t0

sin

 2π(x + y) 
L

.

(3.12)

Let the error of the quantity u be denoted by eu . Then from Fig. 3.4 we can see
the convergence rates are
||eu ||L2 = O(h2 ),

(3.13)

||ev ||H 1 = O(h2 ).

(3.14)

3.2 Navier-Stokes Problem
In this section we will examine several iterations of the incompressible Navier-Stokes
problem. We first start with a convergence study of the VMM stabilized Navier-
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Figure 3.3. Manufactured solution u for the transient case at t = 0.2 s

Figure 3.4. Convergence rates for L2 and H 1 norms for u in the transient advectiondiffusion problem at t = 0.95 s

Stokes problem. Then we consider two benchmark cases, the steady lid cavity
problem [11] and flow though a channel with a cylindrical obstruction [15]. Due
to the fact that a solution can be found for these types of problems given enough
mesh refinement and time, the meshes used will be relatively coarse in order to
test the stabilization effects of the VMM. The steady incompressible Navier-Stokes
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equations yield the following BVP:
ρ(v · ∇v) − ∇ · (pI + 2µ∇sym v) − b = 0

in Ω

(3.15)

∇·v−q =0

in Ω

(3.16)

on ∂Ω.

(3.17)

v = vg

The Navier-Stokes problem is stabilized following the same procedure and
assumptions set in section (2.1.3). The VMM stabilized formulation of the steady
Navier-Stokes problem is as follows: for all ṽ ∈ V and p̃ ∈ P find v and p such that
2
∇ · (∇ṽ) + ∇q, τ )
Re
2
+(∇ṽ, −pI +
∇sym v) = 0
Re
2
(τ̃ , (∇τ )v̄) + (∇sym τ̃ ,
∇sym τ ) − (τ, I) = 0
Re

(ṽ, v · ∇v − b) + (ṽ · ∇ṽ + ṽ(∇ · v) +

(3.18)

(3.19)

where I is the identity tensor, Re is the Reynolds number given by Re = ρLv
and q
µ
is a source term for the method of manufactured solutions which is set to 0 for the
second two studies. Eq. (3.18) gives the coarse scale problem from the VMM and
Eq. (3.19) gives the fine scale problem for τ from the VMM [11].

3.2.1 Convergence Study
For the convergence study, we again set the domain to Ω = [0, 1] × [0, 1]. As before,
we utilize the method of manufactured solutions to verify the formulation. For
both the velocity and pressure spaces linear Lagrange elements are used since the
VMM allows us to bypass the inf-sup condition. Bubble functions are used for τ ,
as before. The “Weak Form PDE” interface in COMSOL Multiphysics® is again
used to implement the variational formulation. Uniform meshes with 16, 64, 256,
1024, 4096 and 16384 elements are used. The manufactured solution for v(vx , vy )
and p are the following:
vx = 1 + 0.2 sin

 2π(x + y) 

,
L
 2π(x + y) 
vy = 1 + 0.2 cos
,
L
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(3.20)
(3.21)

Figure 3.5. Manufactured solution for vx

p = sin

 2π(x − y) 
L

.

(3.22)

Plots for the manufactured solutions for v and p are shown in Figs. (3.5) through (3.7).
Let ev and ep denote the errors for the velocity and pressure respectively. The
convergence rates for ev and ep are shown in Fig. 3.8. The convergence rates we
obtain agree with the theoretical convergence rates (cf. [11]), namely,
||eu ||L2 = O(h3 ), ||ev ||H 1 = O(h2 ), ||ep ||L2 = O(h2 ).

(3.23)

3.2.2 Lid Cavity Problem
The lid cavity problem [12] is a problem often used for benchmarking numerical
formulations. In this section we present the steady VMM stabilized lid cavity
problem. The “Weak Form PDE” interface in COMSOL Multiphysics® is again
used to implement the numerical solution. The domain for this study is a unit
square with one corner at the origin, i.e. Ω = [0, 1]×[0, 1]. The domain is discretized
into uniform meshes consisting of 40 × 40, 80 × 80 and 160 × 160 elements. As
well, both the velocity and pressure spaces are approximated with linear Lagrange
elements and τ is approximated using bubble functions. A pointwise constraint of
20

