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Abstract

Traditionally, canonical computations do not include lapse and shift functions inside of the Pois-
son brackets, as they do not change the equations of motion at first order. When working with theories
that have higher order time derivatives, one needs to include the lapse and shift inside the Poisson
brackets as they do add additional terms to the equations of motion. However, there still exists an
ambiguity as to whether the lapse and shift should be inside or outside the brackets. We investigate if
the canonical methods can describe a geometric theory. We compute the phase space dependence of
the hypersurface deformation by computing the lapse and shift inside the Poisson brackets. We use
the geometric formulation to derive conditions placed on the canonical formulation. We find that the
canonical formulation, when it considers the phase space dependence of the lapse and shift and the
deformation of the normal vector, leads not only to the sought after full consistency with the gauge
functions inside the brackets, but also a method to obtain new modified gravity theories altogether.
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Chapter 1

Introduction

In traditional canonical theories one does not compute the lapse and shift functions inside of
Poisson brackets[1], because the first-order equations of motion do not change by phase space de-
pendence of the lapse and shift on-shell. Full consistency requires us to check whether this ap-
plies to higher order time derivatives given by consecutive brackets. While [1] defines the lapse
and shift outside the consecutive brackets, the Gowdy model uses second-order time derivatives to
find the equations of motion[2], so the phase space dependence must be accounted for, even on-
shell. When the phase space dependence is considered the equations of motion take a different form:
f={{f,H[N]},H[N]} = {N,{f, H}H[N|} + ... = {N,H}{f, H} N + ..., where the ”...” are the
rest of the terms. The ones shown here do not appear if the lapse, /N, is phase space independent and
these terms, in general, do not vanish on-shell when it is phase space dependent[2]. The authors of
[2] included the lapse and shift inside the bracket, but they did not elaborate on that at all, despite the
definition of the classic earlier work [1] of having the lapse and shift outside of the bracket. Thus the
matter is not yet settled, and, in general, not disscussed.

We wanted to investigate how phase space dependence affects the hypersurface deformation al-
gebra and find what conditions are needed to satisfy both the geometric and covariance conditions.
We have indeed found how the phase space dependence affects the algebra and certain transformation
properties of the gauge functions themselves, thus resolving the consistency issue described earlier.
This leads to the geometric conditions, and these in turn can be used to obtain a new constraint alge-
bra with a new structure function. Which implies a new spacetime metric, but this new metric is not
necessarily covariant.

The organization of this thesis is as follows. In chapter 2 we work to understand the geometric
meaning of the canonical hypersurface deformation algebra. We then consider phase space dependent
lapse and shifts and arrive at a geometric condition that must be met. An example of a covariant and
geometrically consistent lapse and shift, that differs from the classical one, is given. In chapter 3 we
derive from the geometric formulation the geometric conditions that the canonical formulation must
satisfy. Finally, in chapter 4 we discuss the implications of the new geometric condition.



Chapter 2

Canonical Formulation

2.1 Canonical theory

We begin with a foliated globally hyperbolic topology M = > x R with a spacetime metric
ds? = o N?dt* + qup(dz® + Ndt)(dz’® + N°dt) (2.1)

a time-evolution vector field
th = Nn' 4+ N%sh | 2.2)

where n* is a normalized vector normal to >; and s# are the three spatial basis vectors tangent to ..
We also have the a lapse, /V, the normal projection of ¢t on X, and a shift, N, the projection of ¢
on Y. The Hamiltonian is independent of time derivatives of the lapse and shift functions giving two
constraints, the Hamiltonian constraint and the diffeomorphism constraint. The total Hamiltonian is
given by the linear combination of the constraints and Lagrange multipliers: H[N| + H,[N%] = 0,
where H is the Hamiltonian constraint and H, is the diffeomorphism constraint. Using Poisson
brackets and the diffeomorphism constraint a closed constraint algebra emerges

{Ha[N], Ho[M*]} = Ho[Lne M, (2.3)
{H.[N*], H[N]} = H[N®0,N], 2.4)
{H[N], HIM]} = —Ha[¢"(NO,M — M9,)] , (2.5)

where ¢ is a structure function. This algebra is only valid for phase space independent smearing
functions. The gauge transform of the phase space independent lapse and shift are

