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Abstract

This thesis presents the formulation and demonstration of an adjoint-based aerostructural opti-
mization of truss structures in wings. Aerodynamic forces are computed using strip theory aero-
dynamics and structural deformation is computed using a nonlinear truss solver. The wing is
optimized using a gradient-based algorithm, where the gradients are solved for using the adjoint
method. The adjoint method allows for extremely efficient computations of derivatives with respect
to large numbers of design variables, such as the geometry of a truss. The adjoint method reduces
optimization execution time by 85% compared to the finite-difference method. The computational
framework developed in this study will be useful for designing 3D-printing-friendly aeroelastic
models for wind tunnel testing.
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Chapter 1

Introduction

Optimization is desirable in the design of an engineering system in order to maximize perfor-
mance. Using modern computational tools, complex designs with hundreds of design variables
can be optimized.

Multidisciplinary design optimization (MDO) is the application of optimization techniques to
the design of a system that involves multiple disciplines. MDO enables the simultaneous, coupled
analysis and optimization of many disciplines. This results in a better-optimized solution compared
to sequential single-discipline optimizations, as the interactions between the disciplines can be
exploited.

MDO is especially useful in the design of complex aerospace systems. In aerospace sys-
tems, there is strong coupling between disciplines such as structures, aerodynamics, thermody-
namics, controls, and propulsion. Aerospace systems also have many design variables; for the
aerodynamics-only shape optimization of an aircraft, there can be over 200 design variables [1].
For a more multidisciplinary optimization of the same fidelity e.g. aerostructural optimization, the
number of design variables would be even larger.

Aerodynamics and structures specifically are disciplines with strong interdisciplinary coupling.
Structural deformation affects the aerodynamic shape of the wing, and the aerodynamic loads on
the wing determine the forces experienced by the wing’s structure. Thus, aeroelastic optimization
should be done with MDO to arrive at an optimal design.

In this thesis, a wing with an internal truss structure is aeroelastically optimized using the ad-
joint method for computing gradients. Truss structures are not common in wing spars, although ex-
perimental aircraft have flown with them [2]. While truss structures are complex and more difficult
to manufacture than simple beams, the advent of accessible additive manufacturing makes rapid
manufacturing of arbitrarily complex geometries possible. Thus, the rapid design/prototyping of
wind tunnel models could be achieved using the framework presented here.

This thesis is organized as follows. In Chapter 2, the optimization problem is defined and the



adjoint method for computing gradients is presented. In Chapter 3, the structural model and its
associated derivatives are formulated. The same is done for the aerodynamic model in Chapter 4.
Then, the truss gradient solver is verified and aeroelastic optimization is demonstrated in Chapter
5. Finally, conclusions are drawn and future work is discussed in Chapter 6.



Chapter 2

Optimization Problem

In general, an optimization problem consists of a set of design variables @, an objective function
f (), and a set of constraints g(x) and h(x):

minimize f(x)

wrt. x 2.1)
subjectto  g(x) >0 '

h(x) =0

The optimization occurs by determining the design variables that minimize the objective func-
tion while satisfying the constraints. Generally, optimization algorithms fall into one of two cate-
gories, gradient-free or gradient-based.

In a gradient-based optimization algorithm, the objective function is minimized by finding the
gradient of the objective function with respect to the design parameters, %. The design variables
can be iteratively adjusted as to descend the objective until the gradient becomes zero and the
minimum is achieved while satisfying the constraints. Generally, gradient-based methods are more
efficient than gradient-free methods, and especially so for convex optimization problems with large
design spaces. Although gradient-free methods can explore the design space more completely, they
do not exploit gradient information efficiently.

The objective function to minimize in this thesis is the tip displacement of a wing with a box
truss spar, where the geometry of the wing (and thus the size of the internal truss) is the design
variable. In this study, the geometry is controlled by adjusting the widths of sections of the box
truss. The optimization is subject to constraints including a constant lift generated and bounds for
the truss size. The optimization algorithm used in this study is the gradient-based Sequential Least-
Squares Programming (SLSQP) algorithm which is built into in the SciPy Python package [3]. The

gradients are generated analytically using the adjoint method which is discussed in Section 2.3.



2.1 Architecture

The coupled aeroelastic optimization problem involves optimization, aerodynamic, and struc-
tural problems which interact with each other through intermediate variables. These interactions
are shown in Fig. 2.1.

