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Abstract
The study of bacterial movement is a fascinating intersection between biology and
mathematics. Despite their unicellular structure, bacteria possess complex molecular machineries
for locomotion. This thesis provides a general overview of current biological and computational
models of bacterial motility, as well as some background knowledge for interested readers who
are not familiar with partial differential equations and tensors. A common assumption underlying
many mathematical theories of micro-swimmers is that a self-propelled particle, such as E. coli,
can be modeled as a force dipole. That is, a motile bacterium exerts a pair of parallel forces,
equal in magnitude but opposite in direction, on the suspending fluid. The thesis analytically and
numerically investigates the force dipole model for a flagellated swimming bacterium in
isotropic, incompressible fluids. The analytical solutions are derived from the Stokes equations
via the method of Green’s function while the numerical results are obtained from the Marker and
Cell scheme. Finally, the thesis examines the application of the force dipole model to anisotropic
fluids in living liquid crystals, along with seminal research discoveries from the literature.
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Chapter 1
Introduction
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1.1

Bacterial Motility at a Glance

Bacteria are prokaryotic, unicellular organisms that can be found almost everywhere on
Earth. From the abyss of Mariana Trench to the intestines of human body, bacteria thrive in
diverse environments and constitute the bulk of organic life forms. In order to survive in various
conditions, bacteria have developed complex molecular machineries for locomotion. Motility,
the ability to move, is rarely random: motile bacteria can migrate towards regions with high
concentration of oxygen and nutrients while moving away from unfavorable environments for
optimum growth and division [1, 2].
There are several types of bacterial locomotion, but by far the most well-known example
is swimming bacteria with flagella, such as E. coli and B. subtilis. Typically 5-20 𝜇𝑚 in length
and 10-30 𝑛𝑚 in diameter, a flagellum is a tail-like protrusion from the cell body of bacteria [3].
While its primary function is motility, flagella may also work as a sensory organelle for
chemicals and temperature. Embedded inside the cell body is the flagellar motor, a protein
complex that turns the helical flagellum, as illustrated in Figure 1.1. The bacterial flagellar
motor, which produces torque for flagella rotation, consists of a series of dynamic, ring-like
structures that attach to a flagellum via a flexible hook. Switching between clockwise and
counterclockwise rotation allows bacteria to effectively change direction in response to
intracellular and environmental factors.

Figure 1.1. General structure of a flagellated bacterium. Left: A flagellum is a helical, tail-like
appendage from the elongated bacterial body. Right: The flagellar motor, embedded inside the cell
body, consists of a series of concentric rings that attach to a flagellar filament via a flexible hook.
The flagellar motor generates torques for flagellar rotation, which propels bacteria forward.
Downloaded from https://courses.lumenlearning.com/boundless-biology/chapter/structure-ofprokaryotes/ (left) and [3]: https://www.cell.com/biophysj/fulltext/S0006-3495(16)30518-5 (right).

In addition to flagella, bacteria employ diverse motility mechanisms, such as gliding,
twitching, swarming, and sliding [4]. Gliding bacteria, such as M. xanthus, do not use any
external propulsive organelles to generate force. Instead, rapid intracellular assembly and
disassembly of large, dynamic protein structures, called focal adhesion complexes, drive the
bacteria forward. Twitching motility, on the other hand, utilizes an external apparatus called
pilus, which unlike rotating flagella, operates as a “grappling hook” to pull the bacteria [5]. If
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groups of bacteria are swimming together, they may exhibit a rapid collective surface movement
called swarming. In contrast to all the active translocations mentioned above, sliding motility is a
passive locomotion powered by cell divisions and facilitated by lubricating surfactants [4].
Common types of bacterial motility are summarized in Figure 1.2 below.

Figure 1.2. Summary of different mechanisms of bacterial movement. Bacteria
may rely on various modes of locomotion depending on the situation. Downloaded
from [4]: https://www.nature.com/articles/nrmicro2405/figures/1.

In the past few decades, the study of bacterial motility has attracted great interest because
of its biomedical and engineering applications. Due to the mechanistic difference between
prokaryotic and eukaryotic movement, knowledge of the bacterial motility may facilitate the
development of new antibiotics that specifically target the pathogenic bacteria. For instance, C.
jejuni, a common cause of diarrhea, was found to swim rapidly through the mucous lining of
intestines to reach the epithelium and produce toxin, contrary to the popular belief at the time
that the bacteria colonize human gut tubes through attachment [2].

1.2

Computational Models of Bacterial Motility

The study of bacterial motility lies at the interface of biology, physics, and mathematics.
The combined efforts of biological experiments and computational models are often necessary to
investigate the problems. Experiments demonstrate facts about bacterial motility, such as the
molecular structure of the locomotive apparatus and the collective motion of interacting bacteria.
Mathematics, on the other hand, integrates experimental observations into a coherent, conceptual
model. This model can then be used to predict future results, while its unknown aspects are
temporarily filled with assumptions that await further experiments [6]. Such interplay between
physical observation and mathematical prediction requires the collaboration between researchers
across multiple disciplines.
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In the past few decades, many mathematical models of bacterial motility have been
proposed and significant advances have been made as new information emerges from novel
experimentation. These models often focus on different aspects of the motility mechanisms at
various scales. At a nanometer scale (10−9 𝑚), there are mechanochemical models, which
illustrate how flagellar motor generates the rotational torque [7,8]. Additionally, the Allosteric
Ising models explain how signaling molecules switch the rotational direction of the flagellar
motor [8]. At a micrometer scale (10−6 𝑚), the molecular interactions become negligible and
computational models now approximate the behavior of an individual bacterium, such as the runand-tumble motion of E. coli [9]. Furthermore, the fluid mechanics models demonstrate how
rotational torque of flagella is translated to propulsive force of bacteria [10]. Finally, at a
multicellular scale (> 10−6 𝑚), many models study cell-to-cell interactions and collective
behaviors in a population. For instance, the reaction diffusion models examine the colony
patterns of bacterial growth due to sliding and swarming [11] and the biased random walk
models describe the behavior of swimming bacteria in response to a chemotactic gradient [12].
Some examples of current computational models of bacterial motility are summarized below in
Table 1.1 below.

Scale of the Problem
Molecular

Cellular

Population

Examples of Computational Models of Bacterial Motility
•

Mechanochemical model for flagellar motor rotation

•

Allosteric Ising model for motor switching transition

•

Run-and-tumble model for reorientation behavior

•

Fluid mechanics model for thrust generation

•

Reaction diffusion model for colonial expansion

•

Biased random walk model for chemotaxis effect

Table 1.1. Examples of current computational models of bacterial motility.

A common, underlying assumption in many computational models of bacterial motility is
that a self-propelled particle, such as a flagellated bacterium, can be theoretically modeled as a
force dipole [9, 13, 14, 17-19, 21, 30, 31]. That is, the bacterial flagellum exerts a propulsive
force 𝐹 on the fluid, and simultaneously, the bacterial body exerts an equal but opposite reaction
drag force −𝐹 on the fluid. In the following chapters, we will introduce the force dipole (FD)
model, which characterizes the hydrodynamics of a simple swimming bacterium, such as E. coli.
Analytically, the FD originates from the multipole expansion of the fundamental singularity of
the Stokes equations and describes the flow field of a pusher or puller bacterium in free space
(Chapter 2). Numerically, the FD is solved via the Marker and Cell (MAC) scheme and can be
used to predict the flow field of a bacterium under various boundary conditions (Chapter 3).
Lastly, the thesis examines the application of the FD model to living liquid crystals (LLC) and
presents a few interesting research discoveries from the literature (Chapter 4).
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1.3

Mathematical Preliminaries

In this section, we present some classic definitions and theorems in partial differential
equations (PDEs) and tensors. These concepts will be particularly helpful in our later discussion.
Important proofs will also be provided. For further reading, please refer to the textbook [15] and
lecture notes [16].
1.3.1. The method of Green’s function
Definition 1.1. The fundamental solution Φ𝑛 to the Laplace equation
− △ Φ𝑛 (𝒙, 𝒙𝟎 ) = δ(𝑛) (𝒙 − 𝒙𝟎 )

(1.1)

is defined as
−|𝒙 − 𝒙𝟎 |
1
−
log|𝒙 − 𝒙𝟎 |
Φ𝑛 (𝒙, 𝒙𝟎 ) =
2𝜋
1
{ 𝐴𝑛 |𝒙 − 𝒙𝟎 |𝑛−2

𝑛 =1,

(1.2)

𝑛 =2,

(1.3)

𝑛 ≥ 3,

(1.4)

where 𝒙, 𝒙𝟎 ∈ 𝓡𝒏 , △ is the Laplacian, δ(𝑛) is the n-dimensional Dirac delta function, and 𝐴𝑛 is
the surface area of a unit ball in 𝓡𝒏 (e.g. 𝐴3 = 4 𝜋).
Remark 1.1. It is also common for engineers and physicists to define Φ𝑛 as the negative of our
fundamental solution. In other words, △ Φ𝑛 (𝒙, 𝒙𝟎 ) = δ𝑛 (𝒙 − 𝒙𝟎 ).
Remark 1.2. The interpretation of the fundamental solution Φ𝑛 has far-reaching consequences
in physics. In electrostatics, Φ3 stands for electric potential of a point charge; In Fick’s law for
diffusion, Φ3 is the chemical concentration; In fluid mechanics, Φ3 represents the velocity
potential if the flow is irrotational (no eddies) and incompressible (constant density).
Additionally, it is also a good exercise to understand why Φ𝑛 is defined the way it is. A
derivation of Φ2 will be given and higher-dimensional cases are similar. Notice that Φ𝑛 satisfies
the Laplace equation △ Φ𝑛 = 0 everywhere except point 𝒙𝟎 . Since the Dirac delta function is
radially symmetric and the domain is infinite without boundary, the solution is radially
symmetric, too. Therefore, Φ𝑛 should only depend on the distance 𝑟 ≔ |𝒙 − 𝒙𝟎 | between the
two points 𝒙 and 𝒙𝟎 but not the angle. Under polar coordinates, we obtain 𝑟Φ2′′ + Φ2′ = 0.
Separation of variables yields Φ2 (𝑟) = 𝐴 log(𝑟) + 𝐵. We set 𝐵 = 0 because it does not
contribute to the Dirac delta function. Determining 𝐴 is a bit tricky. First, we need to use the
property of the Dirac delta function
∫ δ(𝑛) (𝒙)𝑑𝒙 = 1 ,

(1.5)

𝓡𝑛

where 𝒙 ∈ ℝ𝑛 . Secondly, we need the divergence theorem
∫ ▽⋅ 𝒖 𝑑𝒙 = ∮ 𝒖 ⋅ 𝒏 𝑑𝑆 ,
Ω

𝜕Ω

(1.6)
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where 𝒏 is the outward normal vector for a nice domain Ω ⊂ 𝓡𝑛 , 𝑆 is a piecewise smooth
boundary, and 𝒖 is continuously differentiable vector field. Let 𝐷𝜀 be a disk with radius ε around
the point 𝒙𝟎 , then
From (1.5):

1 = ∫ δ(2) ( 𝒙)𝑑𝒙
𝓡2

By the definition of
Laplacian and (1.1):

= −𝐴 ∫ ▽⋅ ▽ log(𝑟) 𝑑𝒙
𝐷𝜀

From the divergence
theorem (1.6):

= −𝐴 ∮ ▽ log(𝑟) ⋅ 𝒏 𝑑𝑆
𝜕𝐷𝜀
2𝜋
𝑑 log(𝑟)
1
𝑑𝑆 = −𝐴 ∫
𝑟𝑑𝛳 .
𝑑𝑟
𝜕𝐷𝜀
0 𝑟

= −𝐴 ∮
Therefore, 𝐴 = −1/2𝜋.