Figure 3.6. Manufactured solution for vy

Figure 3.7. Manufactured solution for p

zero is applied to the pressure at the origin. A velocity in positive the x-direction
is applied to the top edge of the domain, as seen in Fig. 3.9.
The Reynolds number is set at 10,000 for the lid cavity study. The streamlines
are shown over a heat map of the absolute velocity in Fig. 3.10. Comparing our
results to those of Masud et al. [11], we observe five resolved vortices in each case.
In the case of the 40 × 40 element mesh, two vortices are located in the top left

21

Figure 3.8. Convergence rates for L2 and H 1 norms for v and the L2 norm for p in the
Navier-Stokes problem

Figure 3.9. Schematic of the lid cavity problem boundary conditions
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corner. Masud et al. show only one vortex in this location for their 40 × 40 element
mesh. The other two results from this study compare very well to [11].

3.2.3 Flow Through a Channel
The final study for the VMM stabilized Navier-Stokes is simulating flow though a
channel with an offset cylindrical obstruction. This particular benchmark test is
set forward by Schäfer et al. (named the 2D-1 steady case in [15]). A schematic of
the domain is shown in Fig. 3.11. The channel height is specified as H = 0.41 m
and the cylindrical obstruction has a diameter of D = 0.1 m. We set the kinematic
viscosity to ν = 10−3 m2 /s and the density to ρ = 1.0 kg/m3 . The inlet flow is
specified as:
y(H − y)
v(0, y) = 4Um
,
(3.24)
H2
where Um is the mean velocity and set to Um = 0.3 m/s. This results in a Reynolds
mD
number of 20, where Re = 2U3ν
. As indicated in [15] the study is run three times
with increasing coarsening meshes. The degrees of freedom associated with these
meshes are 174752, 70198, and 20020. For both the velocity and pressure spaces,
quadratic elements are used here.
In [15], four parameters are specified as metrics to compare the results from
independent groups. They are the lift coefficient over the cylinder cL , the drag
coefficient over the cylinder cD , the pressure drop across the cylinder ∆P and the
recirculation length La . A heat map of vx is superimposed over streamlines in
Fig. 3.12. Table 3.1 provides our results from this study alongside the intervals
proposed by Schäfer et al. for “exact” results. The results that we obtained from
this study compare very well to the proposed “exact” results from Schäfer et al..
In most cases our values are either within the range of “exact” or very close. The
metric that varies the most from the proposed “exact” values is the lift coefficient.
This is also the case for the results that were published in [15]. Comparing our lift
coefficient values to the those in [15] we see that our values are neither higher than
the maximum values obtained or lower than the minimum values.
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a

b

c
Figure 3.10. Streamlines for Re = 10, 000: a) 40 × 40 element mesh, b) 80 × 80 element
mesh, and c) 160 × 160 element mesh
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Figure 3.11. Schematic for flow through an obstructed channel

Figure 3.12. Streamlines and vx for the 20020 degree of freedom mesh

Table 3.1. Results from the study proposed by Schäfer et al.

Unknowns
174752
70198
20020
Exact

La
0.083
0.084
0.082
0.0847±0.0002

cD
5.573
5.575
5.517
5.58±0.01
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cL
0.00398
0.00630
0.02189
0.0107±0.0003

∆P
0.1179
0.1180
0.1186
0.1174±0.0002

Chapter 4 |
Conclusion
The motivation for this work comes from biomedical applications where the governing equations often exhibit advection-dominant behavior. This behavior gives
rise to numerical instabilities that take the form of spurious oscillations in the
solution. Many techniques have be developed over the years in order to numerically stabilize these types of problems. We presented an overview of a few typical
numerical stabilization techniques for the Finite Element Method (FEM), which
include streamline-upwind/Petrov-Galerkin (SU/PG), Galerkin-least-squares (GLS)
and Virtual Multiscale Method (VMM). This was done in order to first provide
the reader with a short background in the stabilization techniques for advectiondominant problems. Secondly, the VMM was presented for the advection-diffusion
problem to illustrate the difficulties in implementing the VMM in proprietary
software.
Several studies on the stabilization effects of the VMM were conducted with
the advection-diffusion problem and the Navier-Stokes problem. These studies
show that the VMM implemented in COMSOL Multiphysics® can be compared
to custom VMM stabilized FEM codes. Further work should extend the studies
presented here to both transient and 3D cases. This should be done to provide a
more thorough investigation into the validity of using COMSOL Multiphysics® as
an alternative to the codes developed by individual research groups for stabilized
FEM solvers.
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