/ truss widths /
[L}f

Aerodynamic Analysis z, P

E {uf Structural Analysis

Figure 2.1: MDO architecture

Figure 2.1 was generated using the pyXDSM package [4]. The optimal parameters and objec-
tive value are denoted by * and f*, respectively.

2.2 Gradient-Based Formulation

In a disciplinary analysis (such as the analysis of the truss structure), the physics can be repre-
sented as a set of states u that satisfy a system of equations called the residual equations.

R(x,u) =0 2.2)

In general, the objective function is a function of both the design variables  and the system
state u, which is itself a function of the design variables:

fz,u(x)) (2.3)
The gradient of the objective function is thus:

o _of , ofdu

de Oz ' Oudx 24

Note that j—; is the difficult quantity to compute here if a finite-difference method is used, as
it requires solving for the solution state once for each perturbation in each design variable. This
would require a number of relatively expensive structural solutions proportional to the number of
design variables. The other quantities in the equation are less expensive to compute, as they are
partial derivatives which can be obtained while the state is held constant.



2.3 Adjoint Method

For any design variable x and corresponding feasible state u, the residuals must always be
zero. Thus, the derivative of the residual function with respect to the independent variables must

also be zero:
dR O0R ORdu

= 2.5
dr ~ Oz * ou ou dx =0 2.5)
Equation (2.5) can be rearranged to express zll“:
du OR] ' OR
== == 2.6
dx [ ou } ox (26)

Equation (2.6) can be substituted into Eq. (2.4) to produce a new expression for the gradient:

-1
df  9f of {GR} OR o

dr ox Ou | ou Ox

du

Note that the gradient can now be solved for without explicitly evaluating the costly term &=

Let the adjoint variable, 1), be

P! = (2.8)

of [OR]™
ou {811,}

The adjoint variable can be obtained by solving the following linear system:

OR of
o [2

The adjoint is substituted into Eq. (2.7) to create the following equation for the gradient:

df _of

= = B sz (2.10)

Note that after replacmg , the linear system solves needed to find last term of Eq. (2.7) are
the most computationally expenswe step. When computing this term using the adjoint method
in Eq. (2.9), this expensive linear solve has no dependence on the design variables. The cost of
computing the gradient using the adjoint method scales not with the number of design variables,
but with the number of outputs, which is one (the objective).



Chapter 3

Structural Formulation

This chapter presents the formulation of the nonlinear truss solver and the sensitivity matrix
required for adjoint-based optimization. The truss spar consists of a set of nodes connected by
members which can deform only axially.

3.1 Energy Principle

Stress and strain of a member are respectively

F
= — 3.1

o= (3.1)
Al

€= — (3.2)

l
Assuming linear elasticity, stress and strain are related by Young’s Modulus, E:
o= FEe (3.3)

The stress and strain of a member are uniquely defined at specific points within the beam. Thus,
the internal energy of a member is given by

1
U = / ZeodV (3.4)
V2

Assuming no change in cross section, the stress and strain can be approximated as constant
across the volume of the member. Thus, the relationship becomes

U= %5014[ (3.5)



This can be simplified using Egs. (3.2) and (3.3) to become

1EA
where k = ETA is the effective spring stiffness of the member.

3.2 Internal Force Vector

Let a node be defined as .
] (3.7)
In the box truss, these correspond to the x, y, and 2z degrees of freedom (DOF), respectively. Given
a truss member defined by two nodes in space x4 and xp, the initial and final positions of the

member are

T = [xla T2, I3

~ | TA
= L}J (3.8)
|
T = L}ﬂ 3.9)

The displacement of a truss member’s nodes are defined by Axz4 and Axpg, respectively. The
displaced nodes are

Ty =xA+ Axy (3.10)
xy =xp+ Axp (3.11)
The length vectors of the initial and final truss members are
l=xp—x4 (3.12)
l'=aly— o, (3.13)

The change in length of the truss member due to the displacement of its nodes is thus
AL=[I]| = 2] (3.14)