With the fundamental solutions at our disposal, we are now ready to tackle the problem
of solving the inhomogeneous PDEs via the method of Green’s function. Let Ω be an open,
bounded domain of ℝ𝑛 and consider the Poisson’s equation:
{

𝑥 ∈ Ω ⊂ ℝ𝑛 ,
𝑥 ∈ 𝜕Ω .

−△𝑢 =𝑓,
𝑢=𝑔,

(1.7)

Theorem 1.3 (Basic existence theorem). Let Ω be a bounded Lipschitz domain, and let 𝑔 ∈
̅ ).
𝐶(𝜕Ω). Then the PDE (1.7) has a unique solution 𝑢 ∈ 𝐶 2 (Ω) ∩ 𝐶(Ω

∎

Proof 1.3 The proof is beyond the scope of the thesis.
Definition 1.4. The Green’s function 𝐺 in a domain Ω ⊂ ℝ𝑛 is a function of (𝑥, 𝑦) ∈ Ω × Ω
such that for each fixed 𝑥 ∈ Ω:
{

− △ 𝐺(𝑥, 𝑦) = δ(𝑥 − 𝑦) ,
𝐺(𝑥, 𝑦) = 0 ,

𝑦 ∈ Ω,
𝑦 ∈ 𝜕Ω.

(1.8)

Remark 1.4. As one may already notice, the Green’s function 𝐺(𝒙, 𝒚) and the fundamental
solution Φ(𝒙, 𝒙𝟎 ) are essentially the same, but the Green’s function also imposes a vanishing
boundary condition.
̅ ) is the solution to
Theorem 1.5 (Solution to Poisson’s equation in ℝ𝐧 ). If 𝑢 ∈ 𝐶 2 (Ω) ∩ 𝐶(Ω
the Poisson’s equation (1.7) with Dirichlet boundary condition and 𝐺(𝒙, 𝒚) is the Green’s
function for Ω, then
𝑢(𝑥) = − ∫ 𝑔(𝑦)
𝜕Ω

𝜕𝐺(𝑥, 𝑦)
𝑑𝑆(𝑦) + ∫ 𝑓(𝑦)𝐺(𝑥, 𝑦)𝑑𝑦 ,
𝜕𝒏
Ω

(1.9)

where 𝑓 and 𝑔 are continuous functions.
Remark 1.5. This theorem provides an explicit working formula for solving the Poisson’s
equation with Dirichlet boundary condition and will be used several times later in Chapter 2.
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This theorem also implies that the Green’s function is not determined by the inhomogeneous
terms 𝑓 or 𝑔 and only depends on the domain Ω and the boundary 𝜕Ω.
Proof 1.5. Partial proof will be provided for clarity.
𝑢(𝑥) = ∫ 𝛿(𝑦 − 𝑥) 𝑢(𝑦)𝑑𝑦
Ω

= − ∫ △ 𝐺(𝑥, 𝑦) 𝑢(𝑦)𝑑𝑦
Ω

𝜕𝐺(𝑥, 𝑦)
𝑢(𝑦)𝑑𝑆(𝑦)
𝜕𝒏
𝜕Ω

= ∫ ▽ 𝐺(𝑥, 𝑦) ⋅▽ 𝑢(𝑦)𝑑𝑦 − ∫
Ω

= − ∫ 𝐺(𝑥, 𝑦) △ 𝑢(𝑦)𝑑𝑦 + ∫ 𝐺(𝑥, 𝑦)
Ω

𝜕Ω

𝜕𝑢(𝑦)
𝜕𝐺(𝑥, 𝑦)
𝑑𝑆(𝑦) − ∫
𝑢(𝑦)𝑑𝑆(𝑦)
𝜕𝒏
𝜕𝒏
𝜕Ω

𝜕𝐺(𝑥, 𝑦)
𝑔(𝑦)𝑑𝑆(𝑦) .
𝜕𝒏
𝜕Ω

= ∫ 𝐺(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦 − ∫
Ω

The proof in the converse direction requires setting the Green’s function 𝐺 to be the difference
between the fundamental solution Φ and a corrector function ϕ and is left to the readers.
∎
The beauty of the Green’s function is that it is not restricted to solving only the Poisson’s
equation. In fact, the Green’s function can be generalized to a variety of linear differential
operators, such as the d’Alembert operator □. Formally, given any linear differential operator 𝐷
with 𝐷𝑢(𝑥) = 𝑓(𝑥), the corresponding Green’s functions always satisfy the following
properties:
𝐷𝐺(𝑥, 𝑦) = δ(𝑥 − 𝑦) ,

(1.10)

𝑢(𝑥) = ∫ 𝐺(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦 .

(1.11)

1.3.2. Approximating Dirac delta function
In this section, we will discuss how to approximate a Dirac delta function in 2D by a
bivariate normal distribution, which will come in handy in Chapter 3. Let’s start by formally
defining a multidimensional Dirac delta function.
Definition. 1.6 (2D Dirac delta function). A 2D δ-function is defined by the following three
properties:
δ(2) (𝑥, 𝑦) = δ(𝑥)δ(𝑦) = {

∞,
0,

(𝑥, 𝑦) = 0 ,
otherwise ,

(1.12)

∬ δ(2) (𝑥, 𝑦)𝑑𝐴 = 1 ,

(1.13)

∬ 𝑓(𝑥, 𝑦)δ(2) (𝑥 − 𝑥0 , 𝑦 − 𝑦0 )𝑑𝐴 = 𝑓(𝑥0 , 𝑦0 ) .

(1.14)

8
To find a suitable approximator for δ(2) , it must satisfy the first two properties (1.12) and (1.13).
The third property (1.14) is called the sifting property, which was used in proof 1.5. One way to
approximate the Dirac delta function is to take the limit of a probability density function (pdf) of
a normal distribution as the variance tends to zero. In one dimension, this means
δ(𝑥 − 𝑥0 ) = lim
2

1

𝜎 →0 √2𝜋

𝜎2

𝑒

−

(𝑥−𝑥0 )2
2 𝜎2

(1.15)

.

Figure 1.3. Approximation of Dirac delta function by normal distribution. Left: As the
variance tends to zero, the normal distribution becomes thinner and taller at point 𝑥0 = 0.
Right: Dirac delta function is infinite at point 𝑥0 = 0 and is zero everywhere else.

Similarly, we can approximate a 2D Dirac Delta function using the pdf of a bivariate normal
distribution:
𝑃(𝑥, 𝑦) =
where 𝑧 =

(𝑥−𝑥0 )2
𝜎12

−

2𝑐(𝑥−𝑥0 )(𝑦−𝑦0 )

1
2𝜋𝜎1 𝜎2 √1 − 𝑐 2
+

(𝑦−𝑦0 )2

𝜎1 𝜎2
𝜎22
+∞ +∞
∫−∞ ∫−∞ 𝑝(𝑥, 𝑦)𝑑𝑦𝑑𝑥 =

𝑒

−

𝑧
2(1−𝑐 2 )

(1.16)

,

and 𝑐 = cor(𝑥, 𝑦) =

cov(𝑥,𝑦)
𝜎1 𝜎2

. Notice that by the

definition of pdf,
1, which makes the normal distribution a nice
candidate for approximating the Dirac delta function. Since in our case 𝑥 and 𝑦 represent the
variables of the Dirac delta function in Cartesian coordinates, they are independent and therefore
the correlation coefficient 𝑐 = 0. By setting 𝜎 = 𝜎1 = 𝜎2 , we obtain our desired approximation
the 2D Dirac delta function at point 𝑥0 and 𝑦0 :
(𝑥−𝑥0 )2 +(𝑦−𝑦0 )2
1
−
2𝜎2
δ
− 𝒙𝟎 ) = δ(𝑥 − 𝑥0 )δ(𝑦 − 𝑦0 ) = lim
𝑒
.
𝜎2 →0 2𝜋𝜎 2
1.3.3. Tensors and Tensor Products
(2) (𝒙

(1.17)

Finally, we will discuss the concepts of tensors and tensor products as multidimensional
arrays. This knowledge will be particularly helpful in perusing literature as many formulas in
applied mathematics are written in tensorial forms.
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Definition 1.7 (Tensor product of vectors). Let 𝒙 = (𝑥1 , … , 𝑥𝑛 ) ∈ ℝ𝑛 and 𝒚 = (𝑦1 , … , 𝑦𝑚 ) ∈
ℝ𝑚 be two vectors, then a tensor product of two vectors is defined as
𝑥1
𝑥1 𝑦1 ⋯ 𝑥1 𝑦𝑚
(1.18)
⋮
𝑦
⋯
𝑦
⋱
⋮ ].
𝒙 ⨂ 𝒚 = [ ][ 1
𝑚] = [ ⋮
𝑥𝑛
𝑥𝒏 𝑦1 ⋯ 𝑥𝑛 𝑦𝑚
Remark 1.7. The tensor product of two vectors is also known as an outer product. As one may
already notice, it is equivalent as a matrix multiplication 𝒙𝒚𝐓 , where the superscript T denotes
the transpose of the column vector 𝒚. The result is an 𝑛 by 𝑚 matrix.
𝜕

𝜕

Example 1.8. To see a tensor product in action, let’s consider the del operator ▽= (𝜕𝑥 , 𝜕𝑦) and
a vector-valued function 𝒖(𝒙, 𝒚) = (𝑢1 (𝑥, 𝑦), 𝑢2 (𝑥, 𝑦)) in 2D, then the gradient of a vector field
is
𝜕
𝜕𝑥
▽ ⨂ 𝒖 = 𝜕 [𝑢1
[𝜕𝑦]

𝜕𝑢1
𝑢2 ] = 𝜕𝑥
𝜕𝑢1
[ 𝜕𝑦

𝜕𝑢2
𝜕𝑥
𝜕𝑢2 .
𝜕𝑦 ]

Remark 1.8. If ▽ ⨂ 𝒖 is followed by an inner or dot product, say (▽ ⨂ 𝒖) ⋅ 𝑱, where 𝑱 is a
vector, then we need to take the transpose of the resultant matrix above, because a dot product is
often defined as a row vector multiplied by the transpose of another row vector (whereas in
tensor product, a column vector times the transpose of another column vector). This may be an
abuse of notation, but the underlying mathematics is the same.
Definition 1.9 (Tensor product of matrices). Let 𝐴𝑚𝑛 and 𝐵𝑝𝑞 be two matrices, then a
Kronecker tensor product of 𝐴 and 𝐵 is
𝐴⨂𝐵 =[

𝑎11 𝐵
⋮
𝑎𝑚1 𝐵
𝑎11 𝑏11
⋮
𝑎11 𝑏𝑝1

=

⋯
⋱
⋯

𝑎1𝑛 𝐵
⋮ ]
𝑎𝑚𝑛 𝐵

⋯
⋱
…

𝑎11 𝑏1𝑞
⋮
𝑎11 𝑏𝑝𝑞

⋯
⋱
…

⋯

𝑎1𝑛 𝑏11
⋮
𝑎1𝑛 𝑏𝑝1

⋱

⋮
𝑎𝑚1 𝑏11
⋮
[𝑎𝑚1 𝑏𝑝1

(1.19)

𝑎𝑚1 𝑏1𝑞
⋮
𝑎𝑚1 𝑏𝑝𝑞

⋯

⋯
⋱
…

𝑎1𝑛 𝑏1𝑞
⋮
𝑎1𝑛
.