0N =€ 4+ €*9,N — N0, , (2.6)
5N = é* + QN — N°Oye® — 5q™ (20N — NOye") | 2.7)

if the Jacobiator of the constraints vanishes. In section 2.3 we will show a more general derivation
that includes phase dependence. The constraint algebra in this deformation form ensures a general
covariance in General Relativity [1], but further conditions beyond the hypersurface deformation
algebra must be met for modified gravity theories. The on-shell gauge transformations of 3-metric
correspond to diffeomorphisms

{Qtﬂh ﬁ[g]}}os = £€Qab ’ (2.8)



{qab, HIT} o5, = Leonab - (2.9)
The gauge transformation of the 3-metric, lapse, and shift give the diffeomorphism of the full metric
659;11/‘0_3_ = Lig;w ) (2.10)

where L, is a Lie derivative along the 4-vector field £. The components of the vector field are in terms
of the gauge generators and the lapse and shift

EH = Onk 4 st = 4 st 2.11)
oo © (2.12)
N b
(o o € s (2.13)
= € — — . .
N

2.2 Geometric meaning of the hypersurface deformation algebra

2.2.1 Transformation of the normal vector

g = q"sts” + % (t* — Nst) (t” — Nbsg) . (2.14)

After a hypursurface deformation the normal vector and the 3-metric transform to n* 4 d.n* and
Jab + dqap respectively. The normal vector remains normal if and only if § (N n“q#,,) = 0 where
Qu = gaszs,’i. Using the full metric is more convenient as we can see how all components must

transform
de(Nn"g,,)dz” = 20 N6 Ndt . (2.15)

The left-hand side (1.h.s) is expanded using the Leibnitz rule, a change of basis n* = N1 (t# — Ns"),
and the component g** which gives

1 1
W= ——§Nnt — —05.N%H . 2.1
O N5€ n N(Se st (2.16)

Using this and the normal condition, 5E(n“qm,), shows that the gauge transformation of the 3-metric
can not be orthogonal to the normal vector

Nn"Scqu = qudN”. (2.17)
Consider a spatial basis vector in the form
desy = Apn* + Bs) . (2.18)
Requiring that d.(g,,n*s}) = 0 along with (2.17) and (2.1) determines
Ap = gupbent + 169 = 0. (2.19)

Using 6.qqp = 0c(g,u 5% s} ) determines B = 0 which means that the spatial basis vector does not sufter
a deformation.



2.2.2 Transformation of the normal generator

A normal generator deformed by passive deformation, then subjected to a deformation generated
by €/, then another deformation generated by the lapse and shift becomes

HMN}+HM—%MN—@ﬂ
— HIN =, N] — i [0, N] + i [N]
::fﬁquvy+}?{ﬁ], (2.20)

where H% is defined as the new normal generator that keeps the spatial generator undeformed

Hoa = H (1 — —5€1N) - Haqu :

i 5 (2.21)

2.2.3 Transformation of phase space independent gauge functions

We follow the usual derivation, up to the use of the deformed normal constraint, of phase space
independent gauge functions. The geometric meaning of the constraints can be understood using
deformation generators. We first consider an observable, A, a general deformation that can act on
gauge functions, d,, and a deformation that acts only on observables J,, = {-, H[e;]}. We need a
deformation that acts only on the observable since the gauge functions can be independent of the
phase space. If the observable A depends on a gauge function e, the full deformation is

0A

— 222
56y (2.22)

661 €9 .

%A:&A+/

Consider an observable, O, and two deformations generators, ¢; and €. Acting on the observable
with the first generator, €, produces
oY= 0+6,0=0+{0,H[e]}. (2.23)

Then, acting on O with e, produces

01 = oW 4 5l oM
=0 +{0, Hlal]} + {0, H*t[eo]} + {{O, Hle]}, Hlea]}

=0 +{0,H[e1]} + {0, Hle2]} + {{O, Hle1]}, Hlea]} — {@,HT [635}N763g] } |
(2.24)