The internal force of the truss is found by taking the derivative of the energy with respect to the

displaced nodes:
0Al

F = kAl (3.15)
ox’
Since the initial member ||l|] is constant, the partial derivative in Eq. (3.15) is
OAL ol _ [olvIl ol ol ofvl ol ofvi]” (3.16)
ox' ox' o'y, 0xly, 0Orlyy 01y 02lgy Ol '
where
o -3
3|x|A|»| = ((%91 - =T/A1)2 + (2 — xlAz)2 + (25 — fLJA3)2> ’ (@ — ;) (3.17)
o -3
%B“ == ((%91 - xlAl)2 + (¢ — xlAz)2 + (¢ps — fLJA3)2> : (@i — 24;) (3.18)



for s = 1,2, 3. Combining Egs. (3.15) to (3.18), the internal force vector its

_ EA Al [—l’} (3.19)

UL

3.3 Tangent Stiffness Matrix

The truss displacement is found by solving the following equilibrium equation, i.e. the residual
equations:
R(u) = F(u) — P(u) =0 (3.20)

where P is the external force vector and the state u is the shape of the deformed structure. Equation
(3.20) is solved using Newton-Raphson (NR) iteration. In NR iteration, an initial guess for the
solution to the residual equations is iterated on using the method in Eq. (3.21). The iteration
continues until the residual equations are satisfied to within a tolerance.

Upi1 = U, + Au

OR]™! (3.21)
where Au = — [—] R(u,)
ou
This iteration requires the Jacobian g_}uz, which is found by taking the derivative of the residual
equations with respect to the state:
OR OF 0P
e 3.22
Ju Ou Ou (3-22)

The external forcing component g—i is derived later in Section 4.2. The internal force component

g—ﬁ is the tangent stiffness matrix. The tangent stiffness matrix is found by taking the second

derivative of the energy of the element given in Eq. (3.6):

OF U EA ( ||z||) [I —I] EA .
of _oU _ =4y Il + L (3.23)
Ou  ou* || i) =L Ll e’

The tangent stiffness matrix for the whole truss is a larger matrix assembled from these element
tangent stiffness matrices. This stiffness matrix can then be used in NR iteration to solve for the
structure state of the truss u.

3.4 Sensitivity Matrix

It is evident in Eq. (2.9) that computing the adjoint variable requires the Jacobian %&, which is

the sensitivity matrix. Using Eq. (3.20), the sensitivity matrix is found as having two components:

OoR OF OP
o 0x Oz (3.24)

The external forcing component ‘?)—1; is derived later in Section 4.2.



The internal force component of the sensitivity matrix takes the form of a 6 x 6 square matrix:

OF | OF OF OF OF OF OF

= 3.25
ox 8:UA1 8.1‘,42 83cA3 81’31 81‘32 81’33 ( )
The ith component of the jth partial derivative in Eq. (3.25) is
oF,, Il
%= 2FEAY (3.26)
Oz, l2]f?

Simplifying and combining all terms of the internal force sensitivity matrix in the form of a vector
equation yields

g_i _ %? { _ll} 1 (3.27)
3.5 Gradient of Objective Function
Recall from Section 2.3 that the gradient takes the form
%:a—iﬂﬂa—R (2.10)
i

The objective function’s sensitivity to the design varlables is zero, because the objective

function (tip deflection) depends only on the final structural state and not the design variables. %

is a unit vector in the vertical DOF of the tip node, because the objective function is equal to just
the vertical deflection at the tip node. sThus, the gradient can be found using these vectors and the
quantities derived in Sections 3.3, 3.4, and 4.2.
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Chapter 4

Aerodynamic Formulation

4.1 Aerodynamic Loads

Let the wing be discretized span-wise into strips, each of which contain a single box of the box
truss spar. The box contains eight nodes in the arrangement shown in Fig. 4.1. Note that diagonal
truss members exist on each face of the box, but are omitted in the figure for clarity.

—T

X
5 6

Figure 4.1: Box truss in strip

The positive z-direction is the spanwise direction and the positive y-direction points to the
trailing edge of the wing. In this chapter, the DOF of a node previously denoted by [z, 2, 3] will
instead be denoted by [, y, z| for clarity, and numerical subscripts instead denote the node.