⋮
𝑎𝑚𝑛 𝑏11
⋮
𝑎𝑚𝑛 𝑏𝑝1

⋯
⋱
…

𝑎𝑚𝑛 𝑏1𝑞
⋮
𝑎𝑚𝑛 𝑏𝑝𝑞 ]

Remark 1.9. The Kronecker tensor product is bilinear and associative. However, it is noncommutative, i.e. 𝐴 ⨂ 𝐵 ≠ 𝐵 ⨂ 𝐴. Furthermore, an outer product is a special case of the
Kronecker tensor product.
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Chapter 2
Force Dipole Model

11
In this chapter, we will analytically examine the force dipole model for a self-propelled
micro-swimmer in isotropic, incompressible fluids. For more information on solving the Stokes
equations, we refer to the textbook [20]; for an in-depth analysis of the hydrodynamics of
bacterial motility, we refer to the papers [13, 14, 17 – 19, 21].

2.1

Life at Low Reynold Numbers

Force dipole (FD) is a popular mathematical approach to modelling a swimming
bacterium with flagella. It assumes that the bacterium is inertia-free and thus does not have net
force or net torque acting on itself. There are two standard classifications of motile swimmer by
mode of propulsion: pusher or puller. A pusher bacterium, such as E. coli, rotates bundles of
helical flagella and exerts a propulsive force 𝐹1 on the fluid. At the same time, the bacterial body
exerts a reaction drag force 𝐹2 on the fluid in the opposite direction of 𝐹1 . To conserve the
angular momentum, the bacterial body also rotates in the opposite direction of its flagella. On the
other hand, a puller bacterium, such as C. reinhardtii, uses a breaststroke motion and “pulls” the
surrounding fluid towards its body. Ideally, the two forces, equal in magnitude and opposite in
direction, generate a FD, so a swimmer does not exert net force or net torque on the fluid.

Figure 2.1. Force diagrams of a pusher and a puller. Left: A pusher swims via the rotation of bundled
flagella. Right: a puller swims in a breaststroke motion. In both cases, the bacterium exerts a pair of
equal but opposite propulsive force 𝐹1 and reaction drag force 𝐹2 onto the fluid. Illustrated by Hai Chi.

The FD can be derived from the multipole expansion of the fundamental singularity of
the Stokes equations, which governs typical laminar (sheet-like) flow at low Reynolds numbers
𝑅𝑒 ≪ 1. In fluid mechanics, the Reynolds number is the ratio of inertial forces to viscous forces
[20]. Typically, a bacterium, such as E. coli, has length ℓ ~ 3 𝜇𝑚 and swimming speed
𝑉0 ~ 20 𝜇𝑚/𝑠. Therefore, the Reynolds number for swimming bacteria is
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𝑅𝑒 =

ℓ 𝑉0
~ 10−5 ≪ 1 ,
𝑣

(2.1)

where 𝑣 ~ 10−2 𝑐𝑚2 /𝑠 is the kinematic viscosity for water at 20 °C [17]. Since the Reynolds
number is close to zero, it is reasonable to neglect the inertia of a swimming bacterium.
Moreover, if the time scale for bacterial motion is assumed to be much smaller than the time
scale for the entire system, the steady-state linear Stokes equations can be used instead of the
time-dependent nonlinear Navier-Stokes equations. Formally, the Stokes equations is given by
−𝜇 △ 𝒖(𝐫) + ▽ 𝑝(𝐫) = 𝟎 ,

(2.2)

▽⋅ 𝒖 = 0 ,

(2.3)

where 𝒖(𝐫): ℝn → ℝn , 𝑛 = 2, 3, is the velocity of the fluid, 𝑝(𝐫): ℝn → ℝ is the scalar pressure
function, and 𝜇 ∈ ℝ is the dynamic viscosity, a measure of the internal resistance of the fluid. In
fluid mechanics, (2.2) is known as the momentum equation and (2.3) the continuity equation.
From the continuity equation (2.3), we see that the divergence of the velocity is zero, so the fluid
of interest is incompressible: mathematically, divergence-free condition implies that the amount
of fluid coming in equals to the amount of fluid going out; physically, incompressibility implies
the negligible effect of pressure on the density of fluid during the flow [20].
Analytically, the Stokes equations can be solved by many different methods, such as
Green’s functions, stream functions, and Papkovich-Neuber potentials. Here, the method of
Green’s functions, also known as the Stokeslet, is used. The Green’s function is found by solving
the Stokes equations with a point force acting at the position 𝒙𝟎 and with boundary conditions
vanishing at infinity. In other words,
−𝜇 △ 𝒖(𝐫) + ▽ 𝑝(𝐫) = 𝑭δ(𝐫) ,

(2.4)

lim |𝒖| = lim |𝑝| = 0 ,

(2.5)

𝑟→∞

𝑟→∞

where 𝐫 = 𝒙 − 𝒙𝟎 , 𝑭 ∈ ℝ𝒏 is an arbitrary unit force, and 𝑭δ(𝐫) represents a point force acting at
the point 𝒙𝟎 . We begin solving the pressure function 𝑝 by taking the divergence of (2.4):
▽⋅ (−𝜇 △ 𝒖 + ▽ 𝑝) =▽⋅ (𝑭δ(𝐫)) .
Assuming that 𝒖 is sufficiently smooth, from the linearity of the divergence operator, we have
−𝜇 △ (▽⋅ 𝒖) + ▽⋅▽ 𝑝(𝐫) = 𝑭 ⋅▽ δ(𝐫) + δ(𝐫)(▽⋅ 𝑭) .
Since the Stokes flow is divergence-free and 𝑭 is a constant vector, we obtain a classic Poisson’s
equation:
− △ 𝑝(𝐫) = −𝑭 ⋅▽ δ(𝐫) .

(2.6)

From the decaying boundary condition (2.5), we immediately see that (2.6) satisfies the zero
boundary criterion of using the Green’s function (1.8). Let’s start by considering 2D Stokes flow
in a free space Ω2D . From equations (1.3) and (1.9), we obtain
𝑝(𝐫) = ∫ 𝐺2𝐷 (𝒓, 𝒔)𝑓(𝒔)𝑑𝒔 = ∬
𝛺2𝐷

log|𝒓 − 𝒔|
(−𝑭 ⋅▽ δ(𝐫))𝑑2 𝒔 .
2𝜋

From the divergence theorem (1.6), we can simplify 𝑝(𝐫):
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𝑝(𝐫) =

−1
𝑭 ⋅ ∬ − δ(𝐫) ▽ (log|𝒓 − 𝒓′ |) 𝑑 2 𝒓′ .
2𝜋

By the sifting property of Dirac delta function (1.14), we have
𝑝2𝐷 (𝐫) =

𝑭 ⋅▽ log(𝐫)
𝑭⋅𝒓
+𝑐 =
+𝑐,
2𝜋
2𝜋𝑟 𝟐

(2.7)

where 𝑐 ∈ ℝ is a constant. Plug the pressure function 𝑝(𝐫) back into the original Stokes equation
(2.4), we obtain
− △ 𝒖(𝐫) =

1
(𝑭δ(𝐫) −▽ 𝑝(𝐫)) ,
𝜇

which is just another Poisson’s equation solvable via the method of Green’s function shown
above. Therefore, the velocity of the Stokes flow in two dimensions are
𝒖2𝐷 (𝒓) =

(𝑭 ⋅ 𝒓)
1
(−𝑭 log(𝑟) +
𝒓) ,
4𝜋𝜇
𝑟2

(2.8)

where 𝑟 = |𝒓| = √(𝑥 − 𝑥0 ) 2 + (𝑦 − 𝑦0 ) 2 .

Figure 2.2. Stokes flows in 2D. Left: The flow field of 2D Stokes flow in free space fails to satisfy the vanishing
condition at infinity. Right: The zoomed-in flow field of 2D Stokes flow reveals a zero-velocity border surrounding
the origin. Inside this (dark blue) region, the fluid moves from left to right, which is consistent with literature
results [18, 21]. In this figure, the point force 𝑭 = (1,0) is acting at the origin and the dynamic viscosity 𝜇 = 1.

Similar procedures show that the solutions of the Stokes flow in 3D are
𝑝3𝐷 (𝒓) =

1 (𝑭 ⋅ 𝒓)
+ 𝑐,
4𝜋𝜇 𝑟 3

(2.9)
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𝒖3𝐷 (𝒓) =

1
𝑭 (𝑭 ⋅ 𝒓)
( +
𝒓) ,
8𝜋𝜇 𝑟
𝑟3

(2.10)

where 𝑟 = |𝒓| = √(𝑥 − 𝑥0 ) 2 + (𝑦 − 𝑦0 ) 2 + (𝑧 − 𝑧0 )2 and 𝑐 is a constant. In the literature, it is
common to write the velocity solutions (2.8) and (2.10) in terms of a Kronecker delta product or
a tensor product, i.e.
𝒖2𝐷 = 𝑭 ⋅ 𝕌(𝒓) ,
𝒖3𝐷 (𝒓) = 𝑭 ⋅ 𝔾(𝒓) ,
where
1

𝕌𝑖𝑗 (𝒓) = 4𝜋𝜇 (−δij log(𝑟) +
𝔾(𝒓) =

𝒓𝑖 𝒓𝑗
𝑟2

),

𝑖, 𝑗 = 1,2 ,

1
𝐈 𝒓⨂𝒓
( + 3 ).
8𝜋𝜇 𝑟
𝑟

(2.11)
(2.12)

In particular, 𝔾(𝒓), known as stokeslet or Oseen tensor, is the Green’s function for Stokes
equations (2.4). Physically, the stokeslet represents the flow field due to a point force (or force
monopole) 𝑭 acting on the fluid at the point 𝒙𝟎 as a singularity, so the flow is defined
everywhere except 𝒙𝟎 . Dimensional analysis reveals that the flow field in 3D decays at the rate
of 𝑟 −1 and vanishes at infinity, satisfying our boundary conditions. However, in 2D, the velocity
does not tend to zero at infinity. Instead, there appears to be a zero-velocity border surrounding
the origin, and only the flow inside this region moves in the direction of the point force. An
important property of the stokeslet for locomotion is directional anisotropy: in the direction
parallel to the applied force 𝑭, The velocity is 𝒖3𝐷,|| = 𝑭/4𝜋𝜇𝑟; in the perpendicular, however,
𝒖3𝐷,⟂ = 𝑭/8𝜋𝜇𝑟. Therefore, for the same force 𝑭, the parallel force is twice as much as the
perpendicular force, i.e. 𝒖3𝐷,|| = 2𝒖3𝐷,⟂ . This directional anisotropy is at the origin of the dragbased propulsion for swimming bacteria [19].