The order of deformations is reversed and the two are commuted which gives

ol = o2 _ »nEl)
= {0, Hlal}, Hleo]y = {{0, Hleo]}, Hlea]}

LN

+{O Hy 60562N_ 06€1N 0562N_ 0561N }

62 N ) €1 N 62 N

= {0, {Hla], Hle2]}} + {0, Hler], Hleo]}

+ {O,HT €

0
1

6oN  00oN 6oN 6, N

62 N ) 61 N 62 N

}




= {0, H[A2]} + {0, Hle1], Hlea] }

0N 00N 0,N (0, N
+{O,HT e 12\7 — & le € 12\7 — g ” (2.25)
where we used the Jacobiator
and where A5 is
Af, = el()l)abe&) - 61()2)61,6?1) + oq™ (6(()1)81,6(()2) — 6?2)81)6(()1)) . (2.28)
We repeat the process but deform the gauge functions instead of the constraints
2) — de
O = O +45,,0+ 5&2+55162O : (2.29)
Reversing the order of the deformations and commuting the operation gives
5oN = (0N 6,N 0N
0[1’2] = {OuH[(SqEQ - 66261]} + {O7HT 6(1) ]2\[ - 6(2) N 76(1) ;V - 6(2) N ] } : (230)
By comparing these two procedures we find, provided the Jacobiator vanishes, that

By substituting €; — €, e — N and setting 51\/,165“ = ¢é" we arrive back at (2.6) and (2.7).

2.2.4 Geometric meaning of a vanishing Jacobiator

We consider the same system as the one above. The commutation can be rewritten using the ADM
decomposition of the Lie derivatives

OM = {0, H[Le, o)) + HalLe, )} + {0, Hler], Hles]} - (2.32)

What we see is that the canonical methods can reproduce the geometric theory if the Jacobiator is
vanishing and the deformation of the normal vector is taken into account, otherwise it does not pro-
duce the correct normal deformation. This has been overlooked in all previous canonical treatments
as far as we know. We can further examine the Jacobiator by using (2.4) and (2.5) to find a condition
that must be satisfied for the Jacobiator to be zero. We start by permuting {{ H[¢}], H[e3]}, H[€3]}
which gives

—

(), 1S HIE]} = { A (06" (50,63 — S,el)]  HIES] |
=H [aqab ()0pe) — €30pe?) &ﬁ%}
+ [ o, @) (A0() - Swne®) {a(). Hl]}
=H [anb (e?@beg — egabe(l)) &163}
+ H, [a (e?@beg — eg&,e?) (Q“beg + Q“bcéceg + Q“deﬁcﬁdeg)] , (2.33)

{{H[3), H[e3)} , H[eY]} = H [0q" (e30p€5 — €30be3) D]



+ H, [O’ (eg&,eg — 638b62) (Q“be(f + Q“bc&;e? + Q“bedacade?)} , (2.34)
{{H[), H[})},H[e))} = H [0¢™ (€30p€] — )04€5) €]
+ H, [0 (6300¢] — €20,63) (Q€) + QDo) + Q" 0.0463)] , (2.35)

where the () tensors are the generic form of the Poisson bracket of ¢?°. Higher order () terms have
been ignored but it is straightforward to consider them. Summing the permutations gives

{{He), Hlel}, Hles)} + {{Hea), Hles]}, He]} + {{ Hles], Hle1] }  Hlep]}
=oH, {Q“b“i( ()0p€) — €30p€Y) DcOuey + (€90bes — €305€5) DeDge]

(D9, — 2y acadeg)] | (2.36)

We see that if Q¢ = () the Jacobi identity is satisfied. If higher orders of () appear, they could make
the Jacobiator non-vanishing

2.3 Phase space dependent generators

2.3.1 Poisson brackets of phase dependent phase gauges

If we have gauge functions that depend on the phase space then there will be changes to the
constraint algebra. We find these new constraints to be

{H[N], HM]} = —H[L 3 N] + HJ[{N", H[M]} — {M®, Hy[N"]} — H,[{N®, M}]],  (2.37)
{H[N), H[M]} = —H[M"3,N — {N, H[M]}] — H,[{M° H[N|} + H{N,M"}]], (2.38)
{H[N],H[M]} = H{g"*(No,M — MO,N)] + H [{N, H[M]} — {M, H[N]} — H[{N, M}J(]2 0

where we have suppressed certain integrals and here, the smearings are implied by the contracted
indices. Evaluating the Poisson brackets of the constraints reveals anomalous terms in the algebra.