Each of the wing strips acts as wing section in its own two-dimensional flow. Each strip has its
unique chord, span, deflection, and angle of attack. All wing strips share the same freestream flow.
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For a wing strip spanning from ¥, to y,, the relevant aerodynamic quantities can be calculated by

Y2
L= / qcChdy 4.1)
Y1
Y2
D = qcCydy 4.2)
Y1
Y2
M:/qﬂmw (4.3)
Y1

If it is assumed that the geometry and aerodynamic forces change linearly in the span-wise direc-
tion, then the above equations for panel loads become

L = qcAyC “4.4)
D = qcAyCy 4.5)
M = qc*AyC,, (4.6)

In this study, the lift is modelled as having a linear relationship with o and the pitching moment
coefficient about the aerodynamic center is modelled to be constant:

C; = Cip + Clpx 4.7)

The drag coefficient is approximated to be zero, although future development work could imple-
ment a more accurate quadratic relationship with dynamic pressure and lift coefficient.

Another notable assumption in this aerodynamic model is that wing strips act as if in 2-D flows,
i.e. spanwise flow and other induced effects are not present. This increases the overall root bending
moment, as the lift calculated near the wing tips is greater than that in reality.

When the wing twists, the local angle of attack changes. This twist angle can be added to the
wing angle of attack to find the local angle of attack. This twist angle can be measured by finding
the slope between two initially horizontal truss nodes.

The local angle attack of a point on the wing is thus

a = (o + 0) cos(f) 4.9)

The equation for lift L gives the force in the wind axes. If the initial angle of attack of the wing
is non-zero, the forces must be converted to the equivalent forces in the global frame L’ and D’:

L' = cos(ag) L — sin(ag) D (4.10)
D' = sin(ag) L + cos(ag) D 4.11)

Note that the wing bending is not part of this transformation because wing bending is assumed to
be small. It is also assumed that « is a small angle. Thus,

I'~1L (4.12)
D'~D=0 (4.13)
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These lift loads are then distributed evenly across the internal structure’s truss nodes. The
forces due to twisting moment must also be evenly distributed between the nodes of the strip.
First, the distance d between each of the nodes and the aerodynamic center must be found. If the
box truss spar is centered on the aerodynamic center undergoing small deformations, this distance
is approximately equal to half of the width of the spar. The force on the node can then be found by
solving

M
Mlocal = ? =Fxd (414)

Note that the vector result of Eq. (4.14) will always point in the spanwise (positive x) direction if
bending is assumed to be small.

4.2 Aerodynamic Sensitivity

This section describes the sensitivity of the external aerodynamic force vector to the structure
state %, but this method applies to the sensitivity of force vector to the initial structure geom-
etry ?)_x also. Thus, to compute the sensitivity with respect to the initial structure geometry, the
following method is repeated with x in place of u.

The sensitivity can be broken down into components due to lift and pitching moment, respec-
tively:

ou  Ou ou

Changes in the forces from moments on truss nodes can be due to changing total moment on the
wing strip or due to changing moment arm of the truss node d (node distance from aerodynamic
center or truss center). Thus, the second derivative in Eq. (4.15) can be decomposed using the
chain rule:

(4.15)

oP 0P, 0P, 0P,
e = T gt 5 M (4.16)

d represents the change in Py, due to changes in total moment where moment arm is

oPy,
ou
held constant, and %M represents the change in P); due to changes in moment arm where total
moment is held constant.
The lift derivative ‘98% changes with wing area and with twist angle, both of which are direct

functions of components of u. Eq. (4.17) shows the load on a single node.

where

Oladq (_?JS +y7+y6 — Y5 — Y4 +y3 +y2 _yl) <y7_98 + Y6 —Y5 + Y5—Y4 _|_ y2—y1>

27—28 26—25 25—24 Zo—21
16t

Pr;

4.17)
The total moment derivative %l also changes with wing area. Note that in Eq. (4.18) d is held
constant for the purposes of derivatives.

 Cudg (—ys+yr+ Yo — Ys — Ya + Y3 + Y2 — 41)°

= 4.18
" 16dt (4.18)

Py,

The moment arm derivative g—ZM changes with box truss width, which is once again a direct
function of components of w. Note that, unlike in Egs. (4.17) and (4.18), this is not the same
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between the two sides of the wing strip. Also note that in the following equations M is held
constant for the purposes of derivatives.

L — 2M/(y1 —yo) ifi=1,2,3,4
sz_{ OM/(ys — ys) ifi=5,6,7,8 (4.19)

Substituting the above terms for 2E& % and g—i into Eq. (4.16) yields the full form of the

- o ou’ Ou’
aerodynamic force sensitivity.



14

Chapter 5

Results

This chapter covers the results of verification tests and the aeroelastic optimization of the wing.