2.2

Force Dipole Solution and Higher-order Singularity

Physically, the FD describes two arbitrary unit forces acting on the fluid at a singularity
point. When the two forces are parallel to each other, the FD represents the thrust and reaction
drag forces exerted by a pusher or puller bacterium swimming in a straight line. If the forces are
perpendicular to each other, the FD becomes a point torque, which in a sense “rotates” the
bacteria. Mathematically, the FD is the first-order singularity of the fundamental solution of the
Stokes equations and can be obtained from the directional derivative of the stokeslet [20]. We
begin by differentiating the momentum equation (2.4) with respect to a direction determined by a
second unit force 𝑱, i.e.
▽𝑱 (−𝜇 △ 𝒖 + ▽ 𝑝) =▽𝑱 (𝑭 ⋅ δ(𝐫)) .
If 𝑱 is in the opposite direction of 𝑭, we expect 𝑭 ⋅ δ(𝐫) go from zero to infinity just before 𝑱
reaches the singularity point from the right (i.e. positive derivative on the right) and drops from
infinity to zero immediately after 𝑱 leaves the singularity point to the left (i.e. negative derivative
on the left), thus creating a pusher FD. Similar argument shows a puller FD if 𝑱 has in the same
direction as 𝑭. Together, the parallel forces lead to a FD solution called stresslet. On the other
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hand, perpendicular forces 𝑱 and 𝑭 result in a point torque solution, known as rotlet. Together,
stresslet and rotlet forms a complete FD solution.

Figure 2.3. Derivation of force dipoles. 𝑭 is the point force (or monopole) and represents the
direction of the swimming bacterium. 𝑱, on the other hand, determines the direction of the
differentiation. Parallel and perpendicular forces result in stresslet and rotlet, respectively.
Together, stresslet and rotlet form the force dipole. The rotlet case where 𝑱 is pointing up to 𝑭 is
not shown.

Again, assuming both 𝒖 and 𝑝 are sufficiently smooth, we have
−𝜇 △▽𝑱 𝒖 + ▽▽𝑱 𝑝 = −𝜇 △ 𝒖𝐹𝐷 + ▽ 𝑝𝐹𝐷 = 𝑭 ▽𝑱 δ(𝐫) ,
where 𝒖𝐹𝐷 ≔▽𝑱 𝒖 and 𝑝𝐹𝐷 ≔▽𝑱 𝑝 are the velocity and pressure of the FD, respectively. Notice

that 𝒖𝐹𝐷 is just the directional derivative of the original solutions 𝒖 in (2.8) and (2.10), so we do
not need to go through the Green’s function again. Since |𝑱| = 1, we have
𝒖𝐹𝐷 =▽𝑱 𝒖 = (▽ ⨂ 𝒖) ⋅ 𝑱 .
In 2D, suppose 𝒖 = (𝑢1 , 𝑢2 ), 𝑭 = (𝐹1 , 𝐹2 ), 𝑱 = (𝐽1 , 𝐽2 ), then we can rewrite the FD as
∂𝑢1

𝜕𝑥
𝒖𝐹𝐷,2𝐷 = (▽ ⨂ 𝒖) ⋅ 𝑱 = [∂𝑢

1

𝜕𝑦

∂𝑢2 T
∂𝑢1
∂𝑢1
∂𝑢2
∂𝑢2
𝐽1
𝜕𝑥
∂𝑢2 ] [𝐽2 ] = ( 𝜕𝑥 𝐽1 + 𝜕𝑦 𝐽2 , 𝜕𝑥 𝐽1 + 𝜕𝑦 𝐽2 ) ,
𝜕𝑦

where ⨂ denotes the tensor product of two vectors (1.18). Therefore, the 2D FD is
𝒖𝐹𝐷,2𝐷 =

1
−2(𝑭 ⋅ 𝒓)(𝑱 ⋅ 𝒓) 𝑭 ⋅ 𝑱
𝑭⋅𝒓
𝑱⋅𝒓
[(
+ 2 ) 𝒓 + ( 2 ) 𝑱 − ( 2 ) 𝑭] .
4
4𝜋𝜇
𝑟
𝑟
𝑟
𝑟

(2.13)

By setting 𝑭 and 𝑱 are parallel to each other, we obtain the 2D swimmer (stresslet) solution:
𝒖𝒔𝒘𝒊𝒎𝒎𝒆𝒓,2𝐷 =

1 −2(𝑭 ⋅ 𝒓)(𝑱 ⋅ 𝒓) 𝑭 ⋅ 𝑱
(
+ 2 )𝒓 .
4𝜋𝜇
𝑟4
𝑟

(2.14)
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Figure 2.4. Flow fields of a pusher and a puller. Left: The flow field of a pusher at the origin with 𝑭 = (+1,0) ,
𝑱 = (−1,0), and 𝜇 = 1. Right: The flow field of a puller at the origin with 𝑭 = (+1,0) , 𝑱 = (+1,0), and 𝜇 = 1.
The flow field of a 2D stresslet has a radial symmetry. The pusher flow field is essentially the negative of the puller
flow field. Both flow fields decay at a rate of 𝑟 −1. Our theoretical prediction represents the laboratory frames of
view and agrees with the experimental observations in the literatures [13,14].

Similarly, given two arbitrary unit forces (dipole moments) 𝑭 and 𝑱 in 3D, the FD is
𝒖𝐹𝐷,3𝐷 =

1
−3(𝑭 ⋅ 𝒓)(𝑱 ⋅ 𝒓) 𝑭 ⋅ 𝑱
𝒓 × (𝑱 × 𝑭)
[(
+ 3 )𝒓+
].
5
8𝜋𝜇
𝑟
𝑟
𝑟3

(2.15)

With parallel 𝑭 and 𝑱, we obtain the desired 3D swimmer (stresslet) solution:
𝒖𝑠𝑤𝑖𝑚𝑚𝑒𝑟,3𝐷 =

1 −3(𝑭 ⋅ 𝒓)(𝑱 ⋅ 𝒓) 𝑭 ⋅ 𝑱
(
+ 3 )𝒓 .
8𝜋𝜇
𝑟5
𝑟

(2.16)

On the other hand, the rotlet, which has perpendicular dipole moments, is
𝑭⋅𝒓
𝑱⋅𝒓
)𝑱 − ( 2 )𝑭 ,
2
𝑟
𝑟
𝒓 × (𝑱 × 𝑭)
𝑭⋅𝒓
𝑱⋅𝒓
=
= ( 3 )𝑱 − ( 3 )𝑭 .
3
𝑟
𝑟
𝑟

𝒖𝑟𝑜𝑡𝑙𝑒𝑡,2𝐷 = (
𝒖𝑟𝑜𝑡𝑙𝑒𝑡,3𝐷

(2.17)
(2.18)

Physically, the stresslet represents a pair of parallel forces, as evident in our previous derivation.
The rotlet, meanwhile, acts a singular point torque. Rotlet arises if the force distribution leads to
a net torque on the swimmer. It is negligible in most cases because the bacteria are usually
assumed to be both force-free and torque-free. Together, the stresslet and the rotlet form the FD
solution generated by two arbitrary unit forces.
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Figure 2.5. Flow field of a rotlet in 2D. Physically, a rotlet acts as a point torque. In 2D, a rotlet
represents the bacterium spinning at a fixed position. In this figure, 𝑭 = (1,0) and 𝑱 = (0,1).

Additionally, higher-order singularities of the Stokes equations can be found in similar
fashion through successive differentiation. These derivatives can be thought as the multipole
expansion of a Stokeslet (2.12) at 𝒓 = 𝜻 in a Taylor series about 𝒓 [20]:
1
1
𝔾(𝒓 − 𝜻) = 𝔾(𝒓) − (𝜻 ⋅▽)𝔾(𝒓) + (𝜻 ⋅▽)2 𝔾(𝒓) − (𝜻 ⋅▽)3 𝔾(𝒓) + ⋯.
2
6
Fundamental Singularity
𝔾(𝒓; 𝑭)
𝔾𝑫 (𝒓; 𝑭, 𝑱) =▽𝑱 𝔾(𝒓; 𝑭)
𝔾𝑸 (𝒓; 𝑭, 𝑱, 𝑲) =▽𝑲 𝔾𝑫 (𝒓; 𝑭, 𝑱)

(2.19)

Common Name

Description

Stokeslet/ Oseen tensor

Stokes flow

Force Dipole

Far field of a micro-swimmer

Force Quadruple

Near field of a micro-swimmer

Table 2.1. Summary of fundamental singularities of Stokes equations. Higher-order singularities can be derived
from successive differentiation of the Stokeslet. In this table, 𝑭, 𝑱, and 𝑲 are all unit vectors (or pole moments)
indicating the directions along which the derivatives are taken.

In many advanced computational models of bacterial motility, a linear superposition of
singularities is often used to improve the accuracy of the solution. A higher-order singularity
with faster spatial decay captures the near field of a swimming bacterium. For example, a rotlet
dipole, a component of the force quadruple in 3D, characterizes the near field of a swimming
bacterium. Since the flagellum and the bacterial body rotate in opposite directions to conserve
angular momentum, they exert a pair of equal but opposite point torques on the fluid, hence a
rotlet dipole [19, 20]. When a flow field is described by different singularities, the one with the
slowest spatial decay, typically the FD, will dominate the far field of a micro-swimmer.
Finally, one important consequence of deriving the FD from the Stokes equations with
the Reynolds number 𝑅𝑒 ≈ 0 is the Purcell’s Scallop theorem: a non-deformable swimmer
moves in a time reversible pattern. Due to the time-independence of the Stokes equations and
lack of net force or torque, there is no distinction between forward and backward motions. If the
boundary conditions are invariant under time reversal as well, then the bacteria cannot achieve
net displacement at all. Therefore, in order to have true propulsion, bacteria must deform in a
way that is not invariant under time reversal [21].
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2.3

Quasi-2D Force Dipole Model

Although the FD succeeds in describing the flow field of a swimming bacterium in free
space, it does not capture the geometry of the fluid system in many biological experiments. In the
presence of solid walls, which impose no-slip (zero velocity) boundary conditions, flow
singularities need to be modified. Specifically, the flow near a wall becomes a linear
superposition of the singularities in free space, plus a sequence of image flows located on the
other side of the wall to enforce the correct boundary values [18, 19, 22]. This technique of
reflecting the solution inside a bounded domain to its mirror image outside the domain is called
method of images. It is a powerful analytical technique in the study of PDEs and will not be
elaborated in this thesis. Instead, we will numerically solve the problem of swimming bacteria
near walls in Chapter 3. For a full treatment on the method of images in Stokes flow, we refer to
the textbook [22].
A typical experimental setup in the study of bacterial motility is the thin film quasi-2D
suspension, in which bacteria are swimming closely between two “walls”. The domain is a thin
film of length and width 𝐿 ≫ ℓ and height 𝑤 ~ ℓ, where ℓ is the thickness of the bacterium. This
leads to no-slip boundary conditions for the fluid on the top and bottom surfaces of the thin film.
Here, we will introduce a quasi-2D FD model without proof.

Figure 2.6. Quasi-2D thin film experiment. Bacteria are swimming close to two no-slip
surfaces. Downloaded from [17]: https://etda.libraries.psu.edu/files/final_submissions/9757.

Figure
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befilm
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the orientation
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surfaces. Downloaded from [17] https://etda.libraries.psu.edu/files/final_submissions/9757
|𝒅| = 1, then
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𝑙𝒅
) − 𝒖𝑚𝑜𝑛𝑜𝑝𝑜𝑙𝑒 (𝒓 − )] ,
Figure 2.6. Quasi-2D ℓ→∞
thin film experiment. Bacteria
2 are swimming close to 2two no-slip
surfaces. Downloaded from [17] https://etda.libraries.psu.edu/files/final_submissions/9757
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Figure 2.7. Flow field of a swimming bacterium near walls. The quasi-2D force dipole solution captures a
“butterfly pattern” for the flow field of a swimming bacterium near walls. In this figure, 𝒅 = (1,0). This theoretical
prediction agrees with the experimental results [14, 17].