2.3.2 Transformation of phase dependant generators

We follow the same derivation steps as in 2.2.3 along with the effects of the phase space de-
pendence of the gauge functions. We have an observable that is acted upon, consecutively, by two
deformations. The gauge transformation is defined as

3.0 = /d3w (e(x){0, H(z)} + H(2){O, e(x)}) = §.0 + /d3x H(z){O,¢e(z)} . (2.40)
The deformation generated by €; on observable O is
oW = 0+6,0=0+{0,H[e,]}. (2.41)
After the second deformation the observable takes the form

01 = oW 4 5 oM

=0+ {0,Hla]} + {0, Hle2]} + {{O, He1]}, H[e]} — {0 Hy lggézlvN Ega?vﬁn |
(2.42)



The commutator of the two deformations is

0[172]

— 02 _ o
=0 o |O.S.

= {{0, Hrlel}, Hrleo]} — {{O, Hrleo]}, Hrle1]}

[ 0N 0N 6N 6. N]
—i—{O,HT 6(1J N —eg N ,6(1) N —68 } o
={0,{Hrle1], Hrle2]} } + {O, Hrlei], Hrlea]}

[ 6.N  6.N 6.N 0. N]

0ve2 _07a 0 €2 _ 07ea
—i—{(’),HT S Ny Ay 2 } o

= {0, Hr [Aly — {ep, Hyle{]} + {e1, Hiley ]} — Hyl{el, €3]] }
5o,N g0 N 6, N

6]2V _62 N ’61 N

0
— €
2N

€1

+1{0, Hrlei], Hrleo]} + {O, Hrp

]} e

where we use the anomalous constraints instead of the anomaly-free one. The process is repeated for
the deformation of the gauge functions instead of the constraints which gives

ey
62+55162

o) = 046,046 O, (2.44)
where 66152 means that the transformation only considers the phase independent part of €;. Commut-

ing the observable gives

e, N V
N

€1
N

_ 00N g . 00
2 N » -1 2

0[1’2] = {O, HT

6]1\[ } +{0,H[f €2 — foe1]} . (2.45)

Comparing the two procedures gives

{0, Hi[ye3 — b1} = {O, Hr [A1, + {1, Hyles]} — {ex, Holel]} — Hol{er, 3 1] }

+1{0, Hile], Hiles]} (2.46)
or
{0, Hiloe, €5 — 0,1} = {O, Hi[AL, — Hy[{ef, €51} + {O, Hilel], Hile3]} (2.47)
where the full gauge transformations is defined as
= 5616£ + {eé, Hj[ei]]} ) (2.48)
The final transformation, provided the Jacobiator vanishes, is
e b — el = AL — H[{ed e]}] . (2.49)

On-shell, this is the exact transformation we expect arrive at with the geometric approach. This means
that even phase space dependent gauge functions transform consistently.

2.3.3 New geometric condition

Replacing the generic gauge function in (2.47) with the lapse and shift implies a new geometric
condition

e’ ()

g + {eo(x), Hr[N]} + €0, N — Ne9,e

§N(x) + {N(x), Hrle]} =

(2.50)



Oe(x)
ot

§ N (z)+{N%x), Hrle]} = +{e"(z), Hp[N]} +€0,N*— N0y — ¢ ("N — NOye°) .

(2.51)
If we take the phase dependant lapse and shift and consider when §.N = §_N® = 0, then an arbitrary
phase independent gauge e can not produce the right-hand-side of the equations. This shows that we
must, in general, retain a phase independent portion of the lapse and shift to complete the geometric

condition.

2.4 Linear combination example: A new modified gravity theory

2.4.1 Geometric condition

Consider a lapse N = BN, and shift N = A°N + N® and e = Be’, ¢* = A% + . The spatial
scalar, B and spatial vector, A are phase dependent and the barred functions are phase independent.
The on-shell deformations are

_O
§¥los = ot (AT %) 0N — (AN + N%) 3,29
+ B (B, H[BN]} — N{B, H[B&]}) | .5+ (2.52)
FN s = o4 AN — N0 — 0B (0N — Noye)