5.1 Structural Optimization

In this section, the adjoint-based gradient implementation is verified. A single-discipline struc-
tural optimization using the adjoint method of computing the gradient is demonstrated and com-
pared to the finite-difference method for computing the gradient. In this structure-only optimiza-
tion, the load condition was set to a constant load at the tip of the truss and the derivatives were
adjusted accordingly. The aeroelastic lift constraint was replaced with a mass constraint: the mass
was constrained to be no greater than the mass of the initial truss. The bounds for the truss width
design variables were set to [0.05,10]. For this test, the box truss consisted of 4 boxes. Each box
had an initial width of 1 and a fixed length of 1.

The optimized truss reduced tip displacement by 0.008, or 40%, compared to the initial truss.
The resultant trusses of the optimization are shown in Figures 5.1 and 5.2. The dashed red lines
indicate initial position of the truss and the solid green lines indicate the final deformed state of the
structure.

The optimized truss has a wide root and tapers continuously to the tip. This is because bending
near the root results in a larger tip deflection than bending near the tip. Thus, the optimization
resulted in the width distribution of the truss which best managed the trade-off between bending
stiffness at the root and at the tip.
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Figure 5.1: Unoptimized box truss with tip displacement 6 = 0.020

Figure 5.2: Optimized box truss with tip displacement 6 = 0.012
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The same optimization was also performed using a two-point finite-difference numerical gra-
dient. The results of the adjoint-based and finite-difference optimizations are shown in Table 5.1.
The execution times were obtained on a single core of an Intel Core 17-8550U processor in a
consumer-grade laptop system.

Table 5.1: Computational Cost of Structural Optimization

Adjoint-Based Gradient | Finite-Difference Gradient
tip displacement 0.012 0.012
execution time (s) 96 645
iterations 25 25
function evaluations 26 176

While both methods of computing the gradient resulted in a converged optimization, the use
of an adjoint-based analytical gradient reduced execution time by 85% compared to the finite-
difference gradient run. This is due to the finite-difference gradient requiring a large number of
function calls, and thus a large number of expensive structural solves.

5.2 Aeroelastic Optimization

In this section, the optimization of the aeroelastic wing is demonstrated. For this optimization,
the box truss consisted of 5 boxes. The bounds for the truss width design variables were set to
[0.25,4]. These bounds are more restrictive than the truss-only problem in order to simulate a real
wing with a minimum and maximum thickness requirement due to the size of aircraft systems and
the wing-fuselage junction, respectively. Each box had an initial width of 1 and a fixed length of 5.

This optimization test assumed a constant wing load throughout deformation. Thus, the load
sensitivity to structure state is assumed to be zero.

The optimized aeroelastic wing reduced tip deflection by 0.0115, or 83%, compared to the
initial wing. The resultant truss spars of the optimization are shown in Figures 5.3 and 5.4. Note
that since the thickness ratio of the wing is constant, the wing’s chord distribution is proportional
to the truss’ width distribution.

One interesting feature of this optimized truss spar is that its surface is concave near the root and
convex near the tip, while the surface of the optimized fixed-load truss is convex throughout. Since
a wing strip’s aerodynamic loads are proportional to its area, and thus its width, the aeroelastically
optimized truss has a large structure (and thus aerodynamic load) near the root of the wing. This
reduces the bending moment the wing experiences and thus reduces the tip displacement while still
maintaining high lift.

One other feature to note is the apparent discontinuity of the smooth box truss width distribution
at v = 5. This is due to the truss width bounds defined in the optimization problem; the upper limit
for the width was reached.
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Figure 5.3: Unoptimized aeroelastic wing with tip displacement 6 = 0.0139

Figure 5.4: Optimized aeroelastic wing with tip displacement 6 = 0.0024
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Chapter 6

Conclusion

This thesis presented a computational framework for the aeroelastic optimization of a wing
with truss structures. An implementation of the adjoint-based optimization was shown to reduce
computational cost compared to the reference finite-difference case, and the aeroelastic optimiza-
tion of a wing was demonstrated.

From a practical perspective, there is much more work to be done before the method described
in this thesis can be used to design a real model. The implementation of the aeroelastic wing must
be generalized such that more design flexibility is afforded, e.g. placement of the spar at a point
other than the aerodynamic center. The fidelity of the structural and aerodynamic models also need
to be upgraded if any application with highly flexible wings is desired.
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