In comparison to the 2D stresslet (Figure 2.4), the quasi-2D FD also possess a radially
symmetric flow field, which is characteristic for dipolar flows in isotropic fluids [18]. However,
dimensional analysis reveals that the velocity field of the quasi-2D FD decays at a rate of 𝑟 −3,
which is much faster than that of the 2D FD with 𝑟 −1. Furthermore, the flow in quasi-2D FD
seems to be bounded, even though the domain is infinite in the 𝑥𝑦 plane, whereas the 2D FD
extends out to the free space. These four regions of bounded streamlines are known as a butterfly
pattern. It should be noted that even though the bacterium is swimming close to the thin film, it
is not bumping or contacting the surface. Additionally, no abnormal behavior is observed in
quasi-2D thin film when compared to bacterial swimming pattern in an unconfined space in 3D.
Therefore, the change in the flow field, described by the quasi-2D FD, is in fact due to the
presence of walls, not difference in bacterial swimming [14].
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Chapter 3
Numerical Approach
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In this chapter, we introduce a simple and elegant finite difference method, known as the
Marker and Cell (MAC) scheme, to numerically solve the FD. A detailed implementation of the
MAC scheme in MATLAB will be discussed, along with sample codes for interested readers.

3.1

Overview of MAC scheme

The MAC scheme was first introduced in 1965 by Harlow and Welch [23]. Since then, it
has become a popular numerical technique in the study of the incompressible fluid dynamics.
The MAC scheme is an excellent example of a finite difference method, a topic that many
undergraduate students learn in their first numerical analysis course. What makes MAC unique is
its discretization of variables in different locations on a staggered grid. Furthermore, its high
efficiency, stability, and convergence have been observed in many scenarios [23-25].
For the sake of simplicity, let’s consider the 2D Stokes flow in the domain of a unit
square Ω = (0, 1)2 . Let the velocity 𝒖 = (𝑢, 𝑣), the inhomogeneous term 𝒇 = (𝑓1 , 𝑓2 ), and the
dynamic viscosity 𝜇 = 1. We write the Stokes equations (2.2) and (2.3) into coordinate-wise
expressions:
𝜕𝑝
= 𝑓1 ,
𝜕𝑥
𝜕𝑝
−△𝑣+
= 𝑓2 ,
𝜕𝑦

(3.1)

𝜕𝑢 𝜕𝑣
+
=𝑔.
𝜕𝑥 𝜕𝑦

(3.3)

−△𝑢+

(3.2)

Next, we will place the unknows (𝑢, 𝑣, 𝑝) on the staggered grids. As illustrated in Figure
3.1 on the next page, each pressure 𝑝 (black circle) is located at the center of every cell. The 𝑥component velocity 𝑢 (red triangle) is placed at the midpoint of each vertical edge while the 𝑦component velocity 𝑣 (blue diamond) is in the middle of each horizontal edge. Notice that there
is no unknown variable at the corner of each cell in the MAC scheme, unlike discretization on a
non-staggered grid.
After placing each unknown variable at its corresponding location, we introduce an
unconventional index system for fast matrix implementation in MATLAB [25]. Let 𝑖 be the row
index running from top to bottom, and 𝑗 be the column index running from left to right. If the
pressure is discretized into a matrix of 𝑝(1: 𝑛, 1: 𝑛), the 𝑥- and 𝑦-component velocity will then
become 𝑢(1: 𝑛, 1: 𝑛 + 1) and 𝑣(1: 𝑛 + 1, 1: 𝑛), respectively. Instead of the traditional index
system, which corresponds to a geometrically consistent matrix in Cartesian coordinates, the
proposed index system takes advantages of how MATLAB stores and operates matrices.
Furthermore, it is easy to convert the mapping from the proposed indices (𝑖, 𝑗) to the Cartesian
coordinates (𝑥𝑗 , 𝑦𝑖 ) via the build-in reshape function once the numerical solutions are obtained
in MATLAB.
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Figure 3.1. Locations and indices of unknown variables (𝒖, 𝒗, 𝒑). The MAC scheme places the x-component
velocity 𝑢 (red triangle) at vertical edges, the y-coordinate velocity 𝑣 (blue diamond) at horizontal edges, and the
pressure 𝑝 (black circle) at cell centers. Additionally, i and j correspond to the row and column indices of the matrix,
respectively. In this figure, 𝑛 = 4.

Under this index system, the momentum equations (3.1) and (3.2) in the MAC scheme
can then be rewritten via central difference as
4 𝑢(𝑖, 𝑗) − 𝑢(𝑖 − 1, 𝑗) − 𝑢(𝑖 + 1, 𝑗) − 𝑢 (𝑖, 𝑗 − 1) − 𝑢 (𝑖, 𝑗 + 1) 𝑝(𝑖, 𝑗) − 𝑝(𝑖, 𝑗 − 1)
+
= 𝑓1 (𝑖, 𝑗) ,
ℎ2
ℎ

(3.4)

4 𝑣(𝑖, 𝑗) − 𝑣(𝑖 − 1, 𝑗) − 𝑣(𝑖 + 1, 𝑗) − 𝑣 (𝑖, 𝑗 − 1) − 𝑣 (𝑖, 𝑗 + 1) 𝑝(𝑖 − 1, 𝑗) − 𝑝(𝑖, 𝑗)
+
= 𝑓2 (𝑖, 𝑗) .
ℎ2
ℎ

(3.5)

Discretization Equation (3.5) for 𝑣

Discretization Equation (3.4) for
𝑢
Figure 3.2. Indices of local stencils of momentum equations in MAC scheme. Left: For 𝑢, the left pressure is
subtracted from the right. Right: For 𝑣, the bottom pressure is subtracted from the top pressure. The central velocity
Discretization Equation (3.5) for 𝑣
variables (𝑖, 𝑗) are enlarged for emphasis.
Discretization Equation (3.4) for
𝑢
Discretization Equation (3.5) for 𝑣
Discretization Equation (3.4) for
𝑢
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Last but not the least, using central difference again, the continuity equation (3.3) becomes
𝑢(𝑖, 𝑗 + 1) − 𝑢(𝑖, 𝑗) 𝑣(𝑖, 𝑗) − 𝑣(𝑖 + 1, 𝑗)
+
= 𝑔(𝑖, 𝑗)
ℎ
ℎ

(3.6)

Figure 3.3. Indices of local stencils of continuity equation in MAC scheme.

Since central difference is used, the MAC scheme has a second-order truncation error 𝑂(ℎ2 ) at
interior nodes, where ℎ is the mesh size. Such discretization leads to a symmetric matrix 𝐴 of the
general form:
𝐴𝑥𝑥
( 0
𝐴𝑇𝑥

0
𝐴𝑦𝑦
𝐴𝑇𝑦
𝐴

𝐴𝑥
𝑢
𝑓1
𝐴𝑦 ) (𝑣 ) = (𝑓2 ) ,
𝑝
𝑔
0

(3.7)

𝑥 = 𝑏.

While there is certainly a faster, matrix-free implementation of the MAC scheme, such as the
distributive Gauss-Seidel relaxation, we will construct a system of linear equations 𝐴𝑥 = 𝑏 for
ease of programing [25]. First, we need to consider the discretization of the boundary conditions.
For Dirichlet boundary condition, boundary values are fixed in one direction but require
extrapolation in the other. For example, since the 𝑥-component velocity 𝑢 lies on the vertical
edges, at 𝑥 = 0 and 𝑥 = 1 the variables 𝑢 are already defined by the boundary values (green
triangles) and therefore no discretization is necessary. However, on edges 𝑦 = 0 and 𝑦 = 1,
there is no unknown variable 𝑢. Instead, we impose ghost variables (pink triangles) outside the
domain to linearly extrapolate the horizontal boundary values (green triangles). For example, let
𝑢(0, 𝑗) be the ghost values at 𝑦 = 1 + ℎ2 and 𝑢𝐵 (𝑥𝑗 , 1) be the given boundary values at 𝑦 = 1, then
through linear extrapolation, we have
𝑢(0, 𝑗) + 𝑢(1, 𝑗)
(3.8)
= 𝑢𝐵 (𝑥𝑗 , 1) .
2
Substitute equation (3.8) into equation (3.4), we obtain the modified discretization of velocity 𝑢
at the top boundary 𝑦 = 1:
2𝑢𝐵 (𝑥𝑗 , 1)
5 𝑢(1, 𝑗) − 𝑢(2, 𝑗) − 𝑢 (1, 𝑗 − 1) − 𝑢 (1, 𝑗 + 1) 𝑝(1, 𝑗) − 𝑝(1, 𝑗 − 1)
+
= 𝑓1 (𝑖, 𝑗) +
.
ℎ2
ℎ
ℎ2

(3.9)

Similarly, for the 𝑦-component velocity 𝑣, boundary values (green diamonds) are given on the
horizontal edges and are extrapolated on the vertical edges by imposing ghost values (pink
diamonds). Additionally, to take advantage of MATLAB operation, we assign a numerical label
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to each unknown variable in the interior nodes, as shown in Figures 3.4 and 3.5 below. This
numerical label represents the variable’s position in the matrix 𝐴 and the vector 𝑏 and facilitates
the transition from algebraic to geometric mapping during the coding process.

Figure 3.4. Discretization of velocity 𝒖 and 𝒗 for Dirichlet boundary condition. Left: Discretization of 𝑢 at the
boundary. Right: Discretization of 𝑣 at the boundary. The green and pink colors are boundary and ghost values,
respectively. Each unknown variable in the interior node is assigned a numerical label for ease of MATLAB
programming. In this figure, 𝑛 = 4

On the other hand, for Neumann boundary condition, central difference can eliminate the ghost
values by requiring
𝑢(0, 𝑗) − 𝑢(1, 𝑗)
= 𝜕𝑢𝐵 (𝑥𝑗 , 1) ,
ℎ

(3.10)

2𝜕𝑢𝐵 (𝑥𝑗 , 1)
3 𝑢(1, 𝑗) − 𝑢(2, 𝑗) − 𝑢 (1, 𝑗 − 1) − 𝑢 (1, 𝑗 + 1) 𝑝(1, 𝑗) − 𝑝(1, 𝑗 − 1)
+
= 𝑓1 (𝑖, 𝑗) +
.
2
ℎ
ℎ
ℎ

(3.11)

which leads to

Since the pressure 𝑝 lies at the center of each grid, 𝑝 does not have any boundary condition.

Figure 3.5. Discretization of pressure 𝒑 for Dirichlet boundary condition. Notice
that there is no boundary condition or ghost value for pressure 𝑝 in the MAC scheme
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However, since the pressure function is up to a constant, the matrix 𝐴 is close to singularity and
may result in spurious solutions. To avoid this issue, we modify equation (3.6) by imposing a
nearly incompressible condition while preserving the symmetry of the matrix A:
𝜀 𝑝(𝑖, 𝑗) +

𝑢(𝑖, 𝑗) − 𝑢(𝑖, 𝑗 + 1) 𝑣(𝑖 + 1, 𝑗) − 𝑣(𝑖, 𝑗)
+
=0,
ℎ
ℎ

(3.12)

where 𝜀 > 0. Notice that in modified continuity equation (3.12), the right 𝑢(𝑖, 𝑗 + 1) is
subtracted from the left 𝑢(𝑖, 𝑗), and the top 𝑣(𝑖, 𝑗) is subtracted from the bottom 𝑣(𝑖 + 1, 𝑗).