+ e {A*, H[BN]} — N{A*, H[B&]}

— A" (A%€9,N — A’NOye° + &{B, H[BN]} — N{B, H[Be’]}) | . - (2.53)
The barred lapse can transform like the original lapse only if
0= A’CO,N — A’NOye’ + @{B, H[BN|} — N{B, H[B&"}| .5 (2.54)
which is only true if
{B, H[E"]}| s = BE + B0, ., (2.55)
with the higher order terms vanishing and where
Aa‘o.s. - _Ba’o.s. : (2.56)
The shift can transform by following a similar method
{A* H[E)} = A€ + A9, (2.57)
with higher order terms vanishing and the structure function replaced by
= B*¢®™ — 6 BA™ . (2.58)

this imposes that .4%° must be symmetric so the structure function can remain symmetric. The barred
objects give a consistent spacetime metric

ds® = o N?dt?* + Gu(dz® + N°dt)(dz® + NPdt) , (2.59)
and the constraint generators are smeared with the barred gauge functions

= BH + A°H, , (2.60)

H
H,=H,. (2.61)



2.4.2 Anomaly-free condition

Using the new constraint generators we can find the new constraint algebra

{HIN], H{M]} = {H[BN] + H,[A'N], H,[M"]}
= —H [BM“0,N] — H, [A*"M"9,N |
=—H [M"9,N] |, (2.62)

{H[N], H[M|} = {H[BN| + H,[A"N], H[BM] + H,[A*M]}
— A, 0B (M,N — No,M)] + H [BA® (N9, — MO,N)]

+/d3xd3y H(x )({B(w) H(y)} (N (2)B(y)M(y) — M(z)B(y)N (y))

+{B(x), ( )}N (2)H (y)M (y)

—{A%y), H } z) (N(x)Ha(y)M(y) — M(z)Ha(y)N(y))

+{B(z),A } ) (N(x)Ha(y)M(y) — M(x)Ha(y)N(y))
A, AY()} Holr) N (o) Hy () M <y>). 2.63)

We used the following expression in determining the constraint algebra

{H[BN],FIa[M“]}Z/dSM?’ ({H(x), Ho(y)} B(x)N (x) M (y)

+{B( ), Ha(y)}H (2)N () M*(y))
H [M®0, (BN)] + H[M*0,BN]
H [BM"9,N] , (2.64)

{H,[A'N], Hq[M"]} =/d3xd3 ({Hy(x), Ha(y)} A" (2) N () M (y)

+{Ab(x) o(y)} Hy ()N (2) M (y))
H, [L (A°N)] + Hy[£ 2 APN]
H, [A*M°O,N] | (2.65)

(BN HIBN) = [ @ty (0. HO)Y BN @) B)30)
+ {H(z), By)}B)N (@) Hy) M (y) + H@){B(), Hy) N (@) By) V()
H()B(a), BU) N H) )
= H, [og ((BM)O,(BN) — (BN)9y(BAL))]
v [ @ty i) (5. 1)

T {B(a), B(y)}ma:)H(y)M(y)) , (2.66)

=
=
S
=
S
|
=
S
Se;
S
=
S
SN—

(BN A} = [ dhady ({H<x>, H,(y)} B(x) N (2) A*(y) 31 (1)
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M(y)) , (2.67)

= Hy [L£ 35 (A°M)] — H[ML 35 A"

- / drd®y {A*(x), A (y)} Ha(x) N (z) Hy(y) M (y) - (2.68)

For the algebra to be anaomaly-free, the / term in the second line needs to be canceled by other
terms. The off-shell extensions of (2.55), (2.56), and (2.57) cancel this extra term

(HIN), BM]} = H, [0 (B*" — 0 BA™) (19,N — No,i1)]
— H [B(A"+ B") (MOyN — NO,M)]
+ [ oty (@B, BEIN@HO))
+ {B(w), A%(y) HH () (N (@) ()
§ (A (), A(9)} Hol) N (2) Hi ) <y>)
— 1, [0q™ (J0,N — NoiT)]
+ [ @ty (BB, BN @ HIG)
+ {B(w), A%() HE(2) (N () Haly) M (y) — M () B () N (9))
(A0, A 0N (@) )T 0) ) (2.69)

producing an anomaly-free hypersurface deformation algebra, provided the last three lines vanish off-
shell. In spherically symmetric models the functions are such that the last three lines do vanish[3].
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2.4.3 Covariance condition

We need to check if the new algebra satisfies the covariance condition

qa H }‘os 1 }‘os (2.70)

m&l —_

This condition comes from 6.% = L¢¢** and using Poisson brackets to replace the §. on the Lh.s.
and the time derivative on the right-hand side (r.h.s.)[3]. We use the classical result