3.2

MATLAB Implementation

Now we are ready to construct the matrix 𝐴, which can be used to solve both the Stokes
flow and the FD in 2D. Numerically, the difference between solving the Stokes flow and the FD
only lies in the treatment of the vector 𝑏. For the sake of demonstration, two ways of
constructing the matrix 𝐴 will be given and compared: the first one uses nested for-loops, which
are intuitive but relatively inefficient; the second one is a compact and fast code via the kron and
circshift functions.
Let’s start by considering a pusher swimming at the point (𝑥0 , 𝑦0 ) in the domain Ω =
(− , + ) where L is the side length of the square domain Ω, with the force dipoles 𝑭 = (1,0) and
2
2
𝑱 = (−1,0), the variance of the bivariate normal distribution 𝜎 = 𝜎𝑥 = 𝜎𝑦 , and the epsilon 𝜀.
The choice of 𝜎 and 𝜀 will be discussed in the next section.
L

L 2

Initialization:

h=L/n;
% Step size
k=n*(n-1);
% Number of unknowns u or v
m=2*k+n^2;
% total number of unknowns u,v,and p
A= spalloc(m,m,m+8*k+4*((n-1)^2 + n*(n-2)));
% Pre-allocate space for the sparse matrix A with the number of
non-zeros elements = m+8*k+4*((n-1)^2 + n*(n-2)). Why?

An intuitive way of constructing the matrix 𝐴 is to let the computer sort out the unknown
variables and match their numerical labels (in Figures 3.4 and 3.5) to the correct (𝑖, 𝑗) position in
the matrix 𝐴. The advantage of such approach is ease of programing for beginners who do not
know what the matrix 𝐴 should look like. By observing the structure of the resultant matrix, one
can deduce its pattern and reconstruct it in faster manner. For example, the for-loops
corresponding the equation (3.4) are
% u coefficients from equation (3.4)
for i= 1: n*(n-1) % row counter of u
for j=1:n*(n-1) % column counter of u
if i == j % center u
if mod(i,n) == 1 || mod(i,n) == 0 % horizontal boundary(y=0, y=1)
A(i,j)= 5/h^2; % center u with ghost values
else
A(i,j)= 4/h^2; % center u in interior nodes
end
elseif j == i+ n || j == i - n
% right and left u
A(i,j)=-1/h^2;
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elseif j== i+1 && mod(i,n)~=0 % bottom u
A(i,j)=-1/h^2;
elseif j== i-1 && mod(i,n)~=1 % top u
A(i,j)=-1/h^2;
end
end
end
% p coefficients from equation (3.4)
for i= 1: n*(n-1) % row counter of p
for j = 1:n^2 % column counter of p
if i == j % pressure to left of center u
A(i,j+2*(n-1)*n) = -1/h ;
elseif j == i + n % pressure to right of center u
A(i,j+2*(n-1)*n) = 1/h ;
end
end
end

The for-loop for the rest of the equations (3.5) and (3.12) is similar and is left to the
readers. Since MATLAB is an interpret language, every line will be compiled when being
executed. Therefore, a general guideline for efficient programming in MATLAB is to avoid large
for-loops [25]. Here, we introduce a compact code of constructing the matrix 𝐴 using kron and
circshift functions. The build-in function kron allows us to calculate the Kronecker tensor
product of some small, repeated building blocks, while circshift allows us to nicely manipulate
the diagonals of a matrix. The sample code is provided below:
𝐴𝑥𝑥

% u coefficients in eq (3.4)
Dia=sparse(2:n,1:n-1,-1,n,n); Id=speye(n);
uDB=Dia'+Dia+2*Id;
% u diagonal block
B=(kron(uDB,Id)+ kron(Id,uDB));
% u oversized block
Gh=sparse(1,1,1,n,n);Gh(n^2)=1;
% Ghost values block
A(1:k,1:k)=(kron(speye(n-1),Gh)+B(1:k,1:k))/h^2;

𝐴𝑥

%P coefficients in eq (3.4)
Pr=-speye(k,n^2)/h +circshift(speye(k,n^2),[0,n])/h; % p block
A(1:k, 1+2*k:m) = Pr;

𝐴𝑦𝑦

𝐴𝑦

𝐴𝑇𝑥
𝐴𝑇𝑦

% v coefficients in eq (3.5)
v1=sparse(2:n-1,1:n-2,-1,n-1,n-1); v2=sparse(n:k,1:k-n+1,-1,k,k);
v3=sparse(1:n-1,1:n-1,1,k,k); Dv = v1'+v1+4*speye(n-1);
A(1+k:2*k, 1+k:2*k)=(kron(Id,Dv)+v2+v2'+v3+rot90(v3,2))/h^2;
% p coefficients in eq (3.5)
Pv= kron(speye(n),speye(n-1,n)-circshift(speye(n-1,n),[0,1]))/h;
A(1+k:2*k, 1+2*k:m)=Pv;
A(1+2*k:m,1:k) = Pu';

% u coefficients in eq (3.12)

A(1+2*k:m,1+k:2*k)=Pv'; % v coefficients in eq (3.12)
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𝜀

A(1+ 2*k:m,1+2*k:m)= speye(n^2)*ep; % epsilon in eq (3.12) associated
with nearly incompressible condition

Figure 3.6. CPU run times of Kronecker tensor code and for-loop code. Left: Run time of Kronecker tensor
code. Right: Run time of nest for-loops. Notice that the compact code of constructing the matrix 𝐴 is more than 100
times faster than the for-loops. However, since the MAC scheme is based on finite difference method, the
computational costs in both cases are 𝑂(𝑛2 ), where 𝑛 is the degree of freedom or number of nodes.

Now we are ready to construct the vector 𝑏, which contains a point force for Stokes flows
or a force dipole for swimmers, as well as the necessary boundary conditions. For the Stokes
flow, the bivariate normal distribution (1.16) is used to approximate the 2D Dirac Delta function
(1.17). For the force dipole, we take a directional derivative of the bivariate normal distribution
with respect to the second unit force 𝑱 = (𝐽1 , 𝐽2 )
2
0)
∂δ(2)
𝐽1 (𝑥 − 𝑥0 ) + 𝐽2 (𝑦 − 𝑦0 ) −(𝑥−𝑥0 )2 +(𝑦−𝑦
2
2𝜎
= lim
−
𝑒
,
𝜎2 →0
𝜕𝑱
2𝜋𝜎 4

(3.13)

where the variance 𝜎 = 𝜎𝑥 = 𝜎𝑦 . In MATLAB, this becomes
b=spalloc(m,1,m);
% initialize b
x_u= -L/2+h:h:L/2-h; y_u=-L/2+h/2:h:L/2-h/2; % x,y coordinates for u
[xN,yN]= meshgrid(x_u,y_u);
% geometrically consistent bivariate normal distribution derivative at point
(x0,y0)with J=(-1,0)
fu = flipud((xN-x0).*exp(((xN-x0).^2+(yN-y0).^2)/(-2*var^2))/(2*pi*var^4));
b(1:n*(n-1))=fu; % right-hand side of eq (3.4)

Based on the numerical labels of the unknown variables next to the boundary, the known
boundary values can accordingly be added to the vector 𝑏 using for-loops or vector indexing:
b(1:n)=b(1:n)+ left_bound_u/h^2; % left u(-L/2,y) in eq (3.4)
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b((n-1)^2:k)=b((n-1)^2:k)+ right_bound_u/h^2; % right u(+L/2,y) in eq (3.4)
i=1;
for c= 1:n-1
b(c*n)= b(c*n)+ 2* bot_bound_u(c)/h^2; % bottom u(x,-L/2) in eq (3.4)
b(i)=b(i)+ 2* top_bound_u(c)/h^2;
% top u(x,+L/2)in eq (3.4)
i=i+n;
end
for c = 1: n-1
b(c+k)=b(c+k)+2*left_bound_v(c)/h^2;
% left v(-L/2,y) in eq (3.5)
b(c+k+(n-1)^2)= b(c+k+(n-1)^2)+2*right_bound_v(c)/h^2;
% right v(+L/2,y) in eq (3.5)
end
i=1;
for c= 1:n
b(c*(n-1)+k)=b(c*(n-1)+k)+bot_bound_v(c)/h^2;% bottom v(x,-L/2)in eq(3.5)
b(i+ k)=b(i+ k)+top_bound_v(c)/h^2;
% top v(x,+L/2) in eq (3.5)
i=i+n-1;
end
b(1+2*k:n+2*k)=b(1+2*k:n+2*k)- left_bound_u/h; % left u(-L/2,y) in eq (3.12)
b(m-n+1:m)=b(m-n+1:m)+ right_bound_u/h;
%right u(+L/2,y) in eq (3.12)
for c= 1:n
b(n*c-(n-1)+2*k)=b(n*(c-1)+1+2*k)+top_bound_v(c)/h;%top v(x,+L/2)in eq (3.12)
b(n*c+2*k)=b(n*c+2*k)- bot_bound_v(c)/h; % bot v(x,-L/2) in eq (3.12)
end

After filling the vector 𝑏, we can then obtain our long-awaited numerical solution 𝑥, which is
then reshaped into its geometrically consistent matrix forms:
X=full(A\b) %Solution u,v,and p in dense matrix
numerical_u=reshape(X(1:n*(n-1)),n,n-1);
numerical_v=reshape(X(n*(n-1)+1:2*n*(n-1)),n-1,n);
numerical_p=reshape(X(2*n*(n-1)+1:m),n,n);

Since 𝑢 has one more row than 𝑛 and 𝑣 has one more column than 𝑛, we need to impose an array
of known boundary values to make them square matrices, such as
square_u=[left_bound_u, numerical_u]; square_v=[top_bound_v; numerical_v];

Alternatively, we can linearly interpolate a central velocity value inside the cell from two
adjacent 𝑢 at the vertical edges or 𝑣 at horizontal edges. This can be done by interp1:
full_u=[true_left_u,my_u,true_right_u]'; %Transpose is needed because interp1
only works between rows of a matrix.
uuu= interp1((1:n+1),full_u,linspace(1,n+1,2*n+1)');
final_u =uuu(2:2:end,1:end)'; % geometrically consistent matrix of u
full_v = [true_top_v; my_v;true_bot_v];
vvv=interp1((1:n+1),full_v,linspace(1,n+1,2*n+1)');
final_v=vvv(2:2:end,1:end); % geometrically consistent matrix of v
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3.3

Numerical Results and Discussion

This section examines some numerical flow fields from the MAC scheme. All of the
following results are obtained with degree of freedom (number of nodes) 𝑛 = 50, variance of
bivariate normal distribution 𝜎 = 10−1 , nearly incompressible condition 𝜀 = 10−3 , side length
of the square domain 𝐿 = 8, singularity position (𝑥0 , 𝑦0 ) = (0,0), unit force 𝑭 = (1,0) and/or
𝑱 = (−1,0), unless otherwise stated. Furthermore, all 𝑢 and 𝑣 are linearly interpolated to the cell
center after solving 𝐴𝑥 = 𝑏. The choice of 𝐿 and (𝑥0 , 𝑦0 ) is arbitrary, but the choice of 𝜎 and 𝜀
will be discussed later in error analysis.
3.3.1. Numerical Results
We begin by confirming our numerical results with analytical solutions obtained in
Chapter 2. In Figure 3.7, the Dirichelt boundary conditions are determined by the analytical
solutions of the Stokes flow (2.8) and the FD (2.14), respectively. The magnitude of velocity
field at each point is calculated in the 𝑙 2 norm and is plotted as a colormap. The numerical results
show great similarity to the analytical flows in Figures 2.2 and 2.3. Additionally, the average
velocity errors are very small in both cases (~3 × 10−4 for Stokes flow and ~2 × 10−4 for FD),
indicative of the accuracy of the MAC scheme. A colormap of the absolute velocity errors (not
shown) reveals that the majority of the errors are concentrated at the singularity where the point
force or the FD is applied. This is expected because analytically, the velocity around the
singularity grows towards infinity.