{¢” HE'l} = Q™ 2.71)
and expand the L.h.s

{qabag[é)]}‘o_s. = {q", H[B&] + H[A€] }‘os
= {q" HBEN} + £ 500" |5
_ {Bz " — o BA™, HIBE)} + £ 500"
— B*{¢", H[B&)} + ¢{B* H|B&)} — 0 B{A™, H[B&)}
c A®{B, H[B&"]} + ﬁ/ﬁ’qab‘o.s.
— Lar®+ [y (B (BORG HO)
+(2Bg™ — 0 A™) (B(y)e’(y){B, H(y)})
B (R A" O )|
_ ngoqab 1 B3Que 4 (2Bqab _ OAab) (BB?J + B, (B?)))
~oB [ Py B A" HW) s 2.72)

where we define
{A® H[e"]} = A& + A0 . (2.73)

Finally, the covariance condition requires
Aabc os. —_ O_Bf2 (Ab (B2qac o O,BAac> + Aa (BZch o O_BAbc) + <2Bqab . O_Aab) BBC)
-1 (Ba (Abc o O_quc) —|—Bb (Aca . O_cha) — B (Aab . ZO'Bqab))

‘O.S.

|O_s. . (2.74)

This condition also forces the Jacobiator to vanish since only higher order derivative terms can give a
non-vanishing Jacobiator and 2.70 and 2.71 ensure that no derivatives of ¢® appear.
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Chapter 3

Gemetrodynamical Formulation

3.1 Geometric theory

The following derivations in this chapter are to provide the geometric conditions that we imposed
on the canonical theory. We begin with the same building blocks, a foliated globally hyperbolic
topology, M = X x R, a spacetime metric

ds* = o N?dt?* + qqp(da® + N°dt)(dz® + NPdt) , (3.1)
and a time-evolution vector field
= Nnt 4 Nl . (3.2)
‘We also have an inverse metric

g

9" = q"sisi + 3

(t* — N°s) (# — NPsp) | (3.3)

and an ADM decomposition of L¢ g, = 09w + 9ua0v€® + 9va0,E°
0 0

€. c c c € c c c
‘Cfgab = NQab +€ acqub + QCaabE + qcbaaE - N (N acqab + QCaabN + QCbaaN ) 5 (34)

LeGia = Nbﬁggba + Qap (éb + €9,N? — N°9,e® — Uqbc (6086]\7 — N@ceo))
= N*Legha + qapdN® (3.5)

Leg = 02N (€9 + €*0,N — N*9ye”) + N*N’Legas
+ 2¢u N (€8 + €0:N® — NOoe” — 0¢” (°0.N — NO."))
=: 02N6N + N°N°Legap + 2¢uy N6 N | (3.6)

Eﬁgw = ga agt'u - ga#aaét - gtaaag,u
= 06" — POE — gD+ €D — gPOE — gD
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0 0 0
26_ t _ qte S &
N&:g g &:(N> g GC(N)

T gen g (e~ Cne) g+ T Nea,en 37

_N2t§+€_N cd +N2 cga ()

Leght = 2 (e 9.N — N¢9,%) = 25N 3.8

¢9 __UW(E + € 0N — cE)——UWE ) (3.8)
a 1 a 2 a

We want to check if the geometrodynamical formulation matches the canonocal formulation, and if
they do not match, what conditions are needed so that they do.

3.2 Deformation of the lapse and shift

We find the expressions for the deformation of the lapse and shift by setting .g,,, = L¢g,, and
using the spacetime metric and the ADM decomposition of the Lie derivatie of the metric

8N = é° + €"0,N — N9,¢€° , (3.10)
6N = €% 4 €9.N® — Nb9ype® — oq® (eoabN — N@beo) , (3.11)
EO EO
66Qab - N(jab + 6caCQab + QCaabec + qcbaaEC - N (NCaCQab + QCaach + QCbaaNc) ) (312)

Here, the 0 is an abstract transformation due to hypersurface deformations. We use the same ¢ as
the canonical gauge because we will require that the canonical gauge transformation, (2.6) and (2.7),
match the hypersurface deformations.