Figure 3.7. Numerical flow fields of point force and force dipole in 2D. Left: Flow field of a point force with
Dirichlet boundary values determined by the exact solution of the stokeslet. Right: Flow field of a force dipole with
Dirichlet boundary values determined by the exact solution of the stresslet.

In Figures 3.8, the zero-velocity boundary conditions are now imposed for the Stokes flow and
the FD. Recall that in analytical Stokes flow (Figure 2.2), the 2D solution fails to satisfy the
vanishing condition, but there appears to be zero-velocity regions surrouding the origin. This
suspicion is confirmed by the numerical simulation below, in which the flow is now bounded by
a no-slip square. Meanwhile, the flow field of a pusher bounded by four zero-velocity walls
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shows a butterfly pattern, analogous to the flow field of the quasi-2D FD (Figure 2.7), in which
the pusher is confined by two no-slip surfaces in the 𝑧 planes.

Figure 3.8. Numerical flow fields of point force and force dipole bounded by no-slip walls. Left: Flow field of a
point force with zero-velocity boundary condition. Right: Flow field of a force dipole with zero-velocity boundary
condition. Notice that the butterfly pattern of the 2D pusher resembles that of the quasi-2D force dipole.

The beauty of numerical approach is that we can now simulate the flow field of multiple
bacteria swimming at different locations simply by adding more FD approximators (3.13) to the
vector 𝑏 at appropriate positions. For instance, Figure 3.9 shows three pushers swimming sideby-side to the right at (−1,0), (1,0) and (2,0) with no-slip boundary conditions. It is usually
cumbersome to analytically derive the flow field of multiple interacting swimmers, but
numerical methods, such as the MAC scheme, provide a convenient solution to the problem.

Figure 3.9. Numerical flow field of multiple pushers bounded by no-slip walls. Three pushers, located at (-1,0),
(1,0), and (2,0), are swimming to the right. The flow field of multiple swimmers is difficult to obtain analytically.
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In addition to multiple swimmers, we can also change the boundary conditions from Dirichlet to
Neumann in order to simulate the physical systems of interest, such as a no-slip pipe. In short,
the possibility is endless.
3.3.2. Error Analysis
The following error analysis is performed by comparing the numerical and analytical
solutions of the Stokes flow. The average error is calculated by the summation of absolute errors
at all points, divided by 𝑛2 . The FD shows very similar error results as below. As the number of
nodes increase, the average error decreases and levels off at around 3 × 10−4 , indicative of the
convergence of the MAC scheme. Similarly, as epsilon tends to zero, the error decreases quickly
and levels off again. When 𝜀 < 10−12 , MATLAB warns for the singularity of the matrix 𝐴,
which is expected because the pressure is up to a constant if the nearly incompressible condition
is not imposed.

Figure 3.10. Errors vs. nodes and epsilon. Left: As the number of nodes increases, the error decreases quickly and
levels off at around 3 × 10−4 , indicative of the convergence of the MAC scheme. Right: As the epsilon tends to
zero, the error decreases initially and levels off again. When 𝜀 < 10−12 , MATLAB warns for singular matrix.

However, as the variance tends to zero, the error initially falls off to about 3 × 10−4 but
then inexplicably spikes up, as seen in Figure 3.11. The choice of variance, therefore, seems to
be the most important parameter besides the number of nodes. It appears that the error reaches
minimum when 𝜎 ≈ 10−1 . Outside of this optimal range, the error becomes abnormally large
(~0.027). At first, this abnormality seems to indicate that the bivariate normal distribution fails
to approximate the Dirac delta function. However, further analysis reveals that this is not the
case. Around the singularity where the point force is applied, the analytical Stokes flow in 2D
appears to increase extremely slowly to infinity, in contrast to its 3D counterpart.
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Figure 3.11. Errors vs. variance. Left: As the variance tends to zero, the error drops initially but spikes up later to
about 0.0271. Right: The optimal variance for which the error is minimized is slightly smaller than 10−1 . The choice
of variance, therefore, seems to be the most dominating parameter besides the number of nodes 𝑛. However, it is not
clear why the optimal range is around 10−1 .

1

𝑥2

Suppose that 𝐹 = (1,0), 𝜇 = 1, 𝑟 = √𝑥 2 + 𝑦 2 and 𝒖𝟐𝑫 = (𝑢, 𝑣), then 𝑢 = 4𝜋 (− ln 𝑟 + 𝑟 2 ).

Figure 3.12. Slow convergence to infinity around singularity in 2D Stokes flow. Left: A surface plot of 𝑢
showing the convergence to infinity at the origin due to Dirac Delta function. Right: A plot of 𝑢 vs. log(𝑥) with a
fixed 𝑦 = 0 showing the slow increase rate to infinity. Even when (𝑥, 𝑦) = (10−10 , 0), 𝑢 < 4!

This extremely slow convergence to infinity in 2D Stokes flow may explain the sharp increase in
error in Figure 3.11. The variance controls the convergence rate of our bivariate normal
distribution to the Dirac Delta function. When the variance decreases below an optimal range,
our numerical solution around the singularity grows towards infinity much faster than the 2D
analytical solution, leading to abnormal error behavior. However, it is not clear why the optimal
range is around 10−1. Maybe a different Dirac Delta approximator can solve the problem.
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Chapter 4
Living Liquid Crystals
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In this chapter, we explore the topic of living liquid crystals (LLC), an emerging area of
research in mathematical biology. Specifically, we will examine how liquid crystals are related
to biological structures and how the force dipole theory of swimming bacteria is applied to LLC
modelling. Some seminal research discoveries from the literature will also be presented. For
further information on LLC, please refer to [18, 21, 26-31].

4.1

Overview of Living Liquid Crystals

A liquid crystal (LC), as the name suggests, is an intermediate state of matter between
solids and liquids. LC flows like fluids, but the constituent molecules retain the crystalline
structures. In other words, LC molecules lack positional order but possess orientational order
[26]. As a result, LC preserves many optical properties of a regular crystal, such as electric
susceptibility, which means that an artificially-imposed electric field changes how LC polarizes
the light.1

Figure 4.1. Schematic representation of solids, thermotropic liquid crystals, and liquids: Observe that liquid
molecules are randomly oriented, but liquid crystal molecules are well-aligned. However, unlike solids, liquid
crystals do not have positional order and can therefore flow like fluids. Downloaded from
https://www.ukessays.com/essays/chemistry/classifications-liquid-crystals-7625.php.

There are several classifications of LC. The first one is by its physical property: LC is
either thermotropic or lyotropic. Thermotropic LC molecules require no solvent and can only
retain the liquid crystalline in a specific range of temperatures, as shown in Figure 4.1 above. On
the other hand, lyotropic LC must dissolve in a solvent and are dependent on the concentration.
Another way of classifying LC is by the overall shapes of the LC structures, such as nematic
(rod-shaped), cholesteric (helical), smectic (stratified), and columnar (cylindrical). A quick
summary of the different shapes of LC is given in Table (4.1).

In fact, the electric susceptibility of liquid crystals is exactly how TV’s, laptops’, and phones’ screens work. This
technology, called Liquid Crystal Display (LCD), was invented in the 1970s.
1
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LC Shapes

Description

Nematic

Rod-shaped molecules are aligned in one

Schematic Representation

preferred direction, defined by a director,
and can rotate around the long axes.

Cholesteric

Similar to nematics, but the molecules’
preferred direction varies in a twisted
helical pattern

Smectic

Stratified nematic molecules in freely
sliding layers with one preferred direction

Columnar

Disc-like molecules are arranged in
cylindrical structures; also called discotic.

Table 4.1. Summary of various shapes of liquid crystals. Downloaded from
https://www.tcichemicals.com/eshop/pt/br/category_index/12775/.

When swimming bacteria are placed inside non-toxic liquid crystals, they form a system
of active matters, known as living liquid crystals (LLC). In LLC, the local input of energy from
swimming bacteria and simple bacteria-LC interactions lead to complex, macroscopic behaviors
of the whole system [21, 29-31]. For instance, LLC exhibits unique optical and mechanical
properties, including the guidance of bacteria along the preferred direction of the LC molecules,
visualization of nanometer-thick flagella oscillation2, and dynamic self-assembly of bacterial
clusters. At the same time, bacteria also have a reciprocal effect on the LC structures, such as
director undulations, topological defects, and turbulent flows.
In the last decade, LLC has become a popular area of research in the study of active
matters and bacterial motility. Advances in this field may lead to novel drug delivery and
biological sensing applications. Many LLC experiments use disodium cromoglycate (DSCG), a
nematic lyotropic LC that is non-toxic to microorganisms. Lyotropic LC, in particular, can be
used as a model of various biological structures, such as phospholipid bilayer, mucus, and
cholesterol [21, 26, 27]. While DSCG differs from conventional amphiphilic molecules in terms
of certain chemical properties, it provides a good approximation for many lyotropic
environments in biological systems.

2

Flagella are usually invisible under microscope unless the bacterium is dyed. However, conventional dyes are toxic
and unfortunately kill the tiny creature in the process.
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Figure 4.2. General Structure of a phospholipid bilayer: Phospholipid bilayer is the principal component
of cell membranes in almost all organisms on Earth. Notice the similarity of the structure between the lipid
tails (yellow part) and the rod-shaped, nematic liquid crystals (Table 4.1). Therefore, lyotropic liquid crystals
can be used as a simplified model of biological cell membranes [27]. Downloaded from
http://blog.cambridgecoaching.com/what-is-the-phospholipid-bilayer-and-what-determines-its-fluidity.

4.2

Step-by-step Modelling of Living Liquid Crystals

During our previous discussion of the FD model in Chapter 2 and 3, one crucial, implicit
assumption we made was that the fluid in which the bacterium is swimming is isotropic; that is,
the property of the fluid is identical in all directions. However, due to the orientational order of
the LC molecules, the fluid of interest now is anisotropic, so the property depends on directions.
Therefore, it is necessary to first mathematically describe the LC alignment before combining it
with the FD.
4.2.1. Q-tensor Theory of Liquid Crystals
The most popular approach to modelling the orientation of nematic LC is the Q-tensor
theory [21, 26, 28]. Let’s begin by considering a uniaxial liquid crystal, which means there is
only one preferred direction to which all the rod-shaped molecules are pointing. This preferred
direction is defined by a director 𝒏 with a unit length |𝒏| = 1, and how much an individual
molecule deviates from the fixed director is defined by the angle 𝛳𝑚 .

Figure 4.3. Orientation of uniaxial liquid crystals: Due to the head-tail symmetry of the rodshaped molecules, only one director 𝒏 is defined. 𝛳𝑚 describes the molecular orientation angle
between the molecule and the director. Downloaded from [28]: https://arxiv.org/pdf/1409.3542.pdf.