An arbitrary deformation generator must also transform similarly

Oe €9y — Oes€(1y = A (3.13)
A% = el(’l)abe‘é) - 6?2)81)6((11) + oq®® (6(1)856?2) — 6(2)81)6?1)) . (3.15)

The deformation of the generators will be expanded upon in section 3.6

3.3 Deformation of the normal vector

The the normal vector to the foliated hypersurface is given by

OxP Ox™ Ox® eabe

5oy o oy 3 1o

g
S

The following embedding can be used to evaluate infinitesimal deformations to the hypersurface
o' = ot + nt 4 sy (3.17)

Substituting (3.17) into the derivatives of (3.16) gives a new normal vector up to first order in the
generators

nto= 7 (gt“(x(ﬂ)) - q“ba—eo + X + Y“by) + O ((")%, (€)%, €%) (3.18)
(t1) H‘H(ﬂ) dy® @ yb ’ ’ ’
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where
xt—_2 9 nNa (3.19)
N3 a Y N
X = %N“&bNb , (3.20)
Y = gtnge = %(t“ Nest)sb (3.21)
tb b
Y, = méa , (3.22)
Y& = —WNC(SZ : (3.23)

By performing the embedding we must also take into account a coordinate transformation in the
metric components

0
Seitfyy = Leg™ _ 9 x4y w9 (3.24)
oyb @ oyb
20, N 1 1
-t € 0 a a 0
Ociy = 0 {— N7+ s (V0ue® = €0uN") + 5 N0,e } : (3.25)
2.N 1 1 1
5n(t o |:—Na (— N3 +F(Nab€ —anbNb) +mNb8€ ) —m(;&Na:|
~N°§q — 6N (3.26)
The embedding also causes the normalization to be deformed, [|-||;;y = [l ;) + J¢ [/, The new
normalization can be found using
o= gﬁul)nénnl(/ﬂ)
1 = = =V =V
o (99 + Leglt) (nly + ity ) (it + ity + O ("))
M)
1 —V =V = —V
— ] ||f | (gfpyntnt) +29£f3n7t)5€n(t) + L gW) + O(€?)
t1
1
= (115, + 2000t Geityy + lyy ity Legls)) +O(e). (3.27)
()
Using the deformed normalization and the above equation we find
= =V 1 =27
t
= nfy goent + 2N nlyniyLeghl) + O(€)
= i G0y + 5 o (‘Cfgt —2n’Legy) + N'N°L g(t)> +0()
= oN6n' + m(SEN + O(€?) . (3.28)

With all the above pieces the normal vector can be reassembled

Oe |||

_ ¢ O] —v _p 042

nél) =T 1— T (n(t) - 5€n(t)> + O((e"))
(t) (t)
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Se [|-]]
g —p el —p — 042
5 (”(t) P + 0y | +O(()7)

= nlt) + (—nf; N6 |l + aNaeﬁf(;)) +O((%)?)

t)

= Ny + 0enfyy + O(e?). (3.29)
We see that
o.nt 1 )
nl = ~ Nz N, (3.30)
Na
on® = 5 N — —(56N“ , (3.31)

St = 5€ntt“ + 5€n“sg
= Nén'n* + (N%n' + 6n®) s
0N 0. N?
=N nt — i st (3.32)

This agrees with the canonical prediction (2.16).

3.4 Deformation of the spatial basis vector

It is important to check how the basis vectors change under the deformation. The condition the
spatial basis vector must satisfy is

tl v
0= gl Nityy ey

= (900 + LegtD) (nlyy + 0cnty ) (s” +6e5%01)) + O(()?)
—gu) " (55 t)+gW o 5n(t)+n Wl — Sguy+0( %), (3.33)
Which gives

<gt(£) Nbﬂé?) OcSu(r) = _Ngfbtgéen/(lt) - Nn’é)ﬁsgfﬁz

1 NP
( Ngﬁa) —~ nga) SN + g6 NY — Leglt) + N*Legy!)

= 6N — Leglt) + N"Legy))

—0. (3.34)

The time component in the parenthesis on the 1.h.s is non-zero, thus 5633(” = 0, but it is zero for the

spatial components. The spatial basis remains spatial, 5€s§(t) = 0, by requiring q((;; ) = g,(fl,l )SZ ( tl)sb(ﬂ)

Confirming that the basis vectors remain unchanged is needed to ensure any physical conclusion
drawn from this geometrodynamical method are valid.