37
Next, let 𝑓(𝛳𝑚 ) be the probability of finding a molecule with orientation 𝛳𝑚 in a small ball 𝐵,
then the scalar order parameter 𝑞, defined as the weighted average of the molecular orientation
angle 𝛳𝑚 and the director 𝒏, is given by
𝑞=

1
1
< 3 cos2 𝛳𝑚 − 1 >= ∫ 3 cos 2 (𝛳𝑚 − 1) 𝑓(𝛳𝑚 ) 𝑑𝑥 ,
2
2 𝐵

(4.1)

where < > denotes the thermal or statistical average [28]. Due to the head-tail symmetry of the
molecule, only integration over half sphere is needed. If the material is in an ideal crystalline
state, then all molecules align perfectly at the director 𝒏, so 𝛳𝑚 = 0 and 𝑞 = 1; if randomly
oriented molecules lie in the plane perpendicular to the director 𝒏, then 𝛳𝑚 = 𝜋2 and 𝑞 = − 12; if all
molecules are randomly oriented in any direction, then the probability of finding a molecule with
1
angle 𝛳𝑚 is constant, so 𝑓(𝛳𝑚 ) = 2𝜋
. This implies for isotropic fluid, < cos 2 𝛳𝑚 > = 13 and 𝑞 = 0.

𝑞≈−

1
2

Orthogonal

𝑞≈0
Local Defect

𝑞≈1
Well-aligned

Figure 4.4. Schematic representation of scalar order parameter 𝒒 in 3D. 𝒏 is
the nematic director and red dashed lines represent the liquid crystal molecules.

Now, we introduce a tensor parameter 𝑸 for uniaxial LC in 2D, because many LLC
experiments are performed in a quasi-2D setup [29-31]. The 3D tensor parameter is very similar
and can be found in the references [21, 26, 28]. In 2D, the tensor parameter is a symmetric,
traceless 2 by 2 tensor represented by
𝐈
(4.2)
𝑸 = 𝑞(𝒏 ⨂ 𝒏 − ) ,
2
where the 2D scalar order parameter 𝑞 ∈ [0, 1] (why?), 𝒏 = (cos 𝛳𝑚 , sin 𝛳𝑚 ) is the nematic
director, and 𝐈 is the identity matrix. This 𝑸 is known as tensor order parameter for the
orientation of the LC. Clearly, when 𝑸 = 𝟎, LC becomes a regular, isotropic fluid.
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4.2.2. Navier-Stokes Equations
Navier-Stokes equations, one of the most well-known equations in both applied and
theoretical mathematics3, govern the flows of all Newtonian fluids. In general, it is a timedependent, nonlinear set of PDEs given by
𝜕𝒖
▽𝑝
+ 𝒖 ⋅▽ 𝒖 = −
+𝑣△𝒖,
𝜕𝑡
𝜌

Momentum equation

(4.4)

Continuity equation
𝜕𝜌
(4.5)
+▽⋅ (𝜌𝒖) = 0 ,
𝜕𝑡
n
n
where 𝒖: ℝ → ℝ , 𝑛 = 2, 3, is the velocity, 𝑝: ℝn → ℝ is the pressure, 𝜌 ∈ ℝ is the fluid density,
and 𝑣 ∈ ℝ is the kinematic viscosity. To quantify the ratio of the inertial to viscous forces, the
Reynolds number is defined as

𝑅𝑒 ≔

(2.1’)

‖𝜌𝒖 ⋅▽ 𝒖‖ ℓ 𝑢0
≈
,
‖𝜇 △ 𝒖‖
𝑣

where dynamic viscosity 𝜇 = 𝑣/𝜌 and ℓ and 𝑢0 denote the typical length scale and magnitude of
𝒖, respectively. Therefore, if we assume that the Reynolds number is small and the fluid is
incompressible, we arrive at the steady-state linear Stokes equations (2.2) and (2.3).
4.2.3. Beris-Edwards Model
In order to formulate a system of PDEs describing the incompressible fluid flow in LC,
we couple the Navier-Stokes equations (4.4) and (4.5) with an evolution equation for Q-tensor
(4.2). At a fixed temperature, this coupling leads to the Beris-Edwards model:
𝜕𝑡 𝐐 + (𝐮 ⋅▽)𝐐 − 𝐒(▽ 𝑢, 𝑸) = Γ𝐇 (𝐐) ,
𝑅𝑒(𝜕𝑡 𝒖 + (𝒖 ⋅▽)𝒖) −△ 𝒖 +▽ 𝑝 =▽⋅ (𝜎𝑆 (𝐐) + 𝜎𝑎 (𝐐)) ,
▽⋅ 𝒖 = 0 ,

Gradient Flow

(4.6)

Coupled Navier-Stokes

(4.7)

Incompressibility

(4.8)

where 𝐐 is tensor order parameter for the alignment of LC molecules, Γ is a director relaxation
rate (elastic constant), 𝐇(𝐐) is the negative first variation of the Laudau-de-Gennes energy, 𝒖 is
the fluid velocity field, 𝐒 is a tensor of stretching and rotating due to the flow of LC, and 𝜎𝑆 , 𝜎𝑎
are the symmetric and antisymmetric part of the LC elastic stress tensor, respectively. The exact
expressions for 𝐇, 𝐒, 𝜎𝑆 , and 𝜎𝑎 , which can be found in the papers [21, 28, 31], are highly
complicated and will not be elaborated here. Instead, we will focus on the physical interpretation
of the Beris-Edwards model.
Essentially, the system of equations (4.6) – (4.8) describes a reciprocal interaction
between the fluid and the LC molecules: The flow of the fluid influences the alignment of LC,
but changes in LC also affect the fluid velocity. The left-hand side of the gradient flow equation
(4.6) is the convection term. Γ𝐇 (𝐐) describes the force due to the Laudau-de-Gennes energy of
LC. On the right-hand side of the coupled Navier-Stokes (4.7), ▽⋅ (𝜎𝑆 (𝐐) + 𝜎𝑎 (𝐐)) describes
the force created by the extra elastic stress of LC. Notice how the divergence of stress tensors
can be used to represent forces in the Navier-Stokes equation. This is where the FD comes in.
3

In theoretical mathematics, the question about the existence and smoothness of the 3D solution of the NavierStokes equations is one of the seven Millennium Prize Problems by Clay Mathematics Institute.
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4.2.4. Adding Bacteria to the Party
To account for the activity of a swimming bacterium, we include an additional stress
tensor acting at a singularity point in the divergence on the right-hand side of coupled NavierStokes equation (4.7) in the Beris-Edwards model. In 2D, the active stress tensor is given by
𝐈
(4.9)
𝜎𝑎𝑐𝑡 = −𝜁 (𝐩 ⨂ 𝐩 − ) ,
2
where 𝐩 = (cosφ, sinφ) is the unit vector in the direction of bacterial propulsion and 𝜁 measures
the strength of the force dipole imposed by the swimmer. 𝜁 > 0 describes the stress tensor for
pushers and 𝜁 < 0 for pullers. Physically, the active stress tensor can be thought as the averaged
stresslet per unit volume [21]. Given different types of LC flows, the local orientation angle of
bacteria φ may also be subject to certain relaxation equations due to the elastic effect or the
surface anchoring (adhesion) of the LC [30, 31].

4.3

Current Research Highlights

In this section, we will present some interesting research discoveries in LLC from the
literature [29-31]. Currently, many LLC experiments are performed by placing motile bacteria
inside a nontoxic LC suspension sandwiched between two close plates, similar to the quasi-2D
thin film setup in Chapter 2.3. Due to the nonlinearity of the Navier-Stokes flow and the
complexity of the Beris-Edwards model, many mathematical studies of LLC are performed
numerically.

Figure 4.5. Living liquid crystal experiment: Left: In a typical LLC experiment, motile bacteria are
placed inside a suspension of nematic lyotropic LC between two plates, similar to the quasi-2D thin film
(Figure 2.6) from Chapter 2.3. Right: Bacteria swim along the LC director and impose force dipoles on the
LC molecules. In this figure, ϴ in 𝑸 and φ in 𝜎𝑎𝑐𝑡 denote the angles between the ideal director (horizontal)
and the evolving director (wavy) and of the ideal director and the swimming bacteria, respectively.
Downloaded from [31]: https://journals.aps.org/prx/pdf/10.1103/PhysRevX.7.011029.

4.3.1. Horizontal and Vertical Swimming
When the concentration of bacteria is low, bacteria may exhibit two kinds of swimming
patterns [29]. The first one is horizontal swimming, in which the bacteria are moving parallel to
the nematic director. This is not very surprising because swimming along the rod-shaped LC
moelculues is energetically favorable for elongated bacteria. However, bacteria may sometimes
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swim against the ailgnment of LC in a stable perpendicular trajectory. During the vertical
swimming, bacteria locally distort the LC directors, which is energetically unfavorable. Recent
study predicts that if bacteria start swimming at a angle of 𝜋/2 to the director, a pusher will
prefer horizontal swimming while a puller will choose vertical swimming, assuming negligible
surface anchoring (i.e. no adhesive force from LC surface) [30].

Figure 4.6. Schematic representation of horizontal and vertical swimming: Left: Horizontal
swimming is energetically favorable as the bacteria are aligned with the LC molecules. Right:
During vertical swimming, bacteria need to locally distort the orientation of LC molecules.
Downloaded from [29]: https://www.osti.gov/servlets/purl/1364622.

4.3.2. Topological Defects
When the bacterial concentration is just above 0.2%, onset of local instability in LC and
subsequent collective behaviors of bacteria are observed [31]. The most striking and fascinating
LLC phenomenon is the spontaneous nucleation or annihilation of topological defects. At the
cores of +1/2 defects, there is a significant accumulation of bacteria. Both nematic streamlines
and bacterial trajectories converge at the core of +1/2 defects, increasing the concertation in the
region. On the other hand, at the cores of -1/2 defects, there is a depletion of bacteria. The
nematic configuration at the -1/2 defects expels the bacteria independent of their orientation.

Figure 4.7. Schematic representation of topological defects: Left: Convergence and accumulation of bacteria
at the cores of + 1/2 topological defects. Right: Divergence and depletion of bacteria at the cores of -1/2
topological defects. Downloaded from [31]: https://journals.aps.org/prx/pdf/10.1103/PhysRevX.7.011029.
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Chapter 5
Conclusion
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At the heart of many advanced mathematical models of bacterial motility is the basic
assumption that a self-propelled micro-swimmer can be characterized by a force dipole. This
thesis examines the FD model for a swimming bacterium with flagella in incompressible,
isotropic fluids. Analytically, the FD model is solved from the Stokes equations via the method
of Green’s functions. Numerically, the FD model is obtained using the MAC scheme.
Furthermore, the thesis provides a detailed implementation of the FD model with Dirichlet
boundary condition in MATLAB, along with sample codes for interested readers. Lastly, the
thesis introduces a step-by-step application of the FD model to anisotropic fluids in living liquid
crystals and presents some seminal research discoveries from literature.
In short, the FD model is a simplified approximation of bacterial motility. It provides a
working basis for a number of advanced models in biological fluid dynamics. For instance, while
the FD from the Stokes equations captures a “screenshot” of elementary flow field profiles of
micro-swimmers, we see in Chapter 4 that a more sophisticated, time-dependent model can be
built from coupling the FD with the Naiver-Stokes equations. Since the FD usually assumes a
self-propelled point particle, one popular extension of the FD is to include the shapes of the
bacterial body, such as a non-deformable sphere with no-slip surfaces. However, in reality
bacterial body is highly flexible, and this evolving interface between the bacteria and the fluids is
often mathematically intractable. Further research is needed to fully understand the mechanism
of bacterial motility.
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