3.5 Deformation of the normal flow, time flow, and the time evo-
lution vector field

Other vector fields will be affected by the deformation. The normal flow transforms like

5€N> a0,

(3.35)

P nt 4ot = ,
n n" 4+ o0.n ( N NSa



16

as a consequence of the normal vector changing. However, the time evolution vector field, t# =
Nn* + N%st, does not change

th — 4 0tt =t" 4+ 0 (Nnt + N%H)
0N 0N
=tV + N ((Ln“ + Tn“ + TSZ)

=t". (3.36)

If H[e’] and H,[e"] are abstract generators for normal and spatial deformations respectively, then
the time evolution abstract generator, H[N] + H,[N°], remains unchanged. The normal abstract
generator, H, does deform, as a consequence of the deformation of the normal vector, to

dN dN®

— H — H56

o . L H
- N N

(3.37)

which matches with the canonical prediction 2.21.

3.6 Deformation of the gauge functions

We have two different vector fields &f}) = Ett + &hysh = e?l)n“ + €yysh and () = ! +
5?2)35 = (—:(()2)n” + €55 After a deformation generated by §ﬁ), the components of §EL2) will be
deformed, L¢, §é‘2) = fz’l)&,ﬁé) — 52’2)&,55). The ADM decomposition of the components are

£§l£€2) = 5{1)8115#2) - 5212)81/5?1)
= fél)af&) - féé)atffl) + 5?1)8a€€2) - f?z)aafél)

0 0 0 0 0 0
=g (@) _ 2y (W) (e D ya) g (@
N \'N N'\N W N “\'N
60 0

1 0 -0 0 .0 a (.0 0 0 0 0 _a 0 _a
= 5 (el — €y = N* (€ dacly) — lpydacly)) + €yl 0alN — €yl dulV)
1
+ 7 (€f0acty) — €l 0acn)
1 0 0 1 a 0 a 0
= m (6(1)562]\7 — 6(2)5€1N) + N (6(1)8[16(2) - 6(2)8a6(1)) ) (338)
a 1 ~a a a ~a a a
Le&lyy = 57 (e (6o + €lp)ON™ = N'Oyefy)) — €y (1) + (1N = N'Oye{yy))
el(’ Oo€l(a) — eb2 )Obe(1y — N“Eglffz)
1 0 0 0
N( ) (0N +o¢” ( €N — Noye(y)))
+ El()l abf 6(2)ab€(1) - Naﬁglé-&) > (339)

‘C§1§é) = (£§1€€2)) t* + (‘C&g&)) Sg
= (e{1)Oatls) — () 0uclr)) W + (e(1)Opeln) — €loyOpelsy — G (1) Obeln) — €2y Dvely))) sk
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+ 6?2)56171” — 6?1)56271“

= A%nF + A%sH 4 6?2)561n“ — 6?1)56271" . (3.40)
Commuting 6, {{,) — 0, () gives

661552) - 5625?1) - (5616?2) - 6626?1)) nu + (561 6((12) - 562 6((11)) S'Z + 6?2)56177‘“ - 6?1)(562n'u
= Lol (3.41)

The r.h.s of the equation shows that there are extra terms compared to the canonical transformation of
the gauge functions. These extra terms can be accounted for in the canonical formulation by including
the deformation of the normal constraint, which would represent the deformation of the normal vector
in (3.41).
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Chapter 4

Conclusion

We have shown that the canonical formulation for the hypersurface deformation algebra is not
complete without considering phase space dependence of the lapse and shift and the transformation
of the normal vector. We have indeed achieved our goal of taking the phase space dependence of
the gauge generators into account , and have showed that the theory is consistent with having them
inside the brackets. We have also studied the geometric formulation, from which we derived the
conditions that canonical theories must satisty for them to describe a geometric and covariant theory
of spacetime. If the canonical theory does not comply with the these geometric conditions, then it
is only a gauge theory, not a spacetime theory. We also provided an example of a new modified
gravity theory that is covariant. While it is too difficult to apply to the full 4D theory, it represents the
generalization of a procedure previously applied to spherical symmetry, containing a singularity-free
black hole solution[3][4], and it can be similarly applied to other symmetry reduced models. We
plan to apply these conditions to the polarized Gowdy model, where work in progress shows that one
obtains a new modified gravity theory